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Abstract. Because of this, many researchers have proposed methods, procedures, and 

mathematical algorithms to facilitate finding accurate solutions. In this article, we introduce 

the ZhM* integral transform transform, a novel integral transform for evaluating the exact 

solution of linear ordinary differential operator equations with trigonometric functions as a 

variable coefficient, as well as linear ordinary differential operator equations of the moment 

Pareto distribution (MPD); the exact solutions of the linear ordinary differential operator 

equations of its hazard and survival functions will be found. In this paper, we are going to use 

a general integral transform to find the solution of the linear ordinary differential operator 

equation with a sine coefficient, which has the general formula: 
 

𝐶𝑜(𝑠𝑖𝑛𝑁)𝑛
𝑑𝑛𝑦(𝑠𝑖𝑛𝑁)

𝑑𝑁𝑛
+ 𝐶1(𝑠𝑖𝑛𝑁)𝑛−1

𝑑𝑛−1𝑦(𝑠𝑖𝑛𝑁)

𝑑𝑁𝑛−1
 

+𝐶2(𝑠𝑖𝑛𝑁)𝑛−2
𝑑𝑛−2𝑦(𝑠𝑖𝑛𝑁)

𝑑𝑁𝑛−2
+. . . +𝐶𝑛𝑦(𝑠𝑖𝑛𝑁) = 𝜂(𝑠𝑖𝑛𝑁), 

 

The above equation is known as the Ali and Zafar equation. This article is also 

important because the parameter functions can be chosen based on the application or real-

life problem, as many mathematical and engineering applications relate to these parameters. 

Keywords: Generalization of AMK Transform; hazard function; inverse of ZhM*-

transform; Moment Pareto Distribution; survival function; ZhM*-transform 
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1. INTRODUCTION  

 

 

An integral transform is a mathematical operation that converts a function into another 

function by integration. This approach involves multiplying the original function by a specific 

"kernel of the transform" and integrating the result over a given range to produce a new 

function, which often resides in a different mathematical domain (such as the frequency 

domain instead of the time t domain). The aim is to simplify difficult problems or 

applications, such as differential operator equations, by transforming them into more 

manageable algebraic models in a new domain [1-30]. In this context, a general integral 

transform was proposed by M. F. Salman and Qin Zhao [11]. We note that this integral 

transform differs from previous transforms in the transformation interval and kernel, as the 

interval is not reciprocal. It is between 0 and pi over 2, and the kernel is not expressed in 
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terms of the exponential function. This means that this transform will be used in important 

applications, as will be mentioned in the applications section. 

 

 

2. MATERIALS AND METHODS 

 

 

2.1. DEFINITION [12] 

 

 

If the function F(s) represents the convergent integral transform of η (where η is a 

function of N) that lies in the open interval (a, β), then F(s) is defined as: 

 

 𝐼𝑇{𝜂(𝑛)} = 𝐹(𝑠) = ∫ ke(s, N). η(N)dN
β

a
  

 

where α and β belong to ℝ and ke is the kernel of the transform. 

 

 

2.2. DEFINITION OF THE AMK INTEGRAL TRANSFORM [31] 

 

 

For the function η(sin(N)), where N ∈ [0, π/2], the convergent AMK integral 

transform is defined as: 

AMK {η(sinN)} = ∫ 𝑐𝑜𝑠𝑁(𝑠𝑖𝑛𝑁)𝜌 η(sinN)𝑑𝑁 = 𝐹(𝜌),  

𝜋
2

0

 

where ρ is a constant. 

 

 

2.3. DEFINITION [11] 

 

 

ZhM* transform transform for the function η(sinN) where N belongs to closed interval 

[0, π/2] is known as: 

 

ZhM∗{η(sinN)} = 𝑓(𝜌) ∫ 𝑐𝑜𝑠𝑁(𝑠𝑖𝑛𝑁)𝑔(𝜌)η(sinN)𝑑𝑁 = 𝐹(𝜌).  

𝜋
2

𝑁=0

 

 

where f(ρ) and g(ρ) are functions of the parameter ρ, f(ρ), g(ρ) ≠ 0, and the above definite 

integral is convergent in [0, π/2]. 

