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Abstract. In this study, a new class of surface curves, namely Y, —Darboux slant

helices, is investigated. The conditions under which a surface curve is a Y, — Darboux slant

helix with respect to the Osculating Darboux (OD), Normal Darboux (ND), and Rectifying
Darboux (RD) frames are established, and several characterizations are obtained. In
particular, necessary and sufficient conditions are derived in terms of the curvature functions

associated with these frames. Furthermore, relationships between Y; — Darboux slant helices

and classical helices and slant helices are established for special surface curves, including
geodesics, asymptotic curves, and lines of curvature. Concrete examples on conical and
cylindrical surfaces are also presented to illustrate the theoretical results.

Keywords: Darboux frame; osculating Darboux frame; rectifying Darboux frame;

normal Darboux frame; Y, — Darboux slant helix.
Mathematics Subject Classification: 53A04.

1. INTRODUCTION

The theory of curves, due to its extensive applications in various fields, is one of the
most attractive topics in differential geometry, and numerous mathematicians continue to
conduct research in this area. Among the main focuses of curve theory are certain special
curves, the most well-known of which are helices and slant helices, owing to their frequent
appearances in everyday contexts. A helix is defined as a curve whose tangent vectors make a
constant angle with a fixed direction [1]. Similarly, 1zumiya and Takeuchi introduced slant
helices as curves whose principal normal vectors make a constant angle with a fixed direction,
and they provided their characterizations [2].

More recently, E. Ziplar et al. defined a special type of curve, called the Darboux
helix, whose Darboux instantaneous rotation vector of the Frenet frame makes a constant
angle with a fixed direction, and they derived its characterizations [3]. Following these
developments, many studies have been devoted to these three types of helices, not only in
Euclidean spaces but also in Minkowski spaces [1,2,4-11].

In addition to the characterizations of certain special space curves, various studies
have examined their counterparts lying on surfaces. Moreover, beyond these analogs,
researchers have introduced and analyzed other special surface curves using the Darboux
frame, which serves as the frame of the curve-surface pair. The concept of helices lying on
surfaces was investigated by J. Puig-Pey et al., who also provided their position vectors [12].

! Manisa Celal Bayar University, Faculty of Science and Letters, Department of Mathematics, 46000 Manisa,
Turkiye. E-mail: ceydasaritepe@gmail.com; huseyin.kocayigit@cbu.edu.tr.

2 Bayburt University, Faculty of Education, Department of Mathematics, 69000 Bayburt, Turkiye.

E-mail: tubaaydin@bayburt.edu.tr.

https://doi.org/10.46939/J.Sci.Arts-26.3-a02



https://doi.org/10.46939/J.Sci.Arts-26.3-a02
mailto:ceydasaritepe@gmail.com
mailto:huseyin.kocayigit@cbu.edu.tr
mailto:tubaaydin@bayburt.edu.tr

580 Y; —Darboux Slant Helices on Surfaces. Ceyda Tosun et al.

Subsequently, the geometric properties and characterizations of these curves were studied in
detail both in Euclidean and Lorentzian spaces by F. Dogan and Y. Yayli [8,9].

In a similar vein, N. Macit and M. Dildul introduced another type of special curve on
a surface, called the relatively normal slant helix, and investigated its geometric properties
[13]. Furthermore, S. Hananoi et al. defined three new vector fields on surface curves [10].
Building upon these definitions, M. Onder introduced three new types of special curves on

surfaces, each denoted by an index ie{o,n,r} corresponding to the osculating, normal, and

rectifying planes of the surface curve. He referred to these curves as D, —Darboux slant

helices and established their relationships with certain newly defined helices, termed
associated helices [14].

Later, A. Alkan et al. defined three new frames-namely, the Osculating Darboux (OD)
Frame, the Normal Darboux (ND) Frame, and the Rectifying Darboux (RD) Frame [6]. Using
these frames, they obtained the equations characterizing D; — Darboux slant helices by
establishing the relationships between the curvature functions of these newly defined frames
and those of the classical Darboux frame [15,16].

