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Abstract. In this paper, we introduce and investigate a new class of Fermat-type
integer sequences and polynomials, called the Trimat numbers and Trimat polynomials,
inspired by the recurrence structure of the Tribonacci sequence. Although motivated by a
third-order sequence, the Trimat sequence satisfies a second-order recurrence relation,
leading to several elegant identities and structural properties. We establish Binet-type
formulas, ordinary and exponential generating functions, and derive a comprehensive
collection of classical identities including the Catalan, Cassini, d’Ocagne, Honsberger, and
Vajda identities. In addition, we explore matrix representations of the Trimat sequence and its
polynomials and analyze determinant invariances associated with these matrices.
Transformative structures such as the Hankel, Catalan, and binomial transforms are applied
to the Trimat sequence to further reveal its internal algebraic and combinatorial behavior.
Motivated by recent developments on degenerate special numbers, we also introduce a new
dimorphic type of Fermat numbers and establish their connections with the degenerate
Stirling polynomials of the second kind. These results broaden the framework of Fermat-
related number sequences and provide new perspectives for both theoretical and applied
research.

Keywords: Mersenne numbers; Fermat numbers; Tribonacci numbers; Catalan
transform; Hankel transform; binomial transform; Stirling numbers; dimorphic Fermat.

Mathematics Subject Classification: 11C08; 11C20; 11S05; 15A04; 15B99.

1. INTRODUCTION

This survey focuses on polynomials of positive integer sequences, especially Fermat
integer sequences, which are subject to certain recurrence relations. Of all integer sequences,
the Fibonacci and Lucas sequences are undoubtedly the most popular. Several leading
researchers, including Hoggatt and Koshy [1,2], have extensively analyzed Fibonacci
sequences and polynomials derived from sequences of integers. Their leaflet introduces the
intriguing properties of Fibonacci and Lucas numbers, allowing pupils to see how many
mathematical generalizations can arise from simple concepts. Many researchers have also
examined innovative formulas relating Mersenne and Fermat numbers to the generalized class
of Fibonacci numbers [3,4]. We give several identities related to these sequences and
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polynomials [5]. They derived these new formulas by examining the relationships between
Fermat and generalized Fibonacci polynomials. Their approach included power series
representations and inversion techniques.

In this study, a novel Fermat polynomial sequence that depends on second-order
recursive relations is discussed. We search for established [6] basic identities for these
polynomials and highlight notable properties of them. We also present the generating
functions and Binet's formula that depend on these polynomials. The survey also investigates
matrix representations of this Fermat polynomial sequence and focuses especially on the
determinants of these matrices. The Hankel transform, also called the Fourier—Bessel
transform and attributed to Herman Hankel, appears frequently in combinatorial analysis
through the calculation of Hankel determinants.

Barry [7] conducted research on the Hankel, Catalan, and binomial transformations of
these sequences and polynomials and obtained important insights. This approach provides
new insights into the interconnections within these polynomials. Moreover, many different
transformations have been discussed with the help of polynomial sequences of integer
sequences.

Fermat numbers, which satisfy F, = 2™ + 1, named after Pierre de Fermat (1601-
1665), the first to present them. Tsang, Theorey, and Stein investigated 22" 4+ 1 of form
numbers [8]. (sequence A000215 in the OEIS) The primality of numbers in this form has
always been attractive to researchers. Although the existence of infinite prime numbers in this
form has not been resolved, their work has shed light on the primality and divisibility of these
numbers. Kuloglu [9] presented a new class of numbers and polynomials, the Gauss-Fermat
numbers and polynomials. This research examined the properties of these numbers, their
connections with other number sequences, and introduced several new identities.
Furthermore, the author introduced a new mathematical structure: The Gauss-Fermat numbers
and polynomials.

