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Abstract. Definitions of   and V  sets were introduced in different ways in the 

literature. Further study of these set combines with generalized open sets, gives several 

properties of them. But their extensions, studied with the help of algebraic ideals of the ring 

(2 , , )   , are a new idea. These ideals rigorously characterize the same sets. 
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1. INTRODUCTION AND PRELIMINARIES 

 

 

The opposite versions of interior and closure operators are introduced with the help of 

 -sets [1] and V -sets [1]. For this introduction, the kernel of a set plays a remarkable part. 

These   and V  sets not only induced through open sets as well as closed sets but also 

introduced through generalized open sets [2-6]. Here, we considered the generalized open sets 

through the operator symbol. 

Let   be a nonempty set and   be a topology on  . A subset A  of a S (where S 

denotes the topological space throughout the paper) ( , )   is said to be k -open if ( )A k A , 

k  is the composition of the interior operator (denoted as o ) and the closure operator (denoted 

as  ). For example, if k o , then A  is open, and if k o o   , then A  is called b -open 

[2]. For other values of k , we may consider semi-open sets [4], preopen sets [5], and  -open 

sets [8] (or semi-preopen sets [3]), etc. In this paper, we only consider four generalized open 

sets and the open set together; that is k  may take the value { , , , , , }k o o o o o o o o        . 

Let A  be a subset of a S ( , )  . Define, { : , }k kA O O A O
    , and 

{ : , }kV c kA F F A F    , where 
k
 is the collection of all k -open sets in the S 

( , )   and 
cF  is the complement of F . That is, if k o , then 

o
 is the collection of all 

semi-open sets in ( , )  . Before starting the next section, we mentioned that, ( )A o A  

(respectively, ( ), ( ), ( ) ( ), ( ))A o A A o A A o A o A A o A           stands for open 

(respectively, semi-open, preopen, b -open,  -open, or semi-pre open). If we do not mention 

k , then k  is always belongs to { , , , , , }o o o o o o o o       . 
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2. k  AND kV -SETS 

 

 

Through this section, we have explored various properties and examples of k  and kV

-sets. A subset A   said to be a k  (respectively, kV ) set in the S ( , )   if kA A

  

(respectively, kV
A A ). It is obvious that k kV

A A A


  . The collection of all k  

(respectively, kV ) sets in a S ( , )   is denoted as k
 (respectively, kV

). For various 

values of k , we get different properties of k
 (see [2-5, 7]). But k

 (or kV
) have some 

common properties. 

 

 

Proposition 1. 

(i) The sets   and   are members of k
 and kV

. 

(ii) k
 (respectively, kV

) closed under arbitrary unions. 

(iii)  k
 (respectively, kV

) closed under arbitrary intersections. 

(iv)  A subset B  of   is a k  set if and only if cB  (complement of B ) is a kV  set. 

(v)  ( ) k kV
B B 

 , where B  . 

(vi)  If a subset B  of   is k -clopen, then B  is k  as well as kV  set. 

 

Proof: Proofs are obvious from [9] and hence omitted. 

 

From (i), (ii), (iii) of Proposition 1, k
 (respectively, kV

) constitutes an 

Alexandroff topology [9-10] and hence a topology. 

 A S ( , )   is called an Alexandroff topological space if   is closed under arbitrary 

intersections. 
k
 (respectively, kV

) may or may not be a discrete topology. 

 

Example 1. Consider  with coffinite topology and A , x A . Then, 

{ }xU x  is an open set containing A . Also, x A xU A  . Thus, ( )A ker A . Hence, 

A  is a o -set. Since A  is an arbitrary subset of , thus every subset of  is a o -set.  

 Thus, we get the discrete topology on . But it is not obvious that every topology induced 

through k
 (respectively, kV

) on  give the discrete topology. 

 

 Example 2. 

(i) Consider the topology { , , , }    on . Then o oV
 , but they do not 

constitute a discrete topology. 