Motivated by these developments, the present study introduces a complementary class
of surface curves, called Y; — Darboux slant helices, with respect to the OD, ND, and RD
frames. For each of these frames, Y; — is the third unit vector of the corresponding
orthonormal frame and is given by the cross product of its first two frame vectors. Unlike
D; —Darboux slant helices, whose defining condition is imposed on the D; — direction, the
present approach focuses on the corresponding Y; — direction, requiring it to make a constant

angle with a fixed direction. For each ie{o,n,r}, we derive necessary and sufficient

conditions characterizing Y; — Darboux slant helices in terms of the associated curvature
functions. We also investigate their axes and establish connections with classical helices and
slant helices when the underlying surface curve is a geodesic, an asymptotic curve, or a line of
curvature. Finally, examples on conical and cylindrical surfaces are given to illustrate the
obtained results.

2. MATERIALS AND METHODS

2.1. PRELIMINARIES

Let o:1 c IR — IR? be a unit speed curve in the three-dimensional Euclidean space.
Along the curve &, the vectors forming the Frenet frame {T,N, B}

T :d—a’N :lT’,B:TXN
ds K

where T denotes the unit tangent vector field, N the principal normal vector field, and B the
binormal vector field of the curve. Here, K represents the curvature, ands, is the arc-length

parameter. The function z=—(B’,N) is called the torsion (or the second curvature) of the

curve [17]. The Frenet—Serret formulas describing the derivatives of the frame vectors are
expressed as
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T' 0 x O T
N'|j=|l-« 0 <z||N
B’ 0 - 0|l B

as given in [17-19].
A curve « is said to be a helix if its unit tangent vector T ('s) makes a constant angle

with a fixed direction. The necessary and sufficient condition for « to be a helix is that the
ratio of torsion to curvature remains constant, i.e.,

f(s)= ﬂ =constant, (1)

x(s)

(see [1,11,19]).

Similarly, if the principal normal vector N (s) of the curve & makes a constant angle

with a fixed direction, then the curve is called a slant helix. The necessary and sufficient
condition for the curve « to be a slant helix is that

o(s) = K—Zs( Tj (s) = constant, )

(see [2]).

Let «:1 = IR—M be a unit speed curve lying on the surface M . Along the curve «,
let {T,v,U} denote the Darboux frame, where the corresponding derivative formulas of the
Darboux frame are given by

T'=kV +kU, V'=—kT+7,U U =KT-7V (3)

(see [9,13,18]). Here, T denotes the unit tangent vector field, U is the unit normal vector field
of the surface M along the curve a, and V = U x T. kg, ks, and zy represent the geodesic
curvature, normal curvature, and geodesic torsion of the curve o, respectively [17].

Let ¢ be the angle between the surface of the normal vector field U and the binormal

vector field B. The relationships between the curvature and torsion of the Frenet frame and the
corresponding curvatures and torsion of the Darboux frame can be expressed as follows:

K2 =k +k2
k, =K C0s¢ @
k, =xsing
r,=1-¢.

The relationship between the Darboux frame and the Frenet frame of the curve « can
be expressed as
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T=T
N =cos¢V +singU  or conversely,
B =—-singV +cosgU (5)

V =cos¢N —sin ¢B
U =singN +cos¢B
(see [9]).

Let o:1 < IR—M be a unit speed curve with the Darboux frame {T,v,U} and the
corresponding curvatures k_,k,, and z . Along the curve «, the following vector fields are
defined as

D, =7,T -k,
D, =7,T +k,U,
D, =—k,V +k,U

which are called, respectively, the osculating Darboux vector field, the rectifying Darboux
vector field, and the normal Darboux vector field [10].

