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Abstract. The theory of curves is one of the central research areas in differential
geometry. Depending on their geometric and analytical properties, curves are studied and
characterized within various classes. In this paper, we investigate integral curves as a
particular class of curves in the Galilean space and establish their characterizations.
Moreover, several illustrative examples are provided to demonstrate and visualize this
particular type of curve.
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1. INTRODUCTION

The theory of curves, which holds an important place in differential geometry, is
characterized by a mathematical object commonly referred to as the Frenet frame [1]. The
Frenet frame defines an orthonormal system consisting of tangent, normal, and binormal
vectors constructed on a space curve, thereby helping to understand the spatial motion of an
object [2,3]. On the other hand, curve theory itself is divided into many special curve types,
such as Smarandache [4-7], Tzitzeica [8-10], Helix [11], Salkowski [12-14], and helical
extension curves [15]. In addition to these special curves, integral curves also form one of
these classes [16-20]. Moreover, the characterizations of special curves constructed through
different frames can be found in [21-29].

The Galilean space, belonging to the Cayley—Klein family of geometries, provides a
wide perspective for characterizing non-Euclidean curves. Galilean space represents the
transition from special relativity to classical mechanics as a limiting case of pseudo-Euclidean
space; Galilean space is currently attracting increasing interest due to its relationship with
fundamental concepts such as velocity, momentum, and energy [30-32]. Furthermore, this
space has been extended to a 4-dimensional curved structure, and the 4-dimensional structure
of spherical curves, a special class of curves, has been characterized [33]. In addition,
characterizations of special curves such as the Mannheim curve [34], the Osculating curve
[35], and the Bertrand curve [36,37] have been constructed. Moreover, the characterizations
of special curves constructed through different frames can be found in the Galilean space [38-
44].

This article presents a new characterization of integral curves, a special class of space
curves in Galilean space; it also expresses the curvature and torsion functions of these curves.
The proposed characterization is supported by various examples, and it is also shown that
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integral curves are plane curves. This result is also demonstrated through different graphical
representations.

2. PRELIMINARIES

In this section, basic definitions and theorems are expressed in Galilean space.
Galilean space is one of the real Cayley-Klein spaces derived from the projective metric with
signature (0,0,+,+) [39]. The absolute structure of the Galilean geometry is defined by the
ordered triple {w, f, I}, where w denotes the ideal (absolute) plane, f is a line lying on w, and |
represent the fixed elliptic involution acting on the points of f. In the Galilean space, a plane is
called a Euclidean plane if it contains the absolute straight-line f, and an isotropic plane
otherwise; it is said to be an isotropic plane. More explicitly, planes obtained by fixing the
first coordinate in the affine coordinate system (x,y,z), e.i.,, X = constant, together with the
absolute plane w, belong to the class of Euclidean planes, whereas all remaining planes are
classified as isotropic. This classification can also be formulated in terms of vectors: let
u = (uy,uy,u3) be a vector in the Galilean space. If u; # 0, then u is called a non-isotropic
vector, while u; = 0, characterizes an isotropic vector. The geometry of Galilean space can
be found in more detail in [32,44]. Let u = (uy,uy,u3) and v = (vq, vy, v3) be two non-
isotropic vectors in the Galilean space; the scalar product is defined by

<u, v >=uy, lull = lul.

If both vectors are isotropic, i.e., of the form p = (0, p,,p3) and q = (0, g3, q3), then
the scalar product is defined by

<p,q >1= D292 + P393 |Iplls = Vv (02)% + (p3)?%

In addition, let u = (1,u,,u3) and v = (1, v,, v3) be two non-isotropic vectors in the
Galilean space; the angle measure between u and v is defined as

lu —vlly =V (v2 —uz)? + (vs — us)2

On the other hand, the angle measure between two isotropic vectors p = (0, p,, p3)
and g = (0, q,, g3) is expressed as

P292 t+ P3q3
V022 + (03)%V(02)% + (g3)?

cosO =

Moreover, let u = (uq, u,, u3) and v = (v4, v,, v3) be two non-isotropic vectors in the
Galilean space Gz [39], the vector product is defined as

0 e e,
U U Us
V1 Vy V3

UAGD = = (0, —u v3 + U3y, U Uy — Uy D).

Furthermore, observe that every isotropic vector is perpendicular to any non-isotropic
vector. Therefore, the vector product of two isotropic vectors vanishes in Galilean space [39].
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In Galilean space G, for an admissible curve of the form
B(s) = (s, B2(s), B3(s)),
The associated Frenet frame is defined as
! ! 1 144 n 1 144 n
7(s) = (LB (9).85(9) N(s) = —(0.8,"(9).85" (), B(5) = (0. =85"(5).8,"(5))

where the tangent vector T(s) is non-isotropic, the normal N(s) with binormal vectors B(s)
are isotropic. The curvature and the torsion are given by, respectively

K(5) = (8" + (B )
1
1(s) = < det(B'(5), 6"(5), 5" ().