(ii) Let { , , }a b c  , { , ,{ },{ , }}a b c    and

( )(collection of all closed sets) { , ,{ },{ , }}a b c   . Suppose k o . Then, { } { }oa a

 , 

{ } { , }ob b c

 , { } { , }oc b c


 , { , } oa b 

 , { , } oa c 
 . o -sets are: { },{ , }, ,a b c  . Also, 

{ } { }oV
a a , { } oV

b  , { } oV
c  , { , } oV

a b  , { , } { , }oV
b c b c , { , } oV

a c  . oV -sets are: 

{ },{ , }, ,a b c  . Then, the space is not a discrete topological space. 
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We have that k
 (respectively, kV

) is not closed under the complementation 

property. Therefore, k
 (respectively, kV

) will not be a  -algebra [11] when k
 

(respectively, kV
) is closed under the complementation property. Further, the collections 

k
 and kV

 are not equal, but they are always formed algebras [11]. 

 

It is interesting that k kV
 does not constitute a  -algebra as well. Thus, one can 

called the collection k
 (respectively, kV

) by pre  -algebra. 

 

 Example 3. Consider , endowed with topology { , , }    where  denotes the set of 

rationals. Then, ( ) { , , }   . Then, o  , but oV
 . Therefore, o oV

 . 

 Again, if i  and r , then { , } oi r


  and { , } oV
i r  . Therefore, o  and oV

 

do not constitute discrete topologies. Again, { , , }o    and { , , }oV
   do not 

form  -algebra. 

 

Now for the question, does the collection k
 (respectively, kV

) form a ring under 

the operations symmetric difference ` ' and intersection ` '? Obviously, they do not satisfy 

the closure property with respect to   and it is followed by the following example. 

 

Example 4. Recall the Example 3, and ( ) ( )o o 
   . Thus, ( ) o   and 

o  does not form a ring. 

 

Theorem 1. For a S ( , )  , the following properties are equivalent: 

(i) ( , )   is 1k T ; 

(ii) Every subset of   is a k -set; 

(iii) Every subset of   is a kV -set. 

 

where 1k T  is defined as the similar fashion with 1T  topology. That is, a topological space 

( , )   is said to be a 1k T  space if and only if each singleton set is k  closed in ( , )  . The 

reader should not understand that the collection of k  (respectively, kV ) sets always 

constitutes a discrete topological space. For example. 

 

Consider  endowed with the topology 
1 1

{ , } {( , ) : }n
n n

     . Then, {0} is 

a o  set, and it is not an open set either. Further, (4,5)  is a o  set. Therefore, {0} is a 

oV  set but ( ,4) [5, )    is not oV  set, whereas {0} is not a closed set in ( , ) . We 

are also mentioning here that for this example, o kVo k
   . It is further mentioned 

that o oV
 is not a discrete space. Because: ( 5, 4)   is neither a o -set nor a oV -set. 

 This is a typical example for an infinite space. To obtain the finer collection of k
 

(respectively, kV
), we consider further characterizations of k

 (respectively, kV
)-sets. 

 

Theorem 2. Let ( , )   be a S. Then, ( )k kV
A


     if and only if there exists a 

nonempty k -open set U  and nonempty k -closed set F  such that F A U  . 
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Proof: Given that ( )k kV
A


  . Then, k kV

A A A

  . Thus, 

 

{ : } { : , ( )}k kU A U A F F A F
 

       

 

where ( )k  is a collection of those sets whose complement is k  set). This implies, 

F A U  . 

 

Conversely, suppose that the condition holds. Now, 
F A F A F A

F A U
  

    , where 

( )kA


 . Then, kV
A A U  . Again,  

 

( )k k k k k k kV V V V

A U
A A U A A A A A A A

  


           . 

 

Corollary 1. Let ( , )   be a S. Then, ( )k kV
A


   if and only if A  is k -clopen set. 

 

Starting from the topology on a set, we reached two finer collections k
 and kV

. 

Now, we are investigating another extension method. 

We define local closeness in k  as well as kV  sets. A subset A  of   is said to be a 

k kV   locally closed if A  can be decomposed as A B C  , where kB


  and kV
C . 

Collection of all k kV   locally closed sets in a topological space ( , )   is denoted as k kV 
. 

 

 Proposition 2. Let ( , )   be a S. Then, 

(i) , k kV  
  . 