Some researchers investigated the connection between Fibonacci numbers and Fermat
numbers (and Mersenne) [3,10]. In this study, we examine Fermat numbers and a special
version of Fermat numbers. Hoggatt was the first to present the Tribonacci number sequence,
and various studies have been carried out on these numbers [1,11]. Inspired by Tribonacci
numbers, we present a novel set of Fermat numbers and polynomials, which we call Trimat
(tri-Fermat) numbers and polynomials. In this survey, we examine properties and the
derivation of various identities of Trimat polynomials. We denote this number sequence by
R,, and the polynomials of this number sequence by {R,,(x)}. We polish the features of our
new number sequence using past techniques. Firstly, we give Fermat numbers. Fermat
numbers are shown by FE, and have the second-order recurrence relation (1). Some Fermat
numbers are 2,3,5,9,17,33,65, 129, ..., and

Fry2 = 3F41 — 2K, 1)

with the initial conditions F, = 2, F; = 3. The characteristic equation of the Fermat sequence
is as follows,

r2—3r+2=0
and the roots are r; = 2 and r, = 1. Using the roots, we find the Binet-like formula of the
Fermat sequence as 2™ + 1.

The interest in integer sequences, which began with the discovery of the Fibonacci
sequence and has been generalized in many ways, continues to increase as these sequences
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find applications in other scientific fields. Many properties of sequences are derived by
relating them to concepts such as matrices, polynomials, quaternions, and octonions [12,13].
One such sequence is the Fermat sequence.

In this study, we extend existing research on Fermat numbers by introducing a new
type of polynomial derived from these numbers. Trimat polynomials exhibit many intriguing
properties and identities, including well-known formulations such as Binet's formula and the
related generating functions. These findings enrich the mathematical understanding of trimat
numbers and their associated polynomials by providing a deeper understanding of their
structure and behavior.

We also examine the matrix representations of Fermat polynomials, highlighting the
importance of the determinants of these matrices. By examining the constancy of these
determinants, we introduce important propositions that lead to a deeper understanding of the
algebraic properties of Trimat polynomials. This matrix approach suggests an alternative
perspective on how these polynomials can be analyzed and manipulated in various
mathematical contexts.

Alongside these fundamental results, we also investigate the application of various
transformations to Trimat sequences and polynomials. We focus particularly on the Hankel
and Catalan transformations, which play an important role in the study of sequences and
polynomials. These transformations allow us to explore relationships between Trimat
polynomials and other well-known mathematical structures, opening potential avenues for
further research in both theoretical and applied mathematics.

Another aim of this paper is to introduce the dimorphic new Fermat numbers as a
degenerate analog of the classical Mersenne numbers and to explore several of their
applications related to the degenerate second kind Stirling polynomials. The novelty of the
study lies in presenting the dimorphic new Fermat numbers for the first time and
demonstrating their connections with the degenerate second kind Stirling polynomials.

For 1 # 0,1 € R the degenerate exponentials are defined by [14-20] according to
equation (2):

(O =+ = (Do @
s=0

where (x)g2 =1, ()52 =x(x =D (x = 22) .. (x = (s = 1)A), (s = 1).
Also, we see equation (3)
}11% el (t) = e*, Aig(l)(x)sll =x5,(s = 0) A3)

The second-kind Stirling numbers are classically defined through [14];
S
xS = ZSZ(S,j)(x)j,S > 0.
j=0
For second-kind Stirling numbers, equation (4) holds [14]:

1., . % ¢m
;(e - 1) = ZSZ(m'S)E'SZO' 4)
=s
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There has been substantial interest in developing various degenerate versions of
numerous special numbers and polynomials, using a wide range of techniques such as
generating functions, combinatorial methods, ppp-adic analysis, umbral calculus, differential
equations, probability theory, operator theory, analytic number theory, and quantum physics.
These investigations produced many noteworthy results of both arithmetical and
combinatorial significance (see [14-24] and the references therein).

Hoggart [1] defined the Tribonacci sequence recurrence as follows

Nn+z = Ny + Npjq + Ny,

Also, Feng introduced more identities of the Tribonacci sequence [25]. As we see
above, the Tribonacci number sequence has a third-order recurrence relation.
2. NEW FERMAT NUMBERS: TRIMAT NUMBERS

Inspired by the Tribonacci number sequence, we examine the Trimat number
sequence. We give some important identities
Definition 1. Defining Trimat numbers as R,,, and Fermat numbers as E,, thus

RO = FO + Fl + F2
R1 = Fl + Fz + F3
RZ = F2 + F3 + F4
Ry = By + Foyq + Fugo.