 

 

2.4. DEFINITION [11] 

 

 

Assume that η(sinN) is a function and ZhM∗{η(sinN)} = 𝐹(𝜌), so η(sinN) is said to 

be the inverse of the function 𝐹(𝜌)and is known as: 

 

 (ZhM∗)−1{𝐹(𝜌)} = 𝜂(sin𝑁).  
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2.5. THEOREM [11] 

 

 

Suppose that F(ρ)=ZhM*{η(sinN)} and α is constant, so 

 

 (ZhM∗)−1 F{(𝜌), 𝑔(𝜌) + 𝛼} = (sin𝑁)𝛼(ZhM∗)−1 F{(𝜌), 𝑔(𝜌)}  
 

 

2.6. ZhM* INTEGRAL TRANSFORM TRANSFORMS FOR SOME IMPORTANT 

FUNCTIONS [11] 

 

 
Table 1. Some important functions of the ZhM* integral transform. 

Function 𝜼(𝐬𝐢𝐧𝑵) 𝐙𝐡𝐌∗{𝛈(𝐬𝐢𝐧𝐍)} = 𝒇(𝝆) ∫ (𝒔𝒊𝒏𝑵)𝒈(𝝆)𝒄𝒐𝒔𝑵𝛈(𝐬𝐢𝐧𝐍)𝒅𝑵

𝝅
𝟐

𝑵=𝟎

 

k 

where k is a constant 

𝑘𝑓(𝜌)

𝑔(𝜌)+1
 , 𝑔(𝜌) > −1. 

(𝐬𝐢𝐧(𝐍))𝐧 
𝑓(𝜌)

𝑔(𝜌)+(𝑛+1)
 , 𝑔(𝜌) > −(𝑛 + 1). 

𝐜𝐨𝐬(𝐚 𝐥𝐧(𝐬𝐢𝐧𝐍)) 
𝑓(𝜌).(𝑔(𝜌)+1)

(𝑔(𝜌)+1)2+𝑎2, 𝑎 is constant. 

𝐬𝐢𝐧(𝐚 𝐥𝐧(𝐬𝐢𝐧𝐍)) 
𝑎𝑓(𝜌)

(𝑔(𝜌)+1)2+𝑎2, 𝑎 is constant. 

𝐜𝐨𝐬𝐡(𝐚 𝐥𝐧(𝐬𝐢𝐧𝐍)) 
𝑓(𝜌).(𝑔(𝜌)+1)

(𝑔(𝜌)+1)2− 𝑎2, 𝑎 is constant. 

𝐬𝐢𝐧𝐡(𝐚 𝐥𝐧(𝐬𝐢𝐧𝐍)) 
−𝑓(𝜌) 𝑎

(1+𝑔(𝜌))2−𝑎2, 𝑎 is constant. 

[𝐥𝐧(𝐬𝐢𝐧𝐍)]𝒏 
where 𝒏𝛜𝐍 

𝑓(𝜌)𝑛!(−1)𝑛

(1+𝑔(𝜌))𝑛+1, 𝑔(𝜌) > −1. 

 

 

2.7. THEOREM [11] 

 

If the 𝜂(sin(𝑁)) is defined as N>0 and its derivatives 
𝑑𝜂(sin(𝑁))

𝑑𝑁
 , 

𝑑2𝜂(sin(𝑁))

𝑑𝑁2
,…, 

𝑑𝑛𝜂(sin(𝑁))

𝑑𝑁𝑛
 exist, then:  

ZhM∗{(sin(𝑁))𝑛𝜂(𝑛)(𝑠𝑖𝑛 (𝑁)} 

= 𝑓(𝜌)[𝜂(𝑛−1)(1) 

−(𝑛 + 𝑔(𝜌))𝜂(𝑛−2)(1) 

+(−1)𝑛−1(𝑛 + 𝑔(𝜌))((𝑛 − 1) 

+𝑔(𝜌))𝜂(𝑛−3)(1) + ⋯ 

+(𝑔(𝜌) + 𝑛)((𝑛 − 1) + 𝑔(𝜌)) … 

+(𝑔(𝜌) + 2)𝜂(1) 

