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Abstract. In this paper, we introduce a generalization of the King operator and study
some shape-preserving properties.
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1. INTRODUCTION

J. P. King defined in [1] a class of operators which preserve the function x?2:

V() = B30y (20 00)f (), Puyj(n @) = (7) @/ (1 = @)™, @
f € C[0,1], x € [0,1], where v,, € C[0,1],n € N, are given by

vy (x) = x2,

-1 n 1
= 2 >
vy (x) 2(n—1)+\/n—1x +4(n_1)2,n€N,n_2.

The following generalized Bernstein operators were introduced by D. D. Stancu in [2],

[3].
Sn,r,s(f: X) = 7;(7;5 Pn-rs,j (x) Zfzo Ps,i (x)f (H%)’ (2)
f ecClo1],x€[0,1], wheren € N, r,s € Ny = N U {0} such that rs<n.

Bernstein’s operators are obtained for s=0or s=1, r=0o0ors=1, r=1. We
consider the Stancu-King operators given by

Vs (F1) = ZJ28 Prere (vnirs()) Zieo b (vnrs @) £ (557 ©)

n

f € C[0,1], x € [0,1], v, .5 € C[0,1] with v, , ((x) € [0,1] for all x € [0,1], where n € N,
r,s € Ny = N U {0} such that rs < n.

Every operator V, .. is a positive linear operator on C[0,1]. The values of these
operators on the test functions e, (x) = x*, k = 0,1,2, are:

Vn,r,s(eof x) =1,
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Vn,r,s (el' x) = Unrs (x)’
n(n-1)-rs(r-1)
=T

n+rs(r—1)
Unyr,s (x) 2 + 2 Unr,s (x) .

Vn,r,s(32;
Therefore, according to Korovkin’s theorem, we have
limy Vors (f) = f uniformly on [0,1] iff lim,,_,, vy, s = €4 uniformly on [0,1].
If we impose condition V;, . s (e, x) = x2, x € [0,1], we obtain
Virs (x) = x?,
—n+rs(r—1)
nn—1)—rs(r—1)]

n2 , n+rs(r—1) ? >
+ n(n—l)—rs(r—l)x +<2[n(n—1)—rs(r—1)]> =

The function v, ,. s is increasing on the interval [0,1] and v, ,-5(0) = 0, v, s(1) = 1.
Since the sequence of functions (vn.r.s)n is uniformly convergent to e;, we have that

Un,r,s(x) = 2[

limy e Vors (f) = f uniformly on [0,1], for each f € C[0,1].

King’s operators are obtained for s=0 or s=1, r=0 or s=1, r=1. In the
following, we study the monotonicity and convexity properties of these operators, and we
determine the Lipschitz constant for V,,,. s f if f € Lipya.

2. MAIN RESULTS

Lemma 1. For feC[01], 0<x<y<1 and A1€]0,1], we have the following
representation

V;’L,r,s(f: (1 - A)X + Ay)
:Zz;}:lsl:O i2+l2=0 pn—rs,kl,ll (Un,r,s(x)' vn,r,s(y) - vn,r,s(x))
* Ps,ky,l, (vn,r,s (x): Unr.s (y) ~Unrs (x))

ly

Z p (Un,r,s((l - x + ly) - vn,r,s(x)>
) liymy

vn,r,s (y) - vn,r,s (X)

(4)

m1=0
153

Z p (vn,r,s((l - A)x + Ay) - vn,r,s(x)>
’ Iz m;

Unr,s (y) ~ Unrs (x)

f <k1 +my +T1l‘(k2 + m2)>.

my=0

We specify that
Pri1(w,v) = mukvl(l —u— )kl

are the two-variable Bernstein basis polynomials, u,v > 0,u + v < 1,
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Proof: The representation is obtained using the method in [4].
V;z,r,s(f: (1 - /1)36 + /1)/)
n—rs i
= 27;55( j ) [Vr5 () + Vs (1 = Dx + Ay) = vy s ()]
’ [1 - Un,r,s(y) + vn,r,s(y) - vn,r,s((l - /’Dx + AY)]n_rs_]
N

. Z (f) [vn,r,s(x) + vn,r,s((l - Ax + /1}’) - Un,r,s(x)]i

i=0

1 = Py s ) + Vprs ) = Daps (1 = Dx + A9)] (1 47'117‘>
= Zn rSZ ( 'T'S) (i‘) {q:o (Ijl> vn,r,s(x)kl

’ [vn;T,S((l - A)x + /1}/) — vn,r,s(x)]j_kl
n-rs—j n—rs—j TS j—ps

Z ( P1 > (1 - Un,r,s()’))

p1=0

. [vn,r,s(y) - vn,r,s((l — A)x + /’{y)]lh

. Zl: ( i ) vnrs(x)kz [vn,r.S((l —Dx+ /1)/) o v"'r's(x)]
o

i—k,

s i-ps [Vn,rls(y) — Un,r,s((l —Dx+ )LY)]pi (H%)

Pz 0<

We reverse the summation order and change the index j—ky +p; =1,i —k, +
p2 = Ly.