Using the recurrence relation above, we get the sequence of Trimat numbers as
follows,

10,17,31,59,115,227,451,899,1795, ...
The recurrence of this number sequence is given by equation (5)
Rn+2 = 3Rny1 — 2Ry (5)
with the initial value R, = 10,R, = 17.

Unlike the Tribonacci number sequence, the Trimat number sequence has a second-
order recurrence relation. Characteristic equation of {R,,} as follows

x2—=3x+2=0.
The roots of the equationare @ = 2,8 = 1.

Theorem 2. The Binet-like formula of {R,,} is given as follows,
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R,=7.2"+3
Proof:

R, = cia™ + ¢, "
using the first two terms,

10 = C1 + C2
17 = C1 + 2C2
we obtain
R,=7.2"+3 (6)
as desired.

Theorem 3. The generating function of {R,,} as follows,

10 — 13t
Rn(8) = 1— 3t + 2t2 ()

Proof:
Rn(t) = RO + th + thz + o + Rmtm + e
_3tRn(t) = _3R0t - 3R1t2 - 3R2t3 + -+ _3Rmtm+1 + ..
2t2R,(t) = 2Rot? + 2R t3 + 2R, t* + -+ + 2R, t™*2% + ...
Summing both sides of the equations,
(1 =3t + 2t5)R, ()
= Ro + (R1—3Rgp)t + (R, — 3R + 2R0)t2 + 4 (Ry — 3Ry + 2Ry o)™ + -

Using (1) and the initial conditions, we get

(1 -3t +2t>)T, =Ry + (R, — 3Ry)t
_ Ro+ (Ry — 3Ryt

1 —3t+ 2t2

Using (1), we get
10 — 13t

Ra(®) = T3 7722

as desired.

Theorem 4. Exponential generating function of {7;,} as follows,

ET,(t) = 7e?t — 3et

Proof: We know that
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® u

¢ t
et = —.
u!

u=0

To find the exponential generating function of {R,,}, we use the Binet formula as
follows

o0 t"
ERn(t) = Zn:o Ry T

ER, () = 2(7. m 4 3));—7:

ERn(t)=722”—+3 —
n! n!
n=0 n=0
we get
ER, (t) = 7e?t + 3et.
as desired.

Theorem 5. (Catalan-like identity) Catalan's identity relates to sums of binomial coefficients
and is commonly used in combinatorics. It expresses a relationship between two sums of
binomial coefficients, leading to simplifications in various problems.
Forn>r,
Ry—yRyyr — Ry2 = —21.2"(27 =277 = 2) (8)
Proof: Using (5)

Ry—yRpysr — Ry = (7.2 4 3)(7.2™7 4+ 3) — (7.2" + 3)2
=21.2"77 4+ 21.2™M7 — 422" = 21.2"(27T 4+ 2" - 2)

as desired.

Corollary 6. (Cassini-like identity) taking » = 1 in the Catalan identity, it yields the Cassini
identity as follows

Rp_1Ryi1 — Ry = 21(2)"*
Theorem 7. (D’ocagne-like Identity) This identity relates to binomial coefficients and is used
in number theory and combinatorics. It is an identity involving sums and products of binomial
coefficients and can be used to derive other mathematical identities.

Let n and m be any integers.

RinisRnir — RmyrRnys = 21(2° = 27)(2™ = 21) ©)
Proof:

(7.2M*S 4 3)(7.2™" 4+ 3) — (7.2™*7" + 3)(7.2™*5 + 3)
= 21.2M*+S 21, 2™%7 — 21, 2™M4T — 21, 2™+
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=21.2™m(25 — 27) 4 21.27(2" — 29)
=21(25 = 2")(2™ - 2M)

as desired.

Theorem 8. (Honsberger-like Identity) Honsberger's identity is a formula involving sums of
products of binomial coefficients and has applications in combinatorial mathematics. It is
useful for simplifying complex binomial expressions and finding closed forms for sums.

Let n and m be any integers.

Rpm-1Rn + RipRpiq = 245.2Mm*""2 — 63,2Mm~1 — 63,2" + 18 (10)
Proof:

= (7.2"71 4 3).(7.2" + 3) + (7.2™ + 3)(7.2"*" + 3)
= 49.2m¥n-1 4 21,2Mm~1 4 21.2M 4 49, 2M+nHL 4 21, 2™ 4 21.2™%1 + 18
= 245.2m+""1 4 63.2m°1 + 63.2" + 18,

Theorem 9. (Vajda-like Identity) Vajda's identity is related to sequences and sums involving
binomial coefficients, often used in number theory. It provides a powerful tool for
transforming and simplifying expressions in combinatorial contexts.