+(−1)𝑛[(g(𝜌) + n)!]𝐹[f(𝜌), g(𝜌)]. 
where n∈ ℕ. 
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3. RESULTS AND DISCUSSION 

 

 

3.1. RESULTS 

 

 

3.1.1. Survival function of Moment Pareto Distribution 

 

η(N) = 𝛼(𝛽−1)𝑁−(𝛽+1), 𝛼 > 0, 𝛼 < 𝑁 < ∞, 𝛽 > 0 

 

ZhM*-transform of the first-order differential equation of the survival function of the 

Moment Pareto Distribution. The first-order differential equation (O.D.E.) of the survival 

function of the Moment Pareto Distribution is given as: 

 

Nη′(𝑁) + (𝛽 + 1) η(N) = 0 
 

where η(1) = 𝛼(𝛽−1) , η′(1) = −(𝛽 + 1)𝛼(𝛽−1). 
 

Solution: 

 

Let 𝑁 = 𝑠𝑖𝑛(𝑥), so the equation will become: 

 

𝑠𝑖𝑛(𝑥)η′𝑠𝑖𝑛(𝑥) + (𝛽 + 1)η(sin(x))  = 0, 

 

By using the ZhM*-integral transform and applying Theorem (2.6), we get: 

 

𝑍ℎ𝑀∗{sin(𝑥)η′ (sin(𝑥))} + (𝛽 + 1)𝑍ℎ𝑀∗{η(sin(x))} = 0, 
𝑓(𝜌) η(1) − (𝑔(𝜌) + 1)𝐹 + (𝛽 + 1)𝐹 = 0, 

[(𝛽 + 1) − (𝑔(𝜌) + 1)]𝐹 = −𝑓(𝜌)η(1), 
(𝛽 + 1 − 𝑔(𝜌) − 1)𝐹 = −𝑓(𝜌)η(1), 

(−𝑔(𝜌) + 𝛽)𝐹 = −𝑓(𝜌)η(1), 
(𝑔(𝜌) − 𝛽)𝐹 = 𝑓(𝜌)𝛼(𝛽−1), 

𝐹 =
𝑓(𝜌)𝛼(𝛽−1)

𝑔(𝜌)−𝛽
=

𝑓(𝜌)𝛼(𝛽−1)

𝑔(𝜌)−𝛽−1+1
=

𝑓(𝜌)𝛼(𝛽−1)

𝑔(𝜌)−(𝛽+1)+1
, 

 

By applying inverse of ZhM*-transform, we obtain: 

 

η(sin(N)) = 𝛼(𝛽−1)(𝑠𝑖𝑛(𝑥)) −(𝛽+1) , as N=sin(x). 

 

so 

η(N) = 𝛼(𝛽−1)𝑁−(𝛽+1). 

 

which is the required PDF (Pareto Distribution Function). 
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3.1.2. ZhM*-transforms on second order O.D.E. of survival function of moment Pareto 

distribution 

 

 

The second-order differential equation of the survival function of the Moment Pareto 

Distribution is given by: 

 

Nη′′(𝑁) + (𝛽 + 2)η′(𝑁) = 0  
with  

η(1) = 𝛼(𝛽−1) , η′(1) = −(𝛽 + 1)𝛼(𝛽−1),  
and  

η′′(1) = (𝛽 + 1)(𝛽 + 2)𝛼(𝛽−1). 

 

Solution: 

 

Let N=sin(x), so the equation becomes: 

 

𝑠𝑖𝑛(𝑥)η′′(𝑠𝑖𝑛(𝑥)) + (𝛽 + 2)η′(𝑠𝑖𝑛(𝑥)) = 0. 
 

Multiply by sin(x) on both sides; we get: 

 

𝑠𝑖𝑛2(𝑥)η′′(𝑠𝑖𝑛(𝑥)) +  (𝛽 + 2)𝑠𝑖𝑛(𝑥)η′(𝑠𝑖𝑛(𝑥)) = 0. 
 