(ii) k k kV  
 . 

(iii) k k kV V 
 . 

(iv) k kV 
 closed under arbitrary intersections. 

(v) for { : ( )} k kV

iO i L index set
 

  , 
i

i L

O


 is a subset of a locally closed set. 

Proof: The proofs are obvious and hence omitted. 

 

Thus, we have an extension of the topology   and have the relation, 

(respectiv , ely )k k k kV V   
  . But k kV 

 fails to hold Alexandroff topology as well 

as topology. Note that k kV 
 is not a  -algebra. 

To avoid this situation, one can define decomposition by: A subset A  of   is said to 

be k kV   direct sum of 𝐵, 𝐶 if A B C  , where kB


  and kV
C . Collection of all 

direct-sum subsets of a S  ( , )   is denoted as k kV
dir

  . Then, we have , k kV
dir  

  , 

k kV
dir

   closed under arbitrary unions but fails to hold the arbitrary intersections property. 

Therefore, we conclude that k kV
dir

   does not form an Alexandroff topology as well as a 

topology. 

Again, the following operators may give the further extension: define 

, : 2 2k kV
I  

  by ( ) { : , }k kA U A U U
 

    and ( ) { : , }k kV V
I A F A F F  

. Then, the following hold: 
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Proposition 3. For any subset A  of a topological space ( , )   and for { : } 2A L 

    , 

(i)  ( )kA A


 . 

(ii)  ( ) ( ( ))k kVc cA I A


 . 

(iii)  ( )k   . 

(iv)  ( ( )) ( )k k kA A
  

 . 

(v)  ( ) ( )k kA B
 

 , when A B . 

(vi)  ( )k A A


 , when kA


 . 

(vii) ( )kV
I A A , when kV

A . 

(viii) ( ( ) ( )k k

L L

A A 

 

 

 

 . 

 

Proof: The proof of this proposition will be similar to Proposition 4.1 of [9]. 

 

Theorem 3. k
 is a Kuratowski closure operator on  . 

 

Suppose k   is the topology on   induced by k
 and 

{ : , ( ) }
c

k kA A A A    
   . We consider a family { : , ( ) }kA A A A 

   which 

are the collection of closed sets in ( , )
k

   . We know that 
c

k 
 is also formed a topology on 

  and satisfying the following. 

 

Proposition 4. Let ( , )   be a topological space. Then, 

(i) { : , ( ) }k kV
A A I A A 

   . 

(ii) 
c

k k 
 . 

(iii) 
c

k kV  
 . 

(iv) for { : }k kcA A  
  , k k

 . 

(v) for k k
 , { : , }k kV

A A A A 
   . 

(vi) for 
c

k k
  (collection of k -closed sets), k kV  

 . 

 

For the next extension of k  and kV  sets, we take the help of ideals in the upcoming 

section. 

 

 

3. LOCAL FUNCTIONS ON k
 AND kV

 

 

 

In this section, we are fitting a model to discuss the neighbouring points of a set via 
k
 and kV

 collections. The tool ideal will be the parameter of these models. A collection 

 of subsets of  , satisfying hereditary and finite additivity properties, then  is mentioned 

as an ideal on   and it was first introduced by Kuratowski [12]. This ideal is nothing but the 

ideal of the ring (2 , , )    where   stands for the symmetric difference of two subsets of   

i.e., for , 2A B  , ( ) ( )A B A B B A   . It is followed by the following lemma: 
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Lemma 1. Kuratowski's ideal on   is synonymous with the ideal of the ring (2 , , )   . 

 

Proof: Let  be an ideal of the ring (2 , , )   . Let A B  . As 2A   and B  

A B A    . Therefore, obeys the hereditary property. 

 

Secondly, suppose that ,A B . Now, for ( ) ( )A B A B A B     , A B  . Thus, 

 is closed under finite additivity. 

Conversely, suppose that  is a Kuratowski's ideal on  . Suppose A  and 2B  . 

Then, by the hereditary property of , A B  . By finite additivity, ( ) ( )A B B A  

i.e., A B  . Conclude that  is an ideal of the ring (2 , , )   . 