Let n and m be any integers.
RyirRpss + RyRpyris = 98,2207+ — 21 272" + 25 + 2"+ + 1) + 18
Proof:

RyirRpss + RyRpyris = (7.2 4+ 3)(7.2™45 + 3) + (7.2™ 4 3)(7.2™17*5 + 3)
= 49, 22MT+S 4 21 2N 4 21,21 4 49 Q2NHTHS 4 91 QM 4 21, 20HTHS
+ 18 = 98.22n#7+s 4 21,27 (2" + 25+ 2"t + 1) + 18

as desired.

2.1. HANKEL TRANSFORM OF TRIMAT SEQUENCE

The Hankel transform, first introduced by mathematician Herman Hankel, is an
integral transform used in many areas, including coding and combinatorial computations.
Fourier-Bessel transform is also called the Hankel transform. The Hankel determinant
calculus originates in combinatorial analysis. Barry [7] studied the Hankel transform, the
Catalan transform, and the binomial transform of sequences of integers and polynomials and
found quite remarkable results. Keeping these studies in mind, we apply the Hankel transform
to Trimat polynomials.

This is done by finding the explicit form for the coefficients in the second-term
recurrence relations. Trimat integer sequence is {10,17,31,59,115,227,451,899, 1795,...}. The
Hankel matrix of {R,,} is an infinite matrix as
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with elements b; which are Trimat numbers. The Hankel matrix of R,, of order n is the upper-
left n X n submatrix of R, and t,, the Hankel determinant of R,,, is the determinant of the
corresponding Hankel matrix, t,, = det(R,,). Cvetkovic et al. [26] calculated the Catalan
numbers, the Hankel transform of Fibonacci numbers. Inspired by that study, we present the
first four Hankel matrices of Trimat sequences as follows:

10 17 31 59

10 17 31
_ _[o 17y, _ _|17 31 s9 115
Ry=[10LR, =[1; 51| Ra= s i3 59 115 227|

59 115 227 451

The first four terms of the Hankel transform of Trimat integer sequences are t; =
10,t, = 21,t; = 0,t, = 0. It can be calculated that the other terms of this sequence equal 0.
Ehrenbourg [27] calculated the Hankel determinant of exponential polynomials. Peart and
Woan [28] have studied generating functions via Hankel and Stieltjes matrices. Using these
results in [27] and [28], we calculated the Hankel determinant of Fermat numbers and their
polynomials.

2.2. CATALAN AND BINOMIAL TRANSFORMATION OF TRIMAT NUMBERS

Catalan numbers, C,, are given by

Cn:nil<2:) (1)

We can also write the above equation as follows

(2n)!

Cp= ot
" (n+1)n!

(12)

The first few Catalan numbers are 1, 1, 2, 5, 14, 42, 132, 429, .... Also, one can easily
see the following recurrence relation for C,,

Cor1_ 2(2n+1)
C, n+2 °

The ordinary generating function (0.g.f.) of C(x) as follows:
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1—-+v1—4x
c(r) = ————

c(x) =1+ x+ 2x? + 5x3 + 14x* + -
Barry first studied the Catalan transform [7], and many studies have examined this

transformation. Also, Ozkan and Tastan investigated the Catalan transform of k-Jacobstal
sequence [29]. We define the Catalan transform of {CR,,} as

CR, = 5 : (Zn_i)R (13)
”__02n—i n—i) ¢
i=

for n > 1 with CR, = 10.