Alkan et al. [6] introduced three new frames on a surface by employing the
aforementioned Darboux vector fields. These frames are referred to as the Osculating
Darboux frame (OD-frame), the Normal Darboux frame (ND-frame), and the Rectifying
Darboux frame (RD-frame), respectively. Let «:1 < IR—>M be a unit speed curve on the

surface M . Along the curve «, the Osculating Darboux frame (OD-frame) is denoted by
{50,U ,Yo} . The derivative formulas of the OD-frame along the curve « are given by

Ij(; = _50Yo'
U'=uY,, (6)
Yo’ = 50 6o _zuoU ’
~ D ] _ ) ~
where D, = ” D0|| , U is the unit normal vector field of the surface M, and Y, =D, xU . The
]
. [ 2 k2 7, , .
quantities 1, _«/kn +7,° and §, =(kn2 +ng k_n +k, represent the curvature functions

of the curve «a with respect to the Osculating Darboux frame (OD-frame).
Along the curve « , the Normal Darboux frame (ND-frame) is denoted by {|5n,T,Yn} :
The derivative formulas of the ND-frame along the curve «a are given by

D/ =-6.Y.,
T'= Yy, O
Yn, = é‘n Ijn - lunT7
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= D . ~
where D, = ”D"” T denotes the unit tangent vector of the curve a, and Y, =D, xT . The
n
quantities x4, =./k,>+k,> and § = L!z Ky ,+T represent the curvature functions
" "o "Lk KUK, ¢

of the curve with respect to the Normal Darboux frame (ND-frame).
Along the curve «, the Rectifying Darboux frame (RD-frame) is denoted by

{5, ,V,Y,}. The derivative formulas of the RD-frame along the curve o are given by

D =-6,Y,,
V'i=puY,, (8)
Yr' = 5r I:~)r - :urv’
g DI‘ _ aed - 2 2
where D, = ”Dr“ V=UxT and Y =D, xV. The quantities g, :ﬂ/kg +7, and

k ? T '
8, =| —— || == | —k, represent the curvature functions of the curve with respect to the
ky"+7," )L K,

Rectifying Darboux frame (RD-frame) [6].

Let M be asurface in E®, and let : 1 = IR—>M be a unit-speed curve lying on this
surface. If the vector field D, , i {o,n,r} of the curve « (or equivalently the unit vector field

~ D. . . o .

D, = ”FI”) makes a constant angle with a fixed direction, then the curve « is called a D, -
i

Darboux slant helix [14].
In the literature, it is stated that for a unit-speed curve « lying on a surface M, the

condition for o to be classified as a D, —Darboux slant helix is that the ratio between the
associated Darboux frame functions g, and &, remains constant along the curve. This
requirement is considered both necessary and sufficient for the curve to exhibit the D, -
Darboux slant helix property (see [6]).

In previous studies, it has been indicated that for a unit-speed curve « lying on a
surface M, several intrinsic characterizations can be given in terms of the geodesic torsion 7,
normal curvature K, and geodesic curvature k, . More precisely, a curve is known to be a line

of curvature when the geodesic torsion vanishes; it is asymptotic provided that the normal
curvature becomes zero; and it is geodesic whenever the geodesic curvature is equal to zero.
These characterizations are well-documented in the literature (see [17, 18]).

2.2. METHODS

In the present study, Y, —Darboux slant helices are defined, and their differential

equations are derived. These equations are obtained through the relationships between the
curvatures of the new frames and those of the standard Darboux frame.
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3. RESULTS AND DISCUSSION
3.1. Y,— DARBOUX SLANT HELICES

In this section, Y, — Darboux slant helices, a new type of surface curve lying on a
surface M in E3, are introduced, and several fundamental relations concerning these curves are
established.

Definition 3.1.1. Let M be a surface in E®, and let «:1 —c IR—>M be a unit speed curve
along which the OD-frame {Ijo,U ,YO} is defined. If the vector field Y, of the curve & makes
a constant angle with a fixed direction, then the curve « is called a Y,— Darboux slant helix.