Thus, the limit points of a set can be formulated via ideals of the ring (2 , , )   . Let 

A  be a subset of  . Action of the ideal  on the set A  considered as ( )k kA
 

(or simply 

) { : }k

xA x A O


    , where ( )k

xO x


  (the collection of all k  sets containing x ) 

and ( )k kV
A


 (or simply ) { : }k

xA x A W


    , where ( )kV

xW x  (the collection of 

all kV  sets containing x ). 

 

Theorem 4. Let ( , )   be a S  and  is an ideal of the ring (2 , , )   . Then, 

(i) k


   (i) k


   

(ii) 1 2
k kA A

 
 , when 1 2A A . (ii) 

1 2
k kA A

 
 , when 1 2A A  

(iii)
1 1(( ) )k k kA A

  
  (iii) 

1 1(( ) )k k kA A
  

  

(iv)
1 2 1 2( ) k k kA A A A

  
    (iv) 

1 2 1 2( ) k k kA A A A
  

    

(v) for I , k


I  and 

1 1 1( ) ( )k k kA A A
  

  I I  

(v) for I , k


I  and 

1 1 1( ) ( )k k kA A A
  

  I I  

 

Proof:  

(iv) Suppose, 
1 2( ) kx A A


  . But 

1 2
k kx A A

 
  . Then, there exist , ( )k

x xO O x    such 

that 1 xA O   and 2 xA O  . This implies that 1 2( ) ( )x xA O A O     , and for 

1 2 1 2( ) ( ) ( ) ( )x x x xA A O O A O A O           , 
1 2( ) kx A A


  , a contradiction. 

 

The operator kCl


 (respectively, kCl


 ) defined as 
1 1 1( )k kCl A A A

 
   

(respectively, 
1 1( )k kCl A A A

 
   ) satisfies the following: 

(i) ( )kCl


   (i) ( )kCl


   

(ii) ( ( )) ( )k k kCl Cl A Cl A
  

 , for A  . (ii) ( ( )) ( )k k kCl Cl A Cl A
  

 , for A   

(iii)
1 2 1 1( ) ( ) ( )k k kCl A A Cl A Cl A

  
   , 

for 1 2,A A   

(iii) 
1 2 1 1( ) ( ) ( )k k kCl A A Cl A Cl A

  
   , 

for 1 2,A A   

 

Thus, { : ( ) }kA Cl A A  


   and { : ( ) }kA Cl A A  


   form 

topologies on   but not form Alexandroff topologies, because: 
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{ : ( ) }kA Cl A A  


   and { : ( ) }kA Cl A A  


   

 

contain  ,   and are closed under arbitrary unions, but not closed under arbitrary 

intersections. For example, we are considering the following: 

 

Example 4. Let i  and consider the topology { , , { }, { }}i i      on 

the real line . Here,  denotes the set of all rationals. Suppose the ideal { ,{ }}i   plays 

on the topological space ( , ) . Then, { , , { }, { }}o oV
i i


     . Then, 

( ) ( )o o
 

   and for each 

{ },{ } { } { } ,{ } { }o o o or i r i r i i
   

      . Therefore, 

( ) ( ) { } { } { }o o o o

r r

r i r
   

 

      . 

 

These two topologies are called * k  and * kV  topologies respectively and they are 

denoted as * k   and * kV  respectively. 

 

Lemma 2. Let ( , )   be a S  and  be an ideal of the ring (2 , , )   . Then, 

{ : , }k

k
O O



   I I  and { : , }k

k

V

V O O  I I  are bases for the topologies 

* k  and * kV  respectively. 

 

Proof: For each member x  of  , we can obviously get an element from 
k  which contains 

x. Let 1 2t B B  , where 1 2,
k

B B  . Then we choose 1 1B O 1I  and 2 2B O 2I . 

Consider 3 1 2 1 2 1 2( ) ( )
k

B B B O O O O        1 2 1 2I I I I . Thus, 
k  is a 

basis. 