The Frenet equations can be expressed in matrix form as

N'(s)| = (s)||N(s)|.
B'(s) —T(S) 0 |1B(s)

T'(s) 0 K(s) 0 [|T(s)
0
0
We can also note that the symbolic vector product of the vectors {T, N, B} are defined by
TagN = B,NagB =0,TA;B = —N
in Galilean space G [39].
In the Galilean space Gg, for a non-admissible curve given by
B(s) = (0, B2(s5), B3(s)),
the associated Frenet frame is defined by
T(s) = (0,8, (5),5'(9)),N(s) = (0,=B5'(5), B2/ (), B(s) = (0,0,0).
Moreover, the curvature is obtained as k(s) = ||[T'(s)|l; and the torsion function
vanishes because the curve lies in an isotropic plane in the Galilean space G; [32,39]. The
distinction between admissible and non-admissible curves is determined by the character of

their tangent vectors: a curve is called admissible when its tangent vector is non-isotropic,
whereas it is called non-admissible when its tangent vector is isotropic.
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3. THE CHARACTERIZATION OF INTEGRAL CURVES IN GALILEAN SPACE

In this section, we introduce a new class of curves in Galilean space called integral
curves. Additionally, the characterizations of these special curves are constructed.
Furthermore, several examples are presented to illustrate their geometric representations. This
special class of curves is divided into two categories: principal normal integral curves and
binormal integral curves.

3.1. THE CHARACTERIZATION OF PRINCIPAL NORMAL INTEGRAL CURVES IN
GALILEAN SPACE

Definition 3.1.1. Let B(s) be an admissible curve in three-dimensional Galilean space; the
curve obtained by integrating the principal normal vector field associated with (s) is called
a principal normal integral curve y(s), and it can be expressed

y(s) = fNﬁ(s)ds (3.1.1)

Theorem 3.1.2. Let B(s) be an admissible curve in three-dimensional Galilean space; let
{Tﬁ,Nﬁ,Bﬁ} denote the Frenet frame of the curve S(s) in the Galilean space. The principal
normal integral curve y(s), generated by the principal normal vector Ngz(s) of B(s), has
Frenet vector fields given by

T,(s) = Ng(s), N, (s) = Bg(s), B,(s) = (0,0,0).

where T, (s), N, (s) and B, (s) represent the tangent, principal normal, and binormal vector

fields of the principal normal integral curve y(s), respectively. The curvature and torsion
functions of this curve are given by

Kk, (s) = 13(5), T, (s) = 0.

Proof 3.2.1: Based on the definition of the principal normal integral curve given in (3.1.1),
the first, second, and third-order derivatives of this curve are obtained as, respectively,

y'(s) = Ng(s),
y"(s) = Ng'(s) = 1(s)Bp(s),
y"'(s) = (2(s)Bg(s))' = —T5(s)Ng(s) + T3(5)Bg(s).

Thus, the Frenet frame of the principal normal integral curve is found to be

T, (s) = y'(s) = Ng(s), N, (s) = ||]}:”53|| -

B,(s) = T,(s)acN, (s) = (0,0,0).

Bg(s),

Considering the above equations, the curvature functions of the principal normal
integral curve y(s) are obtained as follows:
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K, (s) = ly" () = ltg(s)Bp(s)Il = |75(s)|,

1
7,(s) = PRTES) <y'(S)ngy"(),y"'(s) >1=0,

where y'(s)a¢y" (s)=(0,0,0).

3.2. THE CHARACTERIZATION OF BINORMAL INTEGRAL CURVES IN GALILEAN
SPACE

Definition 3.2.1. Let B(s) be an admissible curve in three-dimensional Galilean space, the
curve obtained by integrating the binormal vector field associated with B(s) is called a
binormal integral curve y(s), and it can be expressed

y(s) = f By(s)ds (3.2.1)

Theorem 3.2.2. Let B(s) be an admissible curve in three-dimensional Galilean space; let
{Tﬁ,Nﬁ,Bﬁ} denote the Frenet frame of the curve B(s) in the Galilean space. The binormal
integral curve y(s), generated by the binormal vector Bg(s) of B(s), has Frenet vector fields
given by

T, (s) = Bg(s), N, (s) = —Ng(s), B, (s) = (0,0,0).

where T, (s), N, (s) and B, (s) represent the tangent, principal normal, and binormal vector

fields of the binormal integral curve y(s), respectively. The curvature and torsion functions of
this curve are given by

Ky (s) = 15(5), T, (s) = 0.

Proof 3.2.2: Based on the definition of the binormal integral curve given in (3.2.1), the first,
second, and third-order derivatives of this curve are obtained as, respectively,

Y'(s) = Bg(s),
v () = Bg'(s) = —15(s)Np(s)
"' (s) = (=tp(S)NG(s))" = —74(s)Ng(s) — T5(5)Bp(s)-

Thus, the Frenet frame of the binormal integral curve is found to be

T,(s) = y'(s) = Bg(s), Ny (s) = ||¥"8II -

B,(s) = T, (s)AgN, (s) = (0,0,0).