The first few terms of CR,, as follow:

CR —i (Z_i)R—17
' 1—i)t
1
2 . .
CR —Z ' (4_l>R =48
2T L4 —i\2—i) T
1
3 . .
CR —z : (6_1)1?—155
3T L6—-i\3—-i) '
1
4 . "
CR —Z ' (8_L>R—532
4 —8—i\4—i L

The binomial transform can be given as follows

(Z) by

The matrix representation of the Binomial transform is as follows:

i
2—1

n
a, =
k=0

A W

1
4 1
10 5 1

Il
JEUE U I

e UT D W N =

.o ’_\
o

Bernstein and Solane [30] studied the transformation on integer sequences. We define
the Binomial transform of Trimat numbers BR,,, as

BR, = zn: (7) R; (14)
j=0
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forn = 0 with BR, = 10, BR, = 27.
First few terms of BR,, as follows:

3
3
BRy = Y ()R =213,
e \]
Jj=0
4
4
BR4=z(,)RJ=615
i \]
j=0
5
5
BR5=2(,)RJ-=1797
i \]
j=0
The Binomial transform of Trimat sequences is as follows:
(BRy71 1 Ry
1 1
BR; 1 2 1 R,
BR,|=11 3 3 1 AR,
1 4 6 4 1
BRsl 11 5 10 10 5 1 ks
107 11 1 1107
1 1
27 1 2 1 17
751=11 3 3 1 .31
1 4 6 4 1
213 1 5 10 10 5 1 >9

The Catalan transform of (R,),so IS defined to be the sequence whose o.g.f. is
A(xc(x)). Also, the binomial transform of the Catalan transform can be obtained as follows:

nJ .
BC(an) = Z Z 2jl— i (7) (ij— il> hn:

3. TRIMAT POLYNOMIALS

Tribonacci polynomial sequence [1] is defined by the recurrence as follows

Npy3(x) = Xan(X) + xNp41(x) + Npyr (15)
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Fermat polynomials [4] are defined by

Fra2(x) = 3xFn 11 (x) — 2F,(x) (16)

n = 0, with the initial conditions Fy(x) = 2, F;(x) = 3. The characteristic equation of the
Fermat sequence is as follows,

r2(x) = 3xr(x) +2=0
and the roots are

CZ(X) _ 3x+\/‘29x2—8' ﬁ(X) _ (X) _ 3x—\/;9x2—8

The Tribonacci sequence is a set of integers that begins with zero, one, and one.
This sequence is A000073. Each number in this sequence is the sum of the three preceding
numbers.

Definition 10. Inspired by the Tribonacci number sequence, we examine the Trimat

polynomial sequence. We give some important identities. We define Trimat polynomials
as R, (x), and Fermat polynomials as F,(x). Thus

Ro(x) = Fo(x) + Fi(x) + F,(x)
Ri(x) = F1(x) + F,(x) + F3(x)
Ry (x) = Fo(x) + F5(x) + Fy(x)

R (@) = Fy(x) + Fayr (6) + Faga (%)

Taking x = 1 we get Trimat numbers. The recurrence of this number sequence is as
follows

Ry12(x) = 3xRp41(x) — 2Ry (x).
with the initial values
Ro(x) = 10,R;(x) = 17.
Unlike the Tribonacci number sequence, Trimat polynomials have a second-order

recurrence relation. The first few terms of {R,,(x)}

R,(x) = 51x — 20
R3(x) = 153x2 — 60x — 34
R,(x) = 459x3 — 180x? — 204x + 40
Rs(x) = 1377x* — 540x3 — 918x2 + 240x + 68

Taking x = 1 we get Trimat numbers.
Theorem 11. The Binet-like formula of {R,,(x)} is given as follows,
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10a(x) — 17 —108(x) + 17
R,(x) =———a™(x) + (x 17
Proof:
Rn(x) = c1a™(x) + 2" (x)
where
a(x) _ 3x+\/:x2—8' ,B(x) _ (x) _ 3x—\/;9x2—8'
Taking x =1, we get @ =2, f=1. Using the first two terms,
10 = C1 + C2
17 = ca(x) + ¢, B(x)
One can easily find the ¢,, ¢, as follows
10a(x) — 17
GG =—F—~——>—=
Y a() - B
—108(x) + 17
Cr =
27 alx) - B(x)
as desired.