 

Now, we shall show that 
k  is a basis for the topology * k  on  . Suppose A  is a 

* k  closed set. Then, ( )k k kCl A A A A A A
  

     . Now, suppose O  is a * k  open 

set. Then, O  is a * k  closed set ( ) ( ) ( )k kO O O O   
 

    . Thus, 

for x O , ( ) kx O


 . Then, there exists a ( )kO x
  such that ( )O O   . Put 

( )O O I  and we have x O O I . Hence, 
k  is a basis for the * k  topology on 

 . 

Note that *k k  
   (collection of all open sets of * k  topology) and 

*k kV V    (collection of all open sets of * kV  topology). For further comparison, we 

recall the basis of the *-topology *  [13], ( , ) { : , }V V   B I I . We observed that 
** k 

  and ** kV  . Further extension through 
k

  and 
k

  operators using the facts of 

[14-15] may be possible, and these extensions give the   sets [6] of * k  and * kV  

respectively. To do this, one can use the author Njåstad's expression of   sets, O N  where 

*
O   (respectively, 

*V ) and N  is the nowhere dense set [16] in 
*

( ,  
 (respectively, 
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*
))

V  & this expression is equal to 
* *( ) ( ( ( )) )k

k k
O N Int Cl O N 



   

(respectively, 
* * ( ( ( )) )k

k kV VInt Cl O N 


). 

 

Lemma 3. The ideal  of the ring (2 , , )    is playing on the S  ( , )   through G   by: 

(i) kG


 is * k  closed. (i) kG


 is * kV  closed 

(ii) for k 


  and * kG


 , 

( ) ( )k

k
Cl G Cl G



 . 

(ii) for k 


  and * kV
G , 

( ) ( )k

kVCl G Cl G


 . 

 

Lemma 4. The ideal  of the ring (2 , , )    can be made the following equivalent 

conditions on the S  ( , )  : 

 

Proof:  

(i)⟹(ii) From definition, k 


 . 

For reverse inclusion let p  . If possible, let kp 


 . Then,   ( )k p
U


 , collection of 

all k  sets containing p  such that U   . This implies U  , a contradiction. Hence, 

k 


 . Thus, k 


 . 

(ii)⟹(i) Assume that k 


  holds. If possible, let kV


    and p V . Then 

kV V 
    . This implies kV  

    and hence V   . Thus kp 


 , a 

contradiction. Thus, { } k   . 

(i)⟹(iii) Assume that { } k   . 

Let kp O


 . Then for all ( )kU p


  such that U O  . This implies U O   and 

hence ( )kp Cl O . Thus, ( )k

kO Cl O


 . Also, take ( )kp Cl O . Then, for all ( )k

pO p


  

such that pO O  . This implies, pO O   for all ( )k

pO p


  such that pO O   

as { } k   . Thus, kp O


  and hence ( ) k

kCl O O


 . Therefore, for any kO


 , 

( )k

kO Cl O


 . 

(iii)⟹(i) Assume for any kO


 , ( )k

kO Cl O


 . If possible, let, kV


   . Then, 

V   and kV


 . Thus, ( )k

kV Cl V


  and kV


 . But, ( )kCl V   , a contradiction. 

Thus, { } k   . 

 

Lemma 5. Let ( , )   be a S . Then, the ideal  of the ring (2 , , )    can be obtained the 

following more ideals on the ring (2 , , )   : 

(i) { : ( ( )) }k

k knd A Int Cl A

    . 

(i){ } k    (i){ } kV
    

(ii) k 


  (ii) k 


  

(iii) for any kO


 , ( )k

k
O Cl O



 . (iii) for any kV
O , ( )k

kVO Cl O


  
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(ii) { : ( ( )) }k

k k

V

nd V VA Int Cl A   . 

 

Proof: ( )i  It is obvious that 1 2 1nd ndA A A    . 

 

Suppose 1( ( ))
k k

Int Cl A    and 2( ( ))
k k

Int Cl A   . Let 1 2( ( ))
k k

O Int Cl A A   . 