Theorem 3.1.2. Let M be a surface in E®, and let «:1 cIR—>M be a unit-speed curve
possessing the OD-frame {DO,U ,YO} along the curve. A necessary and sufficient condition

for the curve « to be a Y, —Darboux slant helix is that the function

!

7, (0= [ ] o)

/
(62 +u2)" L0
remains constant along the curve, where g, #0,6, #0.

Proof: Let abe a Y, — Darboux slant helix with respect to the Darboux frame {ﬁo,U ,Yo}.
From Definition 3.1.1, we have <Yo,dYo>:cosﬁ. Taking the derivative of both sides gives

Y/,d, }=0, and by using equations (6), we obtain (D,,d, — o U,d, ). Since
o] 0 50 °

dy, e span{D,,U.Y,},we can write

sin@D, + sinQU +cos oY, . )

d ot S,
Yo /ﬂoz +502 ,,Uoz +502

Differentiating both sides of equation (9), applying equations (5), and considering that
the vector dy_is constant, we have

’ 3 4 2
(ﬂj 5+3/25in0+50 cosé f)o + —(&] 5"—’uf’3lzsin0—y0 cosé |U =0.
S 2 2 0, 2 2

(yo + 0, ) (,uo +0

o ° o
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! 2
Since D, LU, it follows that Ho LS,Z = —cot @ = constant. Conversely,
% ) (u,” +6,)

0

s . .

let (&J ﬁ = —cot @ = constant. From this, we can write
2 2

(47 +0.%)

0

' 3
(&j Lmsin 6 =—0o, coso.
% ) (1,2 +8,)

Taking the derivative of the vector dy and using equations (6), we obtain dy =0,

which means that the vector d, is constant and <Y0,dyo>: cos@ = constant. Hence, by
Definition 3.1.1, the curve « is a Y,— Darboux slant helix. Thus, the proof is completed.

Corollary 3.1.3. If the curve «is a Y,— Darboux slant helix such that o, (s)=0, then ais
also a D, — Darboux slant helix.

Corollary 3.1.4. With respect to the OD-frame, the axis of the Y, — Darboux slant helix is
given by

sin@D, + sin AU +cos by, .

d = S,
" \) /u02 + 502 \/ :uoz + 502

Corollary 3.1.5. With respect to the Darboux frame, the axis of the Y, — Darboux slant helix
is given by

sing — 14! sin HJU

k
——050 |T +| ———vx
Jrg +k? Jol +k+ ng
%
cosé@ |V,
7o + Kk

Ty
dYa - 2 2 2
«/(z)l +K, +1,
k .
- = "2 2sm9+
,/gol +K, +7,

(10)

h y i | k
whnere =—7F — | +K,.
¢)1 k 2 +Tg2 ; g

n

Corollary 3.1.6. Let M c E® be a surface and let «:1 = IR—M be a unit-speed curve
lying on M . Denote by k,,k;, and 7 the geodesic curvature, normal curvature, and geodesic
torsion of the Darboux frame along « , respectively. Then, « is a Y,— Darboux slant helix if
and only if, for Vs e | , the function

o, ()= " Y () (11)

ISSN: 1844 — 9581 Mathematics Section



586 Y; —Darboux Slant Helices on Surfaces. Ceyda Tosun et al.

. k ° )
is constant, where ¢, = ——| — | +k_.
k®+7° \k

Corollary 3.1.7. Let M c E® be a surface and let o:1 = IR—M be a unit-speed curve
lying on M with OD- frame {f)o,U,YO} and curvatures o,,u, such that o is a Y, —

Darboux slant helix. Then:
i) If a isanasymptotic curve on M with k, =0, then « is a slant helix with axis

dY IﬂT—COSGN +LnHB

R S Vr& +1?
ii) If o is aline of curvature on M, then « is a helix with axis dy, =-—cosdT +sin &B.

