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Abstract. This study aimed to establish a multi-constrained nonlinear programming
framework for optimal allocation in multivariate stratified sampling. The study incorporates
time and cost as constraints with the objective of minimizing the sum of the weighted
variance. The concept of the Lagrange multiplier was adopted, where two multipliers (A and
y) were used to derive the optimum sample size, with time explicitly regarded as a constraint.
A comparative analysis between linear and quadratic time functions was carried out using
LINGO optimization software, and the results reveal that quadratic time functions reduce
sample sizes and resource consumption but lead to slightly higher weighted variances
compared to linear time functions. Sensitivity analysis further confirms this finding and
demonstrates a trade-off between time, cost, and precision, showing how changes in resource
budgets affect precision and optimal allocations. The study concluded that, based on the
analyses demonstrated, the Linear and Quadratic time functions lead to distinct allocation
strategies, reflecting unavoidable trade-offs among cost, time, and precision. It is
recommended that this framework should be extended to stochastic or fuzzy environments,
where uncertain time and cost are explicitly modelled.
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1. INTRODUCTION

It is widely acknowledged that the implementation of stratified sampling is imperative
for ensuring maximal efficacy and precision in the inference of populations within the
overarching framework of survey design and analysis. By segmenting a heterogeneous
population into a composite of relatively uniform strata, the evaluation of population
parameters is subjected to enhanced control, thereby augmenting our precision [1]. This
technique proves particularly advantageous in intricate survey environments where
uncontrolled variability within the population may obscure critical findings. However,
ascertaining the optimal distribution of sample sizes across strata can pose significant
challenges, particularly in multivariate contexts where multiple attributes are assessed
simultaneously, necessitating sophisticated, adaptive, and computationally advanced
methodologies [2]. Study [3] posits that [4] was the pioneering scholar to articulate the ideal
allocation for a fixed sample size. Nonetheless, his findings remained largely unrecognized

! Integral University, Department of Mathematics and Statistics, 226026 Lucknow, India.
E-mail: guazzafi@gmail.com.
“ Corresponding author: shuaibuidrisadam3@gmail.com.

https://doi.org/10.46939/J.Sci.Arts-26.3-al1l



https://doi.org/10.46939/J.Sci.Arts-26.3-a11
mailto:quazzafi@gmail.com
mailto:shuaibuidrisadam3@gmail.com

704 A Multi-Constrained Nonlinear Programing Approach for... Shuaibu Idris Adam and Quazzafi Rabbani

until [5] rediscovered them. Subsequently, [6] employed the Cauchy-Schwarz inequality to
advance the discourse on optimal allocation in broader conditions. However, in multivariate
surveys where multiple characteristics of each selected unit of the population are to be
measured, the optimal allocation for one characteristic may significantly diverge from that of
others. In such instances, it becomes nearly infeasible to identify an allocation that is optimal
for all characteristics concurrently. Consequently, one must resort to an allocation that is
optimal in some capacity for all characteristics; such an allocation is referred to as a
compromise allocation within the domain of sampling literature.

The traditional paradigm of stratified sampling operates under the premise that the
cost function is linear, suggesting that the time or expense associated with measurement per
unit remains constant across samples. Acknowledging that this assumption seldom reflects
real-world conditions, numerous scholars have expanded the allocation problem by simulating
nonlinear cost functions. Integrated travel expenses into multivariate stratified sampling by
conceptualizing the issue as a multi-objective integer nonlinear programming problem
according to [7]. Complementary research by [8] investigated a generalized model
accommodating both linear and nonlinear cost functions with respect to alternative
allocations.

Furthermore, research [9] proposed a Gamma cost function that incorporates fixed,
variable, and nonlinear escalations of survey costs, particularly in contexts characterized by
nonresponse. Lexical goal programming was employed to resolve this model, providing a
flexible framework for managing diverse nonlinear cost structures. Additionally, a scrutinized
integer compromise allocation within multivariate stratified surveys emphasizes the necessity
of reconciling competing survey objectives through goal programming methodologies [10].
Optimal sample size and variance in multivariate stratified sampling with nonlinear time
functions by integrating a power-law function are emphasized in [11]. There exists a body of
research dedicated to stochastic extensions of nonlinear allocation models. Another study [12]
developed a stochastic multi-objective nonlinear programming model for optimal allocation
that treated both cost and time as nonlinear functions exhibiting randomness. This solution
was addressed using goal programming techniques and concentrated on practical applications
within uncertain survey environments.