Theorem 12. The generating function of R,,(x) as follows,

10 + (17 — 30x)t

18
1 — 3xt + 2t2 (18)

Rn(x) =
Proof:
R,(x) = Ry(x) + Ry (x)t + Ry(x)t? + - + R, (X)t™ + -+
—3txR,(x) = —=3txRy(x) — 3t?xR;(x) — 3t3xR,(x) + --- + =3t™* xR, (x) + -+
2t%R, (x) = 2t?Ry(x) + 23R (x) + 2t*R,(x) + «+- + 2t™ 2R, (x) + -
Summing both sides of the equations,
(1 —3xt + 2t?)R,(x)
= Ro(x) + (Ry(x)—3xRo(x))t + (R, (x) — 3xR1(x) + 2Ry (x))t? + -
+ (R (%) — 3xRy—1 (%) + 2R, (O™ + -+

Using equation (1) and initial conditions, we get

(1 = 3xt + 2t?)R,(x) = Ry(x) + (Ry(x) — 3xRy(x))t
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Ro(x) + (R1(x) — 3xRo(x))t
1 — 3xt + 2t?

R,(x) =
Using initial values in equation (1), we get

10 + (17 — 30x)t
1 — 3xt + 2t2

Rn(x) =

Theorem 13. Exponential generating function of {R,,(x)} as follows,

10a(x) =17 ey, . —108(x) +17

00—t am—gm © 19)

ER,(t) =

Proof: We know that et = ¥o_, %

To find the exponential generating function of {R,,}, we get

ERy(6) = $20 Ry (1) &
ER.(6) = z <10a(x) -17 "o + —108(x) + 173”(95))2

L \at)-p@ ° () = B0 n
_10a(x) - 17¢ 7 108 + 170 t"
B = 0 300 2, O et g 2P
we get
_10a() =17 ingy, . —10BG) +17 oo
ER(D =260 -0 © “CO-F@ ¢
as desired.
Theorem 14. Catalan-like identity of {R,,} as follows, for n > r,
Ry ()R () — Ry (1) = ( 489+ S )2“-r(ar(x> — )’ (20)
n-—-r n+r n (a(x) . ﬁ(x))z .

Proof: Using the Binet-like formula of Trimat polynomials, we get the following equality
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Rn—r(x)Rn+r(x) - an(x) =

10a(x) —17
i (m @)
e
(G g e + _‘:&ﬁ))(f)ﬁtxl;ﬁn(x))z

_ < —489 + 510x
(a(x) - ()
_ ( —489 + 510x >2n (a”(x) — BT (x))?

(a(x) - B()° 2

_ < —489 + 51Ox2> (@ (x) — BTG
(a(x) — ()

)a”(x)ﬁn(x)(a‘r (OB (x) + a”(x)B7"(x) = 2)

as desired.

Corollary 15. Taking r = 1 in the Catalan-like identity, we get the Cassini-like identity as
follows,

(21)

—489 + 510x
0945107y,
9x2 — 8

Rus (DRnss (1) = Ry(0) = (

Theorem 16. D ocagne-like Identity of {R,,(x)} as follows,

Rinss (O Rpir (X) = Ry (X Ry s (x) = (_4232"'_5;095) (25 =2")(2m™ —=2M). (22)
Proof:
10a(x) —17 . -108(x) +17 .. 10a(x) =17 ..
(acx) 50" Ot -pw * m) (a(x) TR
~108(0) +17
aG)—F " m)
10a(x) —17 . -108(x) +17 .. 10a(x) —17 .
(acx) 20" D am—pw m) (a(x) RTINS
~108(0) +17
G- FG) " m)
_ (489 4510wy o —4B9 45100y . (—4B9 4510wy
_( 9x2 — 8 ) +( 9x2 — 8 ) _< 9x2 — 8 )
489 4 510%)
a ( 9x2 — 8 )
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—489 + 510x —489 + 510x
=|———| 2™M(25 - 27 —(—)2" 25 =27
( 9x2 — 8 289 ( 510 ) 9x2 —8 ( )
- + x
— S __ T m __ n
= (—9x2 — )(2 2ry(2m — 2m),

as desired.

Theorem 17. Let n and m be any integers. Honsberger-like Identity of {R,,(x)} as follows

Rm—l(x)Rn(x) + Rm(x)Rn+1(x)

Oa(e) ~ 17\
<m) BT () (B (x) + B(x))

—108(x) + 17\ - B
¥ ( a(x) — B(x) > a™ () (a7 (x) + a(x))

~ (10a(x) — 17)(=108(x) + 17)

(a(x) - B(®)
~ (10a(x) = 17)(-108(x) + 17)

(a(x) - B(®))

Proof: From the Binet-like formula of new Fermat numbers, we get the following equality:

(23)
a™ ()™ () (e (%) + B(x))

a™(O)B™ () (B () + a(x)).