By applying the ZhM*-transform and Theorem (2.6), 

 

𝑓(𝜌)𝜂′(1) − 𝑓(𝜌)(𝑔(𝜌) + 2)𝜂(1) + (𝑔(𝜌) + 2)(𝑔(𝜌) + 1)𝐹 + (𝛽 + 2)[𝑓(𝜌)𝜂(1) −
(𝑔(𝜌) + 1)𝐹] = 0. 

𝑓(𝜌)𝜂′(1) − 𝑓(𝜌)(𝑔(𝜌) + 2)𝜂(1) + (𝑔(𝜌) + 2)(𝑔(𝜌) + 1)𝐹 + (𝛽 + 2)𝑓(𝜌)𝜂(1)
− (𝛽 + 2)(𝑔(𝜌) + 1)𝐹 = 0 

(𝑔(𝜌) + 1)[(𝑔(𝜌) + 2) − (𝛽 + 2)]𝐹 

=  𝑓(𝜌)[−𝜂′(1) + (𝑔(𝜌) + 2)𝜂(1) − (𝛽 + 2)𝜂(1)]. 
(𝑔(𝜌) + 1)(𝑔(𝜌) + 2 − 𝛽 − 2)𝐹 =  𝑓(𝜌)[−𝜂′(1) + (𝑔(𝜌) + 2)𝜂(1) − (𝛽 + 2)𝜂(1)]. 

𝐹 =
𝑓(𝜌)[(𝛽+1)𝛼(𝛽−1)+(𝑔(𝜌)+2)𝛼(𝛽−1)−(𝛽+2)𝛼(𝛽−1))]

(𝑔(𝜌)+1)(𝑔(𝜌)−𝛽)
 , 

𝐹 =
𝑓(𝜌)𝛼(𝛽−1)[(𝛽+1)+(𝑔(𝜌)+2)−(𝛽+2)]

(𝑔(𝜌)+1)(𝑔(𝜌)−𝛽)
, 

=
𝑓(𝜌)𝛼(𝛽−1)[𝛽+1+𝑔(𝜌)+2−𝛽−2)]

(𝑔(𝜌)+1)(𝑔(𝜌)−𝛽)
, 

=
𝑓(𝜌)𝛼(𝛽−1)(𝑔(𝜌) + 1)

(𝑔(𝜌) + 1)(𝑔(𝜌) − 𝛽 − 1 + 1)
=

𝑓(𝜌)𝛼(𝛽−1)

𝑔(𝜌) − (𝛽 + 1) + 1
 

 

By applying inverse of ZhM*-transform, we get: 

 

η(sin(x)) = 𝛼(𝛽−1)(𝑠𝑖𝑛(𝑥))
−(𝛽+1)

. 

 

As  

N=sin(x),  

so, we have 

 

η(N) = 𝛼(𝛽−1)(𝑁)−(𝛽+1). 
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which is the required survival function. 

 

 

3.1.3. ZhM*-transforms on 3
rd

 O.D.E. of survival function of Moment Pareto 

Distribution 

 

 

The differential equation of the 3
rd

 order of the survival function of the Moment Pareto 

Distribution is given by: 

 

𝑁𝜂′′′(𝑁) + (𝛽 + 3)𝜂′′(𝑁) = 0  
and  

η(1) = 𝛼(𝛽−1) , η′(1) = −(𝛽 + 1)𝛼(𝛽−1) 

η′′(1) = (𝛽 + 1)(𝛽 + 2)𝛼(𝛽−1). 

 

Solution: 

 

Let N=sin(x), so the equation will become: 

 

sin (𝑥)𝜂′′′(sin (𝑥)) + (𝛽 + 3)𝜂′′(sin (𝑥)) = 0. 

 

Multiply by 𝑠𝑖𝑛2(𝑥) on both sides of the equation, we get:  

 

𝑠𝑖𝑛3(𝑥)𝜂′′′(sin(𝑥)) + (𝛽 + 3)𝑠𝑖𝑛2(𝑥)𝜂′′(sin (𝑥)) = 0. 

 

By taking the ZhM*-transform of the above equation and using Theorem (2.6) 

 

ZhM∗{𝑠𝑖𝑛3(𝑥)𝜂′′′(sin(𝑥))} + (𝛽 + 3)ZhM∗{𝑠𝑖𝑛2(𝑥)𝜂′′(sin (𝑥)) = 0. 