Proof:

i) Let ¢ be a Y,— Darboux slant helix lying on the surface M . Suppose that « is an
asymptotic curve. Then, the normal curvature satisfies k, =0, and from equation (1) we
obtain k, =Fx ve r,=7. Substituting these relations into equation (11), we have

! 2

oy, :(zj K—m:constant. Hence, according to equation (2), ais a slant helix.
K (K‘2 +7°

Furthermore, using equations (4) and (5) in equation (10), the axis of the Y, — Darboux slant

helix, expressed in terms of the Frenet frame vectors of «

d, __rsind . —cosON L _Ksing o

N+ Vit +7°
i) Let a be a line of curvature on the surface M . Thus, geodesic torsion satisfiesz, =0.
Substituting this into equation (11) yields

! k 2
oy, (s)= [k—”J m (s) = constant.
n g

Furthermore, from equations (4), we have 7 =¢', I;—” =tang and k> +k * = «*. Using

9
7(s
these relations, we obtain o, (s): E ))(s):constant. Hence, according to equation (1), «
° x(S
is a helix. Finally, using equations (4), (5), and r, =0 in equation (10), the axis of the Y, —
Darboux slant helix, expressed in terms of the Frenet frame vectors, is given by
dy =-cosdT +sin6B.
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Example 3.1.8. Let M be the conical surface given by the parametrization
i(s>0) and

J3
S . S
=In= and consider the curve on M, « ( sm( j cos(ln D The

Darboux frame fields and the associated curvature functions of o are computed as

R F )
- am{n 2ol

V(s):%[—1,2cos(ln§j—sin(ln%),—cos(ln %j—Zsin(ln%D, K, :—ﬁ, K, =%,

1

" " Jas

By Corollary 3.1.6 we have oy (s)=0 (constant), hence a is a Y, —Darboux slant

X (u,v)=(u,usinv,ucosv), u>0. Choose the parameter functions u=

helix on M. Then, by Corollary 3.1.3, « isalsoa D, — Darboux slant helix. The graph of «
is shown in Figure 1.

Figure 1. On the surface X (u,v) = (u, usinv,u COSV) , consider the curve.

)= G5 gyon(n3) ()}
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3.2. Yo — DARBOUX SLANT HELICES

In this section, the concept of the Y, — Darboux slant helix, which represents a new
type of surface curve lying on a surface M in the three-dimensional Euclidean space E®, is
introduced. The necessary and sufficient condition for a surface curve to be a Y, —Darboux
slant helix, together with several important related relations, is presented. Here, the curvatures
of the ND- frame are of the form o, #0,u, #0. Since the theorems in this section are

constructed analogously to those in Section 3, their proofs are omitted.

Definition 3.2.1. Let M be a surface in E*, and let &:1 c IR—>M a unit-speed curve lying
on M with the ND-frame {5n,T,Yn} and curvatures 9J,, u,. If the vector field Y, forms a

constant angle with a fixed direction, then the curve « is called a Y, — Darboux slant helix
on the surface M .

Theorem 3.2.2. Let M be a surface in E*, and let «:1 = IR—>M be a unit speed curve
possessing the ND-frame {f)n,T,Yn} along the curve. A necessary and sufficient condition for

the curve a to be a Y,, — Darboux slant helix is that the function

aYn<s>—5—i)w[%j'(s)

(5}12 + U, n
remains constant along the curve, where y, #0,6, #0.

Corollary 3.2.3. With respect to the ND-frame, the axis of the Y, — Darboux slant helix is
given by

7, L 0, .
dy =—==—=s5in gD, + ——=—=—=-sin AT +cos SY,.
" \/ /unz + é‘nz \/ /unz + é‘nz
Corollary 3.2.4. If the curve ais a Y, —Darboux slant helix such that o, (s)=0, then ais

also a D, — Darboux slant helix.