—Ng(s),

Considering the above equations, the curvature functions of the binormal integral
curve y(s) are obtained as follows:

K, (s) = ly" ()l = lI—t5(s)Ng(s)lIl = |Tﬁ($)|,
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1
7,(s) = PRTES) <y'(S)ngy"(),y"'(s) >1=0,

where ¥’ (s)agy" (s)=(0,0,0).

Corollary: As can be seen from the above theorems, the integral curve of any curve in
Galilean space is a planar curve due to the torsion vanishing.

Example: Consider an admissible curve in three-dimensional Galilean space,

f:1- E3
s = B(s) = (s,5coss,5sins)

then the first-, second-, and third-order derivatives of this curve are obtained

B'(s) = (1,—5sins, 5 cos s),
B"(s) = (0,—5coss,—5sins)
B""(s) = (0,5sins,—5cos s).

Thus, the Frenet frame of this curve is found to be

T(s) = (1,—5sins,5coss),
N(s) = (0,—coss,—sins),
B(s) = (0,sins, — cos s).

Additionally, the vector product of the first derivative and the second derivative of
B(s) is found

0 e, e,
1 —-5sins 5coss
0 —5coss —5sins

B'(S)ngB"(s) =

= (0,5sins,—5coss)

Thus, the curvature and torsion functions of the curve are obtained as follows:

K(5) = B+ B2 =5,
BN, > _
(s) = > =1

K

Thus, from (3.1.1), the principal normal integral curve of the B(s) curve is calculated
as

v(s) = fN(s)ds = (0, —sins, cos s)
In Galilean space, the Frenet frame for this obtained y(s) curve is given as
T,(s) = (0,—coss,—sins),

N, (s) = (0,sins, —cos s),
B,(s) = (0,0,0).
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The curvature and torsion functions of the curve are found

K, () =/ (2" ()2 + (73" (s))2 = 1,

1 ! n nr
Ty (s) = ;det(ﬁ (s),8"(5),8"(s)) = 0.

In Fig. 1, a graphical representation of the curve S(s) and its curvature function is
presented. Also, a graphical representation of the obtained principal normal integral curve is
provided, as well as the curvature function.

ks T _3_n_ 2n 51 in
2 2 2
(c)
144
124
10
0.84
0.64
Xt 3% 2t St 3n
2 2 2
().Xl 5
(b) (d)

Figure 1. (a) The graphical representation of the curve B(s); (b) the graphical representation of the
principal normal integral curve y(s); (C) the graphical representation of the curvature function of curve
B(s); (d) the graphical representation of the curvature function of the principal normal integral curve

v(s).
Example: Consider an admissible curve in three-dimensional Galilean space,
f:1- E3

s = B(s) = (s,3sin(2s),5 cos(2s))
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Then, in Galilean space, the curvature and torsion functions of the curve B(s) are
found, respectively

K(s) = 44/16(cos(2s5))2 +9,
7(s) = 30

16(cos(2s5))2+9

The principal normal integral curve generated by the curve S (s) is given by

3arc sinh (M%(Zs)) —5arcsin (45%(25»
=0 5 . :

Thus, in Galilean space, the Frenet frame for this obtained y(s) curve is given by

—3sin(2s) —5cos(2s)
Ty(S) = O, ) )
J16(cos(25))2 +9 /16(cos(2s))2 +9
5 cos(2s) —3sin(2s)
NY(S) == O, ) )
J16(cos(25))2 +9 /16(cos(25))% + 9

B,(s) = (0,0,0).

In addition, the curvature and torsion functions of the curve y(s) are computed as

~ 30
% () = T (cos(Zs))Z + 9
7,(s) = 0.

respectively.

In Fig. 2, a graphical representation of the curve f(s) and its torsion function is
presented. Also, a graphical representation of the obtained principal normal integral curve is
provided, as well as the curvature function.

w
=
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Figure 2. (a) The graphical representation of the curve B(s); (b) the graphical representation of the
principal normal integral curve y(s); (c) the graphical representation of the torsion function of curve
B(s); (d) the graphical representation of the curvature function of the principal normal integral curve

y(s).
Example: Consider a curve to be an admissible curve in three-dimensional Galilean space,
f:1- E3
s = B(s) = (s,3 sin(2s),5 cos(3s))

then, in Fig. 3, a graphical representation of the curve B(s) and its torsion function is
presented. Also, a graphical representation of the obtained principal normal integral curve is
provided, as well as the curvature function.

02 g4l 05
(b) (d)

Figure 3. (a) The graphical representation of the curve B(s); (b) the graphical representation of the
principal normal integral curve y(s); (c) the graphical representation of the torsion function of curve
B(s); (d) the graphical representation of the curvature function of the principal normal integral curve

v(s).
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4. CONCLUSION

A new characterization has been presented for the principal normal integral curve and
the binormal integral curve as a special class of curves in Galilean space. Based on this
characterization, it has been shown that the curvature of the principal normal integral curve of
the examined curve is equal to the absolute value of the curve's torsion. In addition, the
torsion of this special curve has vanished, i.e., the curve is a plane curve. Furthermore, this
result has been supported through various examples and graphical representations.
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