𝑓(𝜌)[𝜂′′(1) − (3 + 𝑔(𝜌))𝜂′(1) + (3 + 𝑔(𝜌))(2 + 𝑔(𝜌))η(1)] − (𝑔(𝜌) + 1)(𝑔(𝜌) +

2)(𝑔(𝜌) + 3)𝐹 + (𝛽 + 3)𝑓(𝜌)[𝜂′(1) − (2 + 𝑔(𝜌))η(1)] + (𝛽 + 3)(𝑔(𝜌) + 1)(𝑔(𝜌) +
2)𝐹 = 0. 

−(𝑔(𝜌) + 1)(𝑔(𝜌) + 2)[−(𝛽 + 3) + (𝑔(𝜌) + 3)]𝐹= −𝑓(𝜌)[𝜂′′(1) − (𝑔(𝜌) + 3)𝜂′(1) +
(𝑔(𝜌) + 3) 

(2 + 𝑔(𝜌))η(1) + (𝛽 + 3)𝜂′(1) − (𝛽 + 3)(2 + 𝑔(𝜌))η(1)] = 0. 
(𝑔(𝜌) + 1)(𝑔(𝜌) + 2)[−𝛽 − 3 + 𝑔(𝜌) + 3]𝐹

= 𝑓(𝜌) ∝(𝛽−1) [(𝛽 + 1)(𝛽 + 2) + (𝑔(𝜌) + 3)(𝛽 + 1)

+ (3 + 𝑔(𝜌))(2 + 𝑔(𝜌)) − (𝛽 + 3)(𝛽 + 1) − (𝛽 + 3)(2 + 𝑔(𝜌))]. 

𝐹 =
𝑓(𝜌)∝(𝛽−1)[𝛽2+3𝛽+2+𝛽𝑔(𝜌)+𝑔(𝜌)+3𝛽+3+6+5𝑔(𝜌)+𝑔2(𝜌)−𝛽2−4𝛽−3−2𝛽−𝛽𝑔(𝜌)−6−3𝑔(𝜌)

(𝑔(𝜌)+1)𝑔(𝜌)+2)𝑔(𝜌)−𝛽))
 . 

𝐹 =
𝑓(𝜌)𝛼(𝛽−1)[𝑔2(𝜌)+3𝑔(𝜌)+2]

(𝑔(𝜌)+1)(𝑔(𝜌)+2)(𝑔(𝜌)−𝛽−1+1)
. 

𝐹 =
𝑓(𝜌)𝛼(𝛽−1)(𝑔(𝜌)+1)(𝑔(𝜌)+2)

(𝑔(𝜌)+1)(𝑔(𝜌)+2)(𝑔(𝜌)−𝛽−1+1)
. 

𝐹 =
𝑓(𝜌)𝛼(𝛽−1)

(𝑔(𝜌) − 𝛽 − 1 + 1)
 

𝐹 =
𝑓(𝜌)𝛼(𝛽−1)

(𝑔(𝜌)−(𝛽+1)+1
. 

 

Taking the inverse of the ZhM*-transform, we have 
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η(sin(x)) = 𝛼(𝛽−1)(𝑠𝑖𝑛(𝑥))
−(𝛽+1)

. 

 

Since  

𝑁 = sin(x) ⟹ η(N) = 𝛼(𝛽−1)𝑁−(𝛽+1) 
 

which is the required survival function. 

 

 

3.1.4. Transforms on O.D.E. of hazard function of Moment Pareto Distribution 

 

 

The hazard function of the Moment Pareto Distribution is defined as: 

 

η(N) =
𝛽−1

𝑁
 , 𝑁 > 0, 𝛽 > 0. 

 

The first-order differential equation of the hazard function of the Moment Pareto 

Distribution is given as: 

 

𝑁𝜂′(𝑁) + η(𝑁) = 0 and η(1) = 𝛽 − 1 , η′(1) = −(𝛽 − 1) , η′′(1) = 2(𝛽 − 1). 

 

Solution: 

 

Let 𝑁 = sin(x) So, the equation will become: 

 

sin(x)η′(sin(x)) + η(sin(x)) = 0. 
 