Corollary 3.2.5. Let M < E® be a surface and let :1 = IR—M be a unit-speed curve
lying on M . Denote by k;,k,, and 7 the geodesic curvature, normal curvature, and geodesic

torsion of the Darboux frame along « , respectively. Then, « is a Y, — Darboux slant helix if

and only if, for Vs e | , the function
2 JKZ + k2 ,
oy, (8) = —— | (s)

(0.7 +k,2+kz2)" ?,
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k?+k?

. k> [k, |
Is constant, where ¢, = —— k—” +7,.
n 9

Corollary 3.2.6. With respect to the Darboux frame, the axis of the Y, — Darboux slant helix
IS given by

d, _{ P2 sinﬂJT{ ,sin K cosP |,

+
S Y P k,? \/(/)22 +k,2 4k, \/kj +k?

k, sin
.  Sing . k, cos 3 u.
Jok Kk (k2K

k92 kn ,
where o, :W k_ +Tg.

n g

Corollary 3.2.7. Let M c E® be a surface and let «:1 = IR—M be a unit-speed curve
lying on M with ND-frame {5H,T,Yn} and curvatures 6,, i, such that « isa Y, — Darboux

slant helix. Then:
i) If « isageodesic curve on the surface with k, #0, then « is a slant helix with axis

dy = rsinj T+cosﬂN+ﬂB.

i) If & is an asymptotic curve on M with k, # 0, then « is a slant helix with axis

d, =P 1 _cospn KNS g

i) If  isaline of curvature on M , then « is a helix with axis

T . Kksin g
dy, =———=sin AT +cos N + ———=—B.
K Vol +x°
Example 3.2.8. Let M Dbe the cylindrical surface given by the parametrization

X(u,v):(\/zv,sinu,cosu). Choose the parameter functions u:i and v:i and

V3 3
25
consider the curve on M, a(s)= ﬁ,smi,cosi . The Darboux frame fields and the
37 3B

associated curvature functions of « are computed as
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T“w} R IJ (8

V()= (I Ee fj

(0,—sin%,—cos%j,
{2

g 3 !

OQIH
X
Il
o
(\]
I
|

By Theorem 3.2.2, we have oy (s)=0 (constant), hence « is a Y, — Darboux slant
helix on M. The graph of « is shown in Figure 2.

|r7r,~ /(/3 x
]

LT

Figure 2. On the surface X (u,v) = (\/EV,Sin u,cosu) , consider the curve
a(s) = («/_s _ j
7 E R
3.3. Yr — DARBOUX SLANT HELICES

In this section, the concept of the Y, — Darboux slant helix, which represents a new

type of surface curve lying on a surface M in the three-dimensional Euclidean space E®is
introduced. The necessary and sufficient condition for a surface curve to be a Y, — Darboux
slant helix, together with several important related relations, is presented. Here, the curvatures
of the RD- frame are of the form o, #0, x, #0. Since the theorems in this section are
constructed analogously to those in Section 3, their proofs are omitted.

Definition 3.3.1. Let M be a surface in E®, and let «:1 c IR—>M a unit-speed curve lying
on M with the RD-frame {Iﬂ,,V,Yr} and curvatures o,, 4, . If the vector field Y, forms a

constant angle with a fixed direction, then the curve « is called a Y, — Darboux slant helix
on the surface M .
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Theorem 3.3.2. Let M be a surface in E®, and let «:1 cIR—>M be a unit speed curve
possessing the RD-frame {[N)r Vv ,Yr} along the curve. A necessary and sufficient condition for

the curve a to be a Y, — Darboux slant helix is that the function
57 U ’
oy (8)=—"—| == | (s
O &
remains constant along the curve, where 6, #0, x, #0.
Corollary 3.3.3. With respect to the RD-frame, the axis of the Y, — Darboux slant helix is

given by
d, = U Sinw 5 0. sinw

T nrer | Juieo?

Corollary 3.3.4. If the curve ais a Y, —Darboux slant helix such that oy (s)=0, then ais

V +cos o, .

also a D, —Darboux slant helix.