— Vnrs (0]

Vn,r,s(f' (1 - A)x + /1)/)

- n-rs vn—-rs—k s—k n—1rs\(j n—rs—j\ s [ s—1i
K120 2 j=ky Duly=jk, Daky= 0 Xi=k, Xi,=ik, ( J ) <k1) (l1 —j+ k1) (l) <k2> (lz —i+k;
ki—li+s—ky-1 i+j—k,—k
U s ()FIR2[1 — vn_r,s(y)]n T “[Vnrs (1= Dx + Ay) — vn’r’s(x)]l JmaTe

li—j+kq+lp—i+k j+i
(Vs = s (1 = A+ )| T p (L),
We reverse the summation order and change the index j — k; = my, i —k, = m, and
we obtain the following representation:

V;z,r,s(f' (1 - A)x + /1}/)

_\"n— (n—s)! k I
- ;(ll':fl—ozml 0k1'l1'(7’l —rs— k1 l)' n,r,s(x) 1[vn,r,s(}’) _vn,r,s(x)] [1_

—rs—kq-1
vnrs(}’)]n T

N

sl
Z Z kz'lz'(s—kz—l)'van(x) [Uan(y) vnTS(x)] [1_Unrs(Y)]

ko+1,=0m,=0

. ( L ) [vn,r,s((l —Dx+2y) - vn,r,s(x)l . [ 1 Vrrs(A = Dx + 2y) = s ()
my Un,r,s (V) = Vs (%) Un,r,s (V) = Vs (%)

. ( L, ) lvn,r,s((l = Dx +Ay) = s l L Purs((L = Dx + 2y) = s (0
m; VUnr,s (V) = Vs (X) VUn,r,s (V) = Vnrs(X)

S— kz—lz

li-my

l—-m;
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. f (k1+m1+r(k2+m2)).

n
= ;{11—}_‘151=0 Zi2+lz=0 pn—rs,kl,ll (Un,r,s(x): vn,r,s(y) - Un,r,s(x))

*Psk,l, (vn,r,s (x); Unrs (y) ~ Unrs (x))
Iy

Z p (Un,r,s((l - Dx + ly) - vn,r,s(x)>
) lymy

Unr.s (y) ~ Unrs (x)

mq1=0
I

vn,r,s((]- —Dx + ly) - vn,r,s(x)
. Z Plome < Unrs (y) ~Unrs (x) )
<k1 +my +r(k, + m2)>
f " :

my=0

Theorem 1. If f is a non-decreasing function, then V;, ,. . f is a non-decreasing function.

Proof: Let 0 < x < y < 1. From (4), we have

Vn,r,s (f' y) - Vn,r,s (fr X)
zzz;ligl:O Zi2+lz=0 pn—rs,kl,ll (Un,r,s (x)' vn,r,s (y) - Un,r,s (x))
*Psk,l, (Vn,rs (x), Unr.s ) — Unr.s (x))

. lf <k1 +1 +rlk, + lz)> _f (k1 + rk2>l 0.

n n

Remark 1. If f is a convex function, then V,, . ¢f is not necessarily a convex function. If the
operators 1, .. s preserved convexity, and therefore concavity, then they should reproduce
polynomials of degree 1, which does not happen.

Theorem 2. If f is a non-decreasing convex function, then V,, . s f is a convex function.

Proof: Let0 < x <y < 1and A € (0,1). From (4), we have

(1 - A)Vn,r,s(f; x) + AVI’I,T,S(f! 3’) - I/Tl,T,S(fi (1 - l)x + AY)
:Z;cll_}:lsl=0 i2+l2=0 pn—rs,kl,ll (Un,r,s(x)' vn,r,s(y) - vn,r,s(x))
*Ps,ky,l, (vn,r,s (x): Unr.s (y) ~Unrs (x))

_ k1+1"k2 k1+ll+1"(k2+lz)

[ -nf (57) var ()
1

_ Z P (vn,r,s((l - Dx + ly) - vn,r,s(x)>

mo=0 fuma Unr.s (y) ~—VUnrs (x)
1=

vz Vnr,s (=D x+Ay)=vn,r,s(x) kqi+mq+r(kz+my)
Zmzzo l2mz ( Vnr,s (V) —Vnrs(X) )f ( n )]

2221—}_‘151:0 Zi2+12=0 pn—rs,kl,ll (Un,r,s (x): vn,r,s (y) - vn,r,s (x))

*Ps,ky,ly (vn,r,s (x): Unr.s (y) ~Unrs (x))

() () - ()

n n

ly

z p (Un,r,s((l - Dx + Ay) - Un,r,s(x)>
- lyymy

- Unr.s (y) ~ Unrs (x)
mq =0

. le (vn,r,s((1_A)x+/13’)_vn,r,s(x)) f (k1+m1+r(k2+m2))]

m;=0 Flzmp Unr,s (J’)_vn,r,s(x) n
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We have
f (k1+ll+r(k2+lz)) —f (M) > 0.