While prior studies have largely focused on cost nonlinearity, the temporal aspect of
survey operations has remained underexplored in the existing academic literature. Yet, time is
a binding resource in survey design-governing fieldwork, logistics, personnel deployment,
and data quality, and the temporal dimension is often as critical as the cost aspect. In this
research, the existing gap is addressed by incorporating both linear and nonlinear time
functions into the framework of compromise allocation. By conceptualizing the allocation as a
multi-constrained nonlinear programming problem (MCNLPP) and employing multiple
Lagrange multipliers, we derive an optimal allocation that minimizes the weighted sum of
variances while concurrently adhering to constraints related to cost, precision, and temporal
factors.

2. PROBLEM FORMULATION

Let a multivariate stratified population have L number of strata and p characteristics
on each population unit. Let N, denotes the size of the ht" stratum and n,, units to be drawn
without replacement. Then:

N, : population size of h™" stratum
ny,: sample size to be determine in h™" stratum
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SZ : population variance of variable ith characteristics in hth stratum
wy, : weight of A" stratum

a; : variance weight of i characteristics

var (¥;): variance of the estimate

Obijective function:
The objective is to minimize the total weighted variance of the i** characteristics

p p L
22
Z = min z a; var (Y;) | = min Z ai (Z WhSih/nh> . (1)
i=1 i=1 h=1
Let
p
ky, = z ai wiS5, > 0.
i=1
Now,
L
kn
z= ) —.
=i

2¢c2 2¢c2
Ideally, var (Y;) = Zﬁ=1wh5ih/nh - Zﬁﬂwhs”l N,, forlarge Ny, the second term
will be negligible, or it could be ignored as it is independent of n,.

Subject to Constraints:

— Nonlinear Time: T (n) = ¥5_; th (M) < Trax

t,: sampling time per unit in stratum h

T: total available time.

— Cost: C(n) = ¥j=—1chnp < C,

c. monetary cost per unit sample in stratum h.

C: Total available cost budget.

where 2 < n, < N,,, for all h are added to take care of oversampling and to provide an
estimate of strata variances S3,

_ wiS3
Min¥2, a; (Xrey P lh/nh)

Subject to
5
Z ChNp < Cmax
h=1

t (2)
Z thnh < Tmax

h=1
2<n, <N,

Lagrangian function:

To simultaneously handle these constraints, the Lagrange multiplier technique
provides an elegant analytical framework for deriving optimal stratum allocations under
complex nonlinear dependencies.

Introducing the Lagrangian multipliers.
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— A =0 for time.
— y = 0 for cost.

Lt A ¥) = Shoy 2 4 0 (Bhs ta () = T) +y (They cantp, — €)

Nh

Using Karush-Kuhn-Tucker (KKT) conditions: The KKT conditions are necessary for
optimality in non-linear programming, especially when dealing with inequality constraints.
They involve:
1. Stationarity conditions (partial derivatives of the Lagrangian with respect to n; set to
Zero).
2. Primal feasibility (original constraints must be satisfied).
3. Dual feasibility (Lagrange Multipliers must be non-negative).
4. Complementary slackness (product of multiplier and slack in constraint is zero).

Let’s start with the stationary condition. Take the partial derivative of L w.r.t n, and

set to zero.
L

o 3 (5 w7 v S o=t
—= — — ny) — cpny — =
on, 6ny £ ny het T Y her

=1

5L —ky,
— = —+ Mi(np) +ycp, =0
8ny, n? hATh h

oL _ “hn, Atk (ny) + 0
—= — n cp =
sny, nfl n\Mp) T YCh

Rearranging

kn At

— = Mp(ny) +yey
Ny

Solving for ny,:

kn

Ath(ng) + yep

n =

By taking the square roots of both sides, we have:

_ kn 2 3
= (At}l(nh) + ych> ®

Above is a derived framework for optimum sample size where different time functions
can be integrated.

2.1. INTEGRATING THE TIME FUNCTIONS INTO THE FRAMEWORK
Let’s write t, (n,,) and its derivatives At} (n;,) under different time functions.

— Linear time: ty(n,) = Bpnp
Then t}l(nh) = ﬁh,
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substituting t7 (n,) = B in equation (2) above, we have

= (e Y

N =

— Quadratic time: t, (ny) = apny, + byn?
Then t}l(nh) =au+ thnh
Again substituting t},(n,) = a, + 2byn, in equation (2) above, we have

m = ( n ) ©)
)\(ah + thnh) + YCn

N[ =

The linear time function assumes that every observation takes the same amount of
time no matter the size or complexity of the stratum. The quadratic time function, on the other
hand, accounts for rising marginal time costs per observation, such as logistical delays,
interviewer fatigue, and longer travel distance. By including this nonlinear time structure, the
framework is better able to represent actual survey conditions, where sampling slows down as
the survey grows.