Rm—l(x)Rn(x) + Rm(x)Rn+1(x) =

=il
+ <—%§’? RS LA ﬁm(x)> (—i‘ij)("_) )
)
- (%) OB () + B()
+ <‘;&§(f)ﬁ+(x1)7)z @ () (@ () + )

3 (10a(x) —17)(—108(x) + 17)

(a(x) - B(x))°
B (10a(x) —17)(—108(x) + 17)

(a(x) - ()

a™ ()" () (e (%) + B(x))

a™(D)B™ () (B () + a(x)).
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Theorem 18. Let n and m be any integers. Vajda-like Identity of {R,,(x)} as follows

Rusr ()R s(x) + Ry(X)Rypiris(x)

=2 <10a(x) — 17) a2n+r+5(x)

a(x) = B(x)
—108(x) +17\*
+z.< 20— B0 ) BT (x) (24)
o <10a(x) - 17) <—10ﬁ(x) + 17) (@
a(x) =Bx) )\ alx) —B(x)
+B7(0)(a° () + B° ().

Proof:

ntr ) Rnys(X) + Ry () Ry yris(x) =

R
10a(x)—17 QT 10[?(x)+17 n+r 10a(x)—-17 am+s 10[>’(x)+17 n+s
<a(x) B(x) )+ s a(x)-B(x) p (x )> (a(X) B(x) )+ s a(x)-B(x) prCx )>

10a(x)-17 am —108(x)+17 ,p 10a(x)=17 pir+s —10B(X)+17 Hnir+s _
- ¥ Ot g B )> (a(x) @ Y P (x)>

10a(x)-17 2n+r+s —10B(x)+17 2n+7+s
2 (G ﬁ(x)) “ () +2.( a(x)—ﬁ(x)) g () +

(B (29T (@ (@) + BT (@ (BT () + @B () =

- 2 _ 2
2_( 103(x)+17) Q?HTHS (x) + 2. (10“(") 17) BT (x) +

a(x)(—é?(x) s a(x)—p(x)
n (10a(x)—-17 -106(x)+17 r r s s
as desired.

4. DIMORPHIC NEW FERMAT NUMBERS

In this section, we define the dimorphic new type of Fermat numbers as follows:
Rea=72)pr+3(DkrAER (25)

A|SO, Wwe Ccan see
limR,; =R
Ry a Kk

where Ry, k. th Trimat sequences.

Also,

y
A

e; () = (1+/1t)% = (1+,1t)§+ = (1+/1t)§(1+,1t)% = ef (De; (t).
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Recent studies have increasingly focused on degenerate extensions of classical
combinatorial and algebraic structures. In this context, Diskaya [31] introduced Fibonacci-
based generalizations of degenerate Stirling numbers, while Kuloglu [32] investigated
structural aspects through a generalized g-shifted-factorial Vandermonde-type matrix
framework.

Theorem 19. For m > 0 we have

m-—1

_ _ Ry k+1,4
Tma () = 7Ge+ D kz (i) Tea® 5
Proof: We observe that
, 0 k= £k
764(0) +3e2(8) = ) T@uarg + ) 3 Wiz
o k=0 ' k=0 ' (26)
tk
= (1@ +3(ea) 7
k=0
From Equations (25) and (26), we have
7e2(t) + 3e,(t) = Z Rt 27)
k=0 '
Thus, by Equations (24) and noting that R, ; = 10, we see that
1 R tk
2 k+1,A e
=(7e2® +3e:(0) = z [ Neamiye (28)
From equation (28), we get equation (29)
S Riyqg tX
- (7e1 (6) +3e,(1)) = ﬁw 2(0) +3)
o k+1)k' t (29)

B /{c+1 (t)
teX(t)

(7e;(©) +3)

Now, we observe that

tef(®)  efti(D)
(7e;(t) + 3) tes (t) (7e4(t) + 3)

tej (t) N Rep1p t°
(e +3/D&(s+1Ds!

eXt(t) =

1
7
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s+1/'l t*
7ZTM( ) (s+1)s'

z<><—>

From the definition of the Cauchy product, we can write the following equation:

@ =79 Y (7)) oA (30)

On the other hand, by equation (2), we know that

where

k

c t
O =Y+ Diary
k=0 |

From equations (30) and (2), we write

m

x4+ Dpa = Z (k) Tk’l(x)(m—lttll—ll)

. ] R (31)
== m _mok+1d
7 <T’“(x) " L (k) Tea®) (m—k+ 1))

Therefore, by equation (31), we reach the desired conclusion.