 

Claim: O   

Given that 1 2 1 2( ) ( ) ( )
k k k

O Cl A A Cl A Cl A      . Now 2( )
k

O Cl A   

1 2( ) ( )
k k

Cl A Cl A   2 1( ) ( )
k k

Cl A Cl A    2 1( ) ( )
k k

Cl A Cl A     

2( ( ))
k k

Int O Cl A   1( ( ))
k k

Int Cl A  2( ( ))
k k k

Int O Int Cl A      

2( )
k

O Cl A    2( ( ))
k

O Cl A    2 2( ) ( ( ))
k k k k

Cl A Int O Int Cl A     

1 1 ndO A A     . 

 

Corollary 2. Let ( , )   be a S . Then, the ideal  of the ring (2 , , )    has the following 

roles for obtaining   set: 

(i) ( ) { : , }k k k

ndO N O N  
   . 

(ii) ( ) { : , }k k kV V V

ndO N O N    . 

 

For the ideal  of the ring (2 , , )    with a S  ( , )  , kk

nd


   and 

kVk

nd    hold. 

 

 

4. DYNAMICAL SYSTEM WITH RESPECT TO k
  AND k

V  SETS  

 

 

Let ( , )   (or simply  ) be a S . A continuous function :   together with the 

space   is a called the Dynamical system [17]. This continuity with respect to   does not 

mean that  continuous with respect to k
 topology (respectively, kV

 topology) and 
* k  

(respectively, 
* kV

) topology. So, it is important that, dynamical system depends upon 

topology. That is if ( , )  is a dynamical system with respect to the topology  , then it is not 

necessarily a dynamical system with respect to k
 topology denoted as ( , )

k




. 

For example, we consider the map :   defined as 
1, if ;

( )
0, if .

x
x

x


 


. 

Usual topology u  acts on  is not a dynamical system. But,  is a dynamical 

system when k

u


 plays on . 

Dynamical system and topological transitivity (see [18-19]) are to much related to the 

dense set (see [16]). In this connection dense set with respect to the original topology is not 

certainly equal to the dense set with respect to k  sets related topology. For example, for the 

usual topology on the real line , the set {0}  is the intersection of the sets 
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1 1
{( , ) : }n

n n
  , that is {0} is the o  set, but it is not an open set and does not contain any 

non-empty interior. So, there is no scope for equality of collection of dense set with respect to 

usual topology on  with the collection of dense sets with respect to the collection of o  

sets of the usual topology. However, it is worthy that, collection of dense sets with respect to 

the collection of k  sets of a topological space ( , )   is the subcollection of the collection of 

dense sets with respect to the   topology. 

Let A  be a subset of a S  ( , )  . A point p A  is called a k  (respectively, kV )-

isolated point of A  if   kO


  (respectively, kV
 ) such that { }O A p  . 

 A S  ( , )   is called k  (respectively, kV )-perfect if it does not have k -isolated 

point or equivalently cardinality of every non-empty k  (respectively, kV )-set is infinite. 

Let ( , )   be a S . A function :   is called k  (respectively, kV ) orbit-

transitive if   a point x  in   such that ( [ , ])
k

Cl x  (respectively, ( [ , ])
kVCl x )  . 

where 
2[ , ] { , ( ), ( ), }x x x x  . 

Let ( , )   be a S . A function :   is called strictly k  (respectively, kV ) 

orbit-transitive if   a point x  in   such that ( [ ( ), ]
k

Cl x  (respectively, ( [ ( ), ]
kVCl x  ) 

 . 

Let ( , )   be a S . A function :   is called k -irresolute (respectively, kV -

irresolute) if and only if for every kU


  (respectively, kV
U ), 

1( ) kU
   

(respectively, 
1( ) kV

U  ). 

In a dynamical system ( , ) , a point y  is called a  -limit ( ,respectively  - limit ) 

point of x  under  [6, 18, 19] if for any n  and for any open subset U  of   such that 

y U ,   a positive integer m n  such that ( )m x U  (respectively, ( )Cl U ). The set of all 

 -limit (respectively,  - limit ) points of x  under , is denoted as ( , )x  (respectively, 

( ( , )))Cl x . It is obvious that ( , ) ( ( , )))x Cl x  . 

 

Definition 1. [9] Let ( , )  be a Dynamical system. For any subsets 1A  and 2A  of  , define 

the hitting times subsets of : 

(i) 1 2 1 2( , ) { : ( ) }pN A A p A A    . 