n n
Since v, 5" (x) >0 for all x € [0,1], it follows that v,, ¢ is a (strictly) convex
function, which implies that

Vn,r,s((1_1)x+/13’)_vn,r,s(x) <1
vn,r,s()’)_vn,r,s(x) -

It results that

(1 - /1)Vn,r,s(f» x) + /U/;z,r,s(f' y) - I/‘I‘L,T,S(f' (1 - /1))6 + /1)/)
2 ;{11—}_‘151=0 Zi2+lz=0 Pn-rskq,ly (Unrs (), Un,r.s ) - Un,r.s (x))
" Psky L, (v(n,r,s (x), vr;,r,s ) — Unr,s (x))

Vnr,s((L=Dx+AY)—vp s (X) ki+7k;
[(1 B Vs (V) —Vnrs(x) )f ( n )
JI_Vn,r,s((l—l)x+7LY)_Vn,r,s(x)f (k1+ll+r(k2+lz))
Unr,s 6% ~Unrs ) n

_ i (vnﬂ",s((l - /1))6 + /1}1) - vn,r,s(x)>
m;=0 Plam Un,r,s (}’) —VUnrs (x)
. 257212=0 DL, m, (vnrsiil;siizitii’izﬁg)rs(x)) f (k1+m1+;(k2+m2))]
:Z;cll_}:lsl=0 i2+lz=0,ll+r12¢0 Pn—rskq,l4 (vn,r,s(x): vn,r,s(}’) - vn,r,s(x))
*Ps.ky, 1, (vn,r,s (x): Unr.s (y) ~Unrs (x))

l l
_ Z Z , (vn,r,s((l = DX + Ay) = Vs (x))
fuma vn,r,s (y) - vn,r,s (X)

m1=0 m2=0

D <vn,r,s((1 - A)x + /1)/) - vn,r,s(x)>
f2ma Unrs (y) ~ Unrs (x)

) [(1 _ m1+rm2)f (k1+rk2) + m1+rm2f (k1+ll+r(k2+lz)) _ f (k1+m1+r(k2+m2))].

li+1l, n li+rl, n n

For l; + rl, #+ 0 we have

ki+mqi+r(ky+my) (1 m1+rm2) ki+rky | mq+rm,  kq+li+r(ky+1y)

n li+rl,y n li+rl,y n

Since f is a convex function it results

k1 + mq + r(kz + mz)
f n
< <1 mq + T'm2> (k1 + rkz) n mq + rm, k1 + l1 + T(kz + lz)
o L+l n L+l n

from where
(1 - A)I/TI,T,S(f; .X) + AVn,r,s(f' y) - Vl’l,T,S(fi (1 - A)x + /13’) 2 0

So, 1, - sf is a convex function. We denote by Lipy«a the class of Lipschitz continuous
functions on [0,1] with exponent 0 < @ < 1 and the Lipschitz constant M > 0 i.e., the set of
all real-valued continuous functions f defined on [0,1] that verify the condition [f(x) —
fO<M-|x—-yl%xyel01].
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Theorem 3. If f € Lipya, thenV,, . sf € Lip 2 aQ.
M(n(zn—l)—rs(r—l))

Proof: Let 0 < x <y < 1. From (4), we have

[Virs (Fs ) = Vi s (F, )|
< 7]:1111—0 Zizﬂz_o pn—rs,kl,ll (Un,r,s (x) Un,r,s(y) - Un,r,s(x))
*Ps koo (vnrs(x) vnrs(y) - vn,r,s(x))

|f (k1+ll+r(k2+lz)) f (w) .

n

Because f € Lipya, it results that |f (M) —f (M)

<M (ﬂ)a 50

n n n
we obtain
|V;1rs(f y) = Vs (f, x)l
<M 221_1151=0 Zizﬂz—o Pn—rskq,l4 (Unrs (%), vn,r,s(}’) - vn,r,s(x))
L + i)\
*Ps,ky,l, (Un,r,s (x), Un,r.s ) — Un,r.s (x)) ( )
SM(ZQJIIS1=O i2+lz=0 Pr-rsiyl; Unrs (), Vn s (V) — Vnr s (X))
L+l
* Psk, 1, (vn,r,s (x), Unrs (y) — Unrs (x)) )<
a
=M (2 (s ) = s ) + 22 (1150 = Vs ) )
=M (vn,r,s (y) - vn,r,s (X))
2n? @ p
=M (n(Zn—l)—rs(r—l)) (y h x) '
So

Vorsf € Lip ( o2 )aa.

ni2n-1)—-rs(r-1)
3. CONCLUSION

The operators introduced in this paper represent a Stancu-type generalization of the
King operators. These operators interpolate the function at the endpoints 0 and 1, preserve the
test functions e, and e,, and have certain shape-preserving properties.
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