By using the ZhM*-transform and applying Theorem (2.6): 

 

ZhM∗{sin (𝑥)𝜂′(sin(𝑥)} + ZhM∗{η(sin(x))} = 0, 
𝑓(𝜌) η(1) − (𝑔(𝜌) + 1)𝐹 + 𝐹 = 0, 
−[(𝑔(𝜌) + 1) − 1]𝐹 = −𝑓(𝜌) η(1), 

𝐹 =
𝑓(𝜌) (𝛽−1)

(𝑔(𝜌)+1)−1
, 

 

By applying inverse of ZhM*-transform, we get: 

 

η(sin(x)) = (𝛽 − 1)(sin(x))
−1

=
(𝛽−1)

sin(x)
. 

As  

𝑁 = sin(x),  

so 

η(N) =
(𝛽−1)

𝑁
. 

 

which is the required hazard function. 
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3.1.5. ZhM*-transforms on 2
nd

 O.D.E. of hazard function of Moment Pareto 

Distribution 

 

 

The differential equation of the 2nd order of the hazard function of the Moment Pareto 

distribution is given as: 

 

𝑁𝜂′′(𝑁) + 2𝜂′(𝑁) = 0,  
and  

η(1) = (𝛽 − 1) ,η′(1) = −(𝛽 − 1) , η′′(1) = 2(𝛽 − 1), 
 

Solution:  

 

Let 𝑁 = 𝑠𝑖𝑛(x). So, the equation will become 

 

sin(x)η′′(sin(x)) + 2𝜂′(sin(x)) = 0, 

 

multiply by sin(x) on both sides of the above equation, we get 

 

sin2(x)η′′(sin(x)) + 2(sin(x))𝜂′(sin(x)) = 0. 
 

By using the ZhM*-transform and applying Theorem (2.6): 

 

ZhM∗{sin2(x)η′′(sin(x))} + 2ZhM∗{(sin(x))𝜂′(sin(x))} = 0. 

𝑓(𝜌)𝜂′(1) − 𝑓(𝜌)(2 + 𝑔(𝜌))𝜂(1) + (𝑔(𝜌) + 1)(𝑔(𝜌) + 2)𝐹 + 2𝑓(𝜌)𝜂(1) − 2(𝑔(𝜌) +
1)𝐹 = 0, 

(𝑔(𝜌) + 1)[(𝑔(𝜌) + 2) − 2]𝐹 = 𝑓(𝜌)𝜂′(1) +  𝑓(𝜌)(2 + 𝑔(𝜌))𝜂(1) − 2 𝑓(𝜌)𝜂(1), 

𝐹 =
𝑓(𝜌)[(𝛽−1)+(2+𝑔(𝜌))(𝛽−1)−2(𝛽−1)]

(𝑔(𝜌)+1)[𝑔(𝜌)+2−2]
. 

𝐹 =
𝑓(𝜌)[(𝛽−1)[1+(2+𝑔(𝜌))−2]

(𝑔(𝜌)+1)[𝑔(𝜌)+2−2]
=

𝑓(𝜌)(𝛽−1)[𝑔(𝜌)+1]

[𝑔(𝜌)+1](𝑔(𝜌)+1+1 − 1−1)
 =

𝑓(𝜌)[(𝛽−1)

𝑔(𝜌)+1−1
. 

 

By applying inverse of ZhM*-transform, we get: 

 

η(sin(x)) =
(𝛽−1)

sin(x)
. 

As 

𝑁 = sin(x) , so η(N) =
(𝛽−1)

𝑁
 

 

which is the required hazard function. 

 

 

3.1.6. ZhM*-transforms on 3
rd

 O.D.E. of hazard function of Moment Pareto Distribution 

 

 

The differential equation of the 3
rd

 order of the hazard function of the moment Pareto 

distribution is given as: 

 

𝑁𝜂′′′(𝑁) + 2𝜂′′(𝑁) = 0  
with 
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η(1) = (𝛽 − 1) , η′(1) = −(𝛽 − 1) , η′′(1) = 2(𝛽 − 1). 