(ii) 1 2 1 2( , ) { : ( ) }pn A A p A A

    . 

 

A Dynamical system ( , )  is called k -transitive, if for every pair of non-empty 

, kU V


 , the subset ( , )fN U V    and the Dynamical system ( , )  is called k  -

transitive, if, for each pair of non-empty , kU V


 , the subset ( , )n U V   . 

Hence, for 0l  , we have 1 2( , )l N A A  if and only if 1 2( , )l n A A  for 0l  , we 

have 1 2( , )l N A A  if and only if 1 2( , )l n A A  . Thus, 1 2 1 2 1 2( , ) ( , ) ( , )N A A n A A n A A  . 
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Lemma 6. Let ( , )  be a Dynamical system such that   has no k  quasi-isolated points. 

Then, for any n , a point x   is a k -transitive point of  if and only if ( )n x  is a k -

transitive point of . 

 

Proposition 5. Let ( , )  be a Dynamical system. If  is k -irresolute on 𝜉 has no k  

quasi-isolated points, then  is 
k

 -transitive if and only if  is strictly k  orbit-transitive. 

 

Proof: Sufficient part: Let  be strictly k  orbit-transitive. Then,   x   such that 

( ( ( ), ))
k

Cl x   . 

 

Assume  is k -irresolute, then for any n , 
n

 is k -irresolute. Consider any 

non-empty member U  containing x  of 
k
, then [ ( ), ]x U  . Then,   m  such 

that ( )m x U  and   a member 1U  containing x  of 
k
 such that 1( )m U U . Also, by 

strictly k  orbit-transitive of , there exists 1n   such that 1

1

n U . Taking, 1 1m m n  . 

Then, 1{ ( ), ( )}mm x x U . Continuing this process, we get a sequence of positive integers 

1 2 3 ....m m m m     such that 1 2{ ( ), ( ), ( ),...}m mm x x x U . This implies, ( , )kx x . 

Since,  is k -irresolute, then ( ( , )) ( , )
kk x x   and hence [ , ] ( , )

k
x x . Also, 

since ( , ) ( )
k

kx    , then ( , ) [ , ] [ ( ), ]
k k k

x Cl x Cl f x      . Thus,  is 

k
 -transitive. 

Assume   has no k  quasi-isolated points, then by Lemma 6 all the points in the orbit 

[ , ]x  are k  transitive points of . Then, for any y  , any member U  containing y  of 

k
, there exists m n  such that ( )m x U . This implies that ( , )

k
y x . Hence 

( , )
k

x   . Thus,  is 
k

 -transitive. This completes the proof. 

 

Note 1. All of the above facts are true for the collections kV
 of the topological space ( , )  . 

 

 

5.  -LIMIT POINTS VS CLUSTER POINTS OF FILTERS 

 

 

A filter is a dual concept of an ideal. That is a filter  is a collection of subsets of   

such that { : }A A     is a non trivial proper ideal of the ring (2 , , )   . 

Let  be a filter on the set  . Then, a subfamily   of  is said to be a base [20] for  

if for any A , there exists B   such that B A . 

Let ( , )   be a S  and let  be a filter on  . A point x  of   is said to be a limit 

[12] of  with respect to   (or  is said to converge to x  with respect to   ) if every 

neighbourhood of x  belongs to . 
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In a Dynamical system ( , )  and for x  , we consider { ( ) : }n

mA x nm  . Then, 

{ :x nA A A   for some }n  is a filter on  . 

It is obvious that ( ) ( , )x x   (denotes the collection of all   limits of x  under 

) ( )x   (where ( )x  and ( )x  denote the set of all cluster points of x  and the set of 

all limits of x  respectively). But converse relation need not hold in general. 

 

Example 5. Consider the subspace  of the usual S  . Define :   by 
2( )x x . 

Let 2m   and 2x  , then 2 {16,256, }A   . The filter 2  does not converge and (2, ) 

. But 216 ( ) . 

 

However, if the filter x  is an ultrafilter, then the three sets of the above relation 

coincide. One can define the limits and cluster point of a filter on a Alexandroff S . In this 

situation, we can discuss these on the Alexandroff S  k
 and kV

 induced from a certain 

S  ( , )  . 