Corollary 3.3.5. Let M c E® be a surface and let «:1 = IR—M be a unit-speed curve
lying on M . Denote by k,,k,, and 7 the geodesic curvature, normal curvature, and geodesic

torsion of the Darboux frame along « , respectively. Then, « is a Y, —Darboux slant helix if
and only if, for Vs e I, the function

2 Jk 2472 '
%
Oy, (S): 5 23 5 1\3/2 : : (S)
((p3 +kg +7, ) 23

; k92 Ty '
is constant, where ¢, = P el K,
9 9

Corollary 3.3.6. With respect to the Darboux frame, the axis of the Y, — Darboux slant helix
IS given by

7 Sinw k cosw
_ g g @ :
dYr— : - =———— T+ - ; 2sma)V
\/gos +k,“ +1, \/rg+kg J9 +k,“+17,
kg sinw 7,C0S @

+ 2 2 2 + 2 2
\/go3 +k, +1, \/rg+kg
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Corollary 3.3.7. Let M c E® be a surface and let :1 = IR—M be a unit-speed curve
lying on M with RD-frame {Ijr,V,Yr} and curvatures &,, 1, such that « isa Y, — Darboux
slant helix. Then:

i) If o isageodesic curve on the surface with k, #0, then « is a slant helix with axis

rSinw xSinw
dy, =——=T +Cc0S®wN + ———B.

KR+ N
i) If « isaline of curvature on M , then « is a helix with axis
dy =(—cos@)T +(sin wsin 2¢) N +(sin wcos 2¢) B

Example 3.3.8. Let M be the cylindrical surface given by the parametrization

X (u,v)=(u,cosv,sinv). Choose the parameter functions u=—=s, v=—= and consider the

U
curve on M, y(s)= ( The Darboux frame fields and the associated
EEE)

curvature functions of « are computed as

T —(i —isini icosi] \Y —(—i —isini icosi]
5B BB B NN RN CRN RN )

S 1 2

U, 0,—cos— , k== k =0,7, ==

[ f JEJ 5’ 75

By Theorem 3.3.2, we have oy (s)=0 (constant), hence y is a Y, — Darboux slant

helix on M. Then, by Corollary 3.3.4, y is also a D, — Darboux slant helix. The graph of y is
shown in Fig. 3.

Figure 3. On the surface X (u,v) = (u, COSV,SinV) , consider the curve

y(s):(%,cos%,sin%}
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4. CONCLUSIONS

In this study, we have systematically introduced and analyzed a novel class of surface
curves, namely the Y; —Darboux slant helices i< {o,n,r} lying on surfaces in the three-

dimensional Euclidean space E3. Building upon the classical Darboux frame and the newly
defined osculating, normal, and rectifying Darboux frames, we derived the necessary and

sufficient conditions for a curve to be classified as a Y, —Darboux slant helix. These

conditions were expressed in terms of the curvature functions associated with the respective
frames.

Several fundamental properties and geometric characteristics of these curves were
established, including their relationships with lines of curvature, asymptotic curves,

geodesics, helices, and slant helices. The axes of the Y, —Darboux slant helices were

1
explicitly formulated with respect to both the corresponding Darboux frames and the classical
Frenet frames. Unlike classical helices and slant helices, which are characterized by the

constant-angle conditions of the tangent and principal normal vectors, respectively, the Y, —
Darboux slant helices are characterized by the corresponding Y, — directions of the associated
Darboux frames. In this respect, the Y. —Darboux slant helices provide a complementary

class to the previously studied D, —Darboux slant helices, which are defined by the D, -

directions. Concrete examples on conical and cylindrical surfaces illustrated the applicability
of the theoretical results, and graphical representations were provided to visualize the
behavior of the curves.

Future studies may extend the present framework to Lorentzian and other non-

Euclidean spaces and investigate possible applications of Y; — Darboux slant helices in
geometric modeling.
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