Solution: 

 

Let 𝑁 = sin(x). So, the equation will become: 

 

sin(x)η′′′(sin(x)) + 3𝜂′′(sin(x)) = 0. 
 

Multiply by sin2(x) on both sides of the above equation, we get 

 

sin3(x)η′′′(sin(x)) + 3(sin2(x))𝜂′′(sin(x)) = 0, 
 

By using the ZhM*-transform and applying Theorem (2.6), we get: 

 

ZhM∗{sin3(x)η′′′(sin(x))} + 3ZhM∗{(sin2(x))𝜂′′(sin(x))} = 0, 

𝑓(𝜌)𝜂′′(1) − 𝑓(𝜌)(3 + 𝑔(𝜌))𝜂′(1) + 𝑓(𝜌)(3 + 𝑔(𝜌))(2 + 𝑔(𝜌))𝜂(1)

− (𝑔(𝜌) + 3)(𝑔(𝜌) + 2)(𝑔(𝜌) + 1)𝐹 + 3𝑓(𝜌)𝜂′(1) − 3𝑓(𝜌)(2 + 𝑔(𝜌))𝜂(1)

+ 3(𝑔(𝜌) + 1)(𝑔(𝜌) + 2)𝐹 = 0. 
(𝑔(𝜌) + 1)(𝑔(𝜌) + 2)[−(𝑔(𝜌) + 3) + 3]𝐹

= −𝑓(𝜌)𝜂′′(1) +  𝑓(𝜌)(3 + 𝑔(𝜌))𝜂′(1) −  𝑓(𝜌)(3 + 𝑔(𝜌))(2 + 𝑔(𝜌))𝜂(1)

− 3𝑓(𝜌)𝜂′(1) + 3 𝑓(𝜌)(2 + 𝑔(𝜌))𝜂(1) = 0. 

−(𝑔(𝜌) + 1)(𝑔(𝜌) + 2)[(𝑔(𝜌) + 3) − 3]𝐹 = −𝑓(𝜌)(𝛽 − 1)[2 + (3 + 𝑔(𝜌) +

(3 + 𝑔(𝜌))(2 + 𝑔(𝜌)) − 3 − 3(2 + 𝑔(𝜌))] = 0. 

𝐹 =
𝑓(𝜌)(𝛽−1)[2+3+𝑔(𝜌)+6+5𝑔(𝜌)+𝑔2(𝜌)−3−6−3𝑔(𝜌)]

(𝑔(𝜌)+1)(𝑔(𝜌)+2)[𝑔(𝜌)+3−3]
. 

𝐹 =
𝑓(𝜌)(𝛽−1)[𝑔2(𝜌)+3𝑔(𝜌)+2]

(𝑔(𝜌)+1)(𝑔(𝜌)+2)[𝑔(𝜌)+1−1]
 . 

𝐹 =
𝑓(𝜌)[(𝛽 − 1)

(𝑔(𝜌) + 1 − 1)
. 

 

By applying the inverse transform: 

 

η(sin(x)) =
(𝛽−1)

sin(x)
. 

 

As  

𝑁 = sin(x), 

so  

η(N) =
(𝛽−1)

𝑁
, 

 

which is the required hazard function. 

 

 

3.2. DISCUSSION 

 

 

This paper presents solutions to linear ordinary differential equations with constant 

coefficients of the first, second, and third orders and applies them to important problems using 

an integral transform other than the Laplace or Fourier transforms, or modifications of them. 

This transform is considered new because it differs from the Laplace and Fourier transforms 
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in its interval and kernel. Furthermore, compared with classical integral transforms such as the 

Laplace and Elzaki transforms, the ZhM*-transform provides a simpler kernel and a restricted 

interval [0, pi over 2], making it particularly efficient for solving oscillatory problems and 

systems with trigonometric coefficients. This makes the transform a potential tool for future 

extensions in mathematical physics and engineering modeling. 

 

 

4. CONCLUSION 

 

 

The ZhM*-transform is a simple procedure for evaluating exact solutions of ordinary 

differential operator equations. Here, we introduce the ZhM*-transform for various functions 

and reveal some important results. We also apply the generalization to the AMK transform 

(ZhM*-transform) to find exact solutions of the linear ordinary differential equation of the 

Moment Pareto Distribution, as well as the linear ordinary differential operator equations for 

its hazard and survival functions. 