Thus, for a Dynamical system ( , ) , ( ) ( , ) ( )k x k k xx    . There sets will be 

the same when the filter x  will be the ultrafilter. 

Now we shall discuss a few words about the proof of ( ) ( , )x x  . Suppose 

( , )y x . Then, for ( )y U y  , there exists m  such that ( )m x U . Hence xU   

for m p . On the other hand, if ( )xt  , then ( ) xt  . Thus,   some r  such that 

t nO A  for n r . Hence, ( , )t x . 

 

Theorem 5. In a dynamical system ( , ) , ( ) ( ) ( ( ))x xt t    . 

 

Proof: Let ( )x  be a base for some filter 1  on   and let V  be any open set containing ( )t . 

Thus, ( )t V  where V  . This implies, 
1( )t V . Thus, 

1( )V
 is an open set containing 

t  as  is continuous map. So, 
1( ) xV   as ( )xt   and hence ( )xV  . Thus, 1V   

since ( )x  is a base of filter 1 . This implies, ( ) ( ( ))xt  . 

 

We know that every filter is contained in an ultrafilter [12]. 

 

Theorem 6. [20] The following equivalent statements hold for a S  ( , )  : 

(i)   is compact; 

(ii) Every filter on   has a cluster point in  ; 

(iii) Every filter on   has a convergent subfilter. 

 

Theorem 7. Let ( , )  be a dynamical system where   is a compact space. Then, 

(i) the filter x  has a convergent subfilter. 

(ii) for ultrafilter x  containing the filter x , ( )x   . 
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(iii) ( , ) ( ) ( ) ( )x x xx      . 

Proof: The proof is straightforward and hence omitted. 

 

In a dynamical system ( , )  with an ideal  on  , a point y  is called a 


-limit 

(respectively, ( )
k

 -limit) point of x  under  if for any n  and for any U   such that 

y U ,   a positive integer m n  such that 
*( ) ( )m x U  (respectively, ( ) km x U


 ). The 

set of all 


-limit (respectively, ( )
k

 -limit ) points of x  under , is denoted as ( , )x
 

(respectively, ( ) ( , )
k

x ). 

It is obvious that ( , ) ( ) ( , ) ( ) ( , )
o o

x x x


       (respectively, ( ) ( , )
o

x


  ) 

( ) ( , ) ( ) ( , )
o o o

x x
   

 


    . 

 

Proposition 4. In a dynamical system ( , )  with an ideal  of the ring (2 , , )   , then the 

following hold: 

(i) ( , ) ( ( , ))x Cl x  ; 

(ii) 
*( , )x   if ( , ) ( , )x x   ; 

(iii) ( ) ( , ) k

k
x 


   if ( ) ( , ) ( , )

k k
x x    where k

k


  . 

 

Proof: 

(i) Let ( , )y x . Then, for any n  and for any open subset U  of   with y U ,   a 

positive integer m n  such that 
*( ) ( )m x U . Also 

*( ) ( )U Cl U . This implies, 

( ) ( )m x Cl U  and hence ( ( , ))y Cl x . Hence the result. 

(ii) If possible, let   ( , )y x  such that y  . Since y  , then   ( )yy O y   such 

that yO   . This implies, yO  . 

 Also, since ( , ) ( , )y x x   , then for any n ,   m n  such that ( ) ( )m

yx O  

and ( )m

yx O . This implies, y yO O  , a contradiction. This proves the result. 

(iii) Similar to (ii). 

 

 

4. CONCLUSIONS 

 

Join study of algebraic ideals with dynamical system, filters and   and V  sets are 

made through this article. The idea is new; therefore, there are many scopes for further study 

of this concept, like: (i) study of   and V  sets in front of different types of ideals like 

maximal ideals, prime ideals; (ii) further study of dynamical systems with the help of several 

ideals; (iii) study of different limits of a filter through several ideals of (2 , , )   ; (iv) 

making several topologies through several ideals of (2 , , )    to discuss the localization 

property of a set; (v) several examples in the real line help to discuss various counterparts. 
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