Theorem 20. For k € N, we have

l

ek i Z (1) G+ Dicna (D51 550,59 n (i T ‘l*—) |

Proof: From equation (4), we know that [20]

1, . < ¢n
IGEE) =ZSz(n,k);,k20
n=k
e;{(t)+3/7_ 1 1

te¥(0)  ter () e tk
o377 ZioTeags

o = s (32)
= Z(—l)s (Z Ti,z% - 1)

s=0 i=0
o) 1 o) tl S
— _ S — L —
_Z( st ZT“M! 1
s=0 i=0
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> o o th_
= Z(—l)ss!l'(eln<zi=°T"’1"’ 1))
< s! |
o o oo tt
1 (1n (220 Tia 7~ 1))
= Z(—l)ss!—lz S,(n,s)
s=0 5 n=s

N

n

n!

On the other hand, by equation (29), we write

N Ris1 t* _efﬂ(t)
RZO G+ DR~ ter A+

i . (ln( ?ioTi.A%i”)) )

Z(—nss! S,(n,5) —

n=0s=0

e T (t) (

n

N © Y (33)

YS P A
2222(9 (x + Dyopa(=1)%s! 5, (n, 5) (m( =0 AT 1)) 2

=0 n=0s=0

S~—

Therefore, by comparing the coefficients on both sides of equation (33), we obtain the
desired conclusion.

Theorem 21. For n € N, we have
—S,(n, 0) In x!

_ Ris1n
l k+1

1—

+ 2(—1)55! S,(n,s)Inx! + Z (rll) (x + 1)_na(—1)%s! S, (n, s) Inx.

0s=0

=

S
Il

s=1
Proof: From Theorem 20, we know that

n ® N
(ikjlr_lf) Z Z(; (:l) (x+1);_pa(=1)%s!S,(n,s) In (; T; %) .

If we expand this expression for the n = [ th term, we obtain the following equality:

-1 n

Z( 1)%s!S,(n,s) Inx! + Z Z (i) (x + 1)1_na(—1)%s! S, (n, s) Inxt
n=0 s= -1 n
l
=S,(n,0)Inx'+ ) (=1)5s!S,(n,s) Inx! + (x + 1)1 na(—1)%s!S;(n, s) In x!
2 ; 2 n:(); (n) ! 2
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we have

Ris1,2
S,(n,0)Inx! = G :_11)+Z( 1)5s!S,(n,s) Inx!

(34)

-

" Zn: (rlz) (x + 1)1_na(—1)%s!S,(n, ) Inxt

0s=0

Jay

S
I

Therefore, by equation (34), we obtain the desired conclusion.

5. CONCLUSIONS

In this study, we introduced the Trimat numbers and Trimat polynomials as a new
Fermat-type structure derived from a second-order recurrence relation. We established their
essential analytical characteristics, including Binet formulas, ordinary and exponential
generating functions, and several classical identities of combinatorial significance. The matrix
representations of these sequences and polynomials revealed determinant-based invariants,
providing an alternative algebraic viewpoint for studying their internal structure.

We also examined transformative properties of Trimat sequences, particularly through
their Hankel, Catalan, and binomial transforms, which uncovered further connections with
well-known combinatorial sequences. Moreover, we defined a new dimorphic class of Fermat
numbers and demonstrated their relationships with the degenerate Stirling polynomials of the
second kind, enriching the existing theory of degenerate special numbers.

Future investigations may include computational approaches, efficient algorithms for
generating Trimat polynomials, and potential applications of these structures in areas such as
cryptography, coding theory, combinatorics, and differential equations. The framework
developed here not only extends classical Fermat and Mersenne-related theories but also
opens promising directions for subsequent mathematical research.
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