3. RESULTS AND DISCUSSION

3.1. NUMERICAL ILLUSTRATIONS

In research [13], the following example is discussed, having Population (N = 2050)
split into 5 strata with 3 characteristics. It is assumed that the total available survey cost
budget (Crax) = 9500 units and Total Time budget (Tyq.) = 4500 units. The values
Ny, S2,, 82,82, th, cn and wy, are shown in Tablel.

Table 1. Data set.

h Nh S*in Sn S%n th Ch Wh

1 395 35 1005 20 4.0 7 0.19
2 412 107 67 35 45 9 0.20
3 438 53 533 19 5.0 10 0.21
4 421 204 805 33 55 12 0.21
5 384 91 101 26 6.0 13 0.19

The Multi-constraint Nonlinear Programming Problem (MNLPP) in (2) may be
expressed as:
Since all variances have equal importance a; = @, = a3 = 0.333
Min 0.333 var (?1) + 0.333var (\?2) + 0.333var (?3)
Subject to 7ny + 9n, + 10n3 + 12n, + 13n5 < 9500
4n, + 4.5n, + 5n3 + 5.5n, + 615 < 4500
2<n, <395
2<n, <412
2<n3 <438
2<n, <421
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2 <ng <384
where n,, are integers.

Using the LINGO program, the optimum compromise allocation for both linear and
quadratic time functions is obtained by solving equations (4) and (5), respectively, and the
results are in Table 2.

Table 2. Results for linear and quadratic time functions.

Time functions Strata Total sample size Total Total time Welghted
1 2 3 4 5 cost variance
Linear 267 | 117 | 200 | 241 | 96 921 9062 4496 0.206
quadratic 241 | 109 | 187 | 223 | 92 852 8410 4168 0.222

3.2. SENSITIVITY ANALYSIS

Here, we used different cost and time budgets while observing their effect on total
sampling and weighted variance (Tables 3 and 4); a target variance of 0.5 was maintained
throughout the analysis.

Table 3. Sensitivity results for linear time function.

Cost budget Time budget Weighted variance Total cost | Total time Total sample size
10000 5000 0.187 9998 4978.5 826
10500 5500 0.178 10492 5225.0 1077
11000 6000 0.169 10995 5474.5 1113

Table 4. Sensitivity results for Quadratic time functions.

Cost budget Time budget Weighted variance Total cost | Total time Total sample size
10000 5000 0.201 9299 4606.5 941
10500 5500 0.184 10150 5028.0 1027
11000 6000 0.170 11005 5450.5 1113

3.3. DISCUSSION

The findings presented in Table 2 compared the allocations of sample sizes, total
survey costs, cumulative time requirements, and weighted variances under both Linear and
Quadratic time functions. The results revealed that the Quadratic time function requires fewer
samples, lower costs, and less time, albeit with a slightly higher variance compared to the
linear function. Importantly, in both models, the weighted variances remain consistently
below the target precision threshold, confirming that the available financial and temporal
resources are sufficient to achieve the desired level of precision.

Tables 3 and 4 further highlight the effects of varying cost and time budgets on sample
allocations and weighted variances. Sensitivity analysis reveals how increasing budget
allocations (both cost and time) influence sample allocations and survey precision,
demonstrating that improved precision is directly linked to more efficient resource utilization.
This clearly illustrates the inherent trade-off between cost, time, and precision.

Unlike some earlier studies (e.g., (14), (15), (16), (17), (18), (19)) that assume linear
measurement of time and/or costs, the present framework explicitly incorporates nonlinear
(quadratic) resource functions into the allocation process. By directly contrasting linear and
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nonlinear time formulations within the same cost framework, this study provides empirical
evidence of how nonlinear time significantly alters allocation strategies, resource demands,
and achievable level of precision. These findings underscore the practical importance of
accurately modeling realistic nonlinear constraints when designing surveys under complex
logistical and financial conditions.

4. CONCLUSIONS

This study established a rigorous framework for optimal sample allocation in
multivariate stratified sampling by simultaneously addressing time, cost, and precision
constraints using the Lagrange multiplier technique. By formulating the problem as a multi-
constrained nonlinear programming problem (MCNLPP) and solving it through (20), the
analysis demonstrated that Linear and Quadratic time functions lead to distinct allocation
strategies, reflecting unavoidable trade-offs among cost, time, and precision. The explicit
integration of nonlinear time constraints within a Lagrangian optimization framework
constitutes a novel contribution to the stratified sampling literature. The results clearly
illustrated that overlooking nonlinear time effects can misestimate resource requirements,
leading to suboptimal budget planning and reduced precision. Hence, this work emphasized
the decisive role of time in survey sampling and provides a robust foundation for extending
the framework to stochastic or fuzzy environments, where uncertain time and cost are
explicitly modelled.
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