 

 

REFERENCES 

 

 

[1] Kreyszig, E., Advanced Engineering Mathematics, 10
th

 Ed., John Wiley & Sons, 2011. 

[2] Belgacem, F.B.M., Karaballi, A.A., Sumudu Transform Fundamental Properties 

Investigations and Applications, Journal of Applied Mathematics and Stochastic 

Analysis, 2006, 1, 2006. https://doi.org/10.1155/JAMSA/2006/91083 

[3] Aboodh, K.S., The New Integral Transform ‘Aboodh Transform’, Global Journal of 

Pure and Applied Mathematics, 9(1), 35, 2013. 

[4] Elzaki, T.M., The New Integral Transform ‘Elzaki Transform’, Global Journal of Pure 

and Applied Mathematics, 7(1), 57, 2011. 

[5] Mohammed, A.H., Makttoof, S.F., A Complex Al-Tememe Transform, International 

Journal of Pure and Engineering Mathematics, 5(2), 17, 2017. 

[6] Mohammed, A.H., Abdullah, N.G., Al-Zughair Transform of Differentiation and 

Integration, International Journal of Pure and Applied Mathematics, 119(16), 5367, 

2018. 

[7] Mansour, E.A., Mehdi, S.A., Kuffi, E.A., The New Integral Transform and Its 

Applications, International Journal of Nonlinear Analysis and Applications, 12(2), 849, 

2021. https://doi.org/10.22075/ijnaa.2021.5142  

[8] Moazzam, A., Kashif, M., Amjad, U., Khawar, M.I., Development of a New 

Transformation to Solve a New Type of Ordinary Linear Differential Equation, Bulletin 

of Mathematics and Statistics Research, 9(3), 56, 2021. 

[9] Saadeh, R., Qazza, A., Burqan, A., On the Double ARA-Sumudu Transform and Its 

Applications, Mathematics, 10(15), 2581, 2022. https://doi.org/10.3390/math10152581 

[10] Jasim, J.A., Kuffi, E.A., Mehdi, S.A., A Review on the Integral Transforms, Journal of 

University of Anbar for Pure Science, 17(2), 273, 2023. 

https://doi.org/10.37652/juaps.2023.141302.1090  

[11] Salman, M.F., Zhao, Q., Generalization to the AMK Integral Transform and Its 

Applications, Journal of University of Anbar for Pure Science, 19(1), 317, 2025. 

https://doi.org/10.37652/juaps.2025.155252.1337 

[12] Kashif, M., Shehzad, K., Moazzam, A., Ayoub, A., Bibi, M., New Transformation 

‘AMK-Transformation’ to Solve Ordinary Linear Differential Equation of Moment 

https://doi.org/10.1155/JAMSA/2006/91083
https://doi.org/10.22075/ijnaa.2021.5142
https://doi.org/10.3390/math10152581
https://doi.org/10.37652/juaps.2023.141302.1090
https://doi.org/10.37652/juaps.2025.155252.1337


ZhM* Transform to Solve Linear Ordinary …  Mohanad Faisal Salman Algburi and Qin Zhao                                                                    

ISSN: 1844 – 9581 Mathematics Section 

577 

Pareto Distribution, International Journal of Multidisciplinary Research and Growth 

Evaluation, 2(5), 125, 2021. 

[13] Gwila, N., Farhat, A., GF1 Integral Transform and Its Some Applications, Journal of 

Alasmarya University: Basic and Applied Sciences, 7(2), 84, 2022. 

https://doi.org/10.59743/aujas.7.2.2 

[14] Mubayrash, A.O., Khalat, H.M., New Method for Cryptography Using Abaoub-

Shkheam Transform, The Libyan Journal of Science, 25(2), 35, 2022. 

[15] Ouideen, Y., Al-Aati, A., New Integral Transform: Ouideen Transform for Solving 

Both Ordinary and Partial Differential Equations, Albaydha University Journal, 4(3), 

253, 2022. 

[16] Moazzam, A., Iqbal, M.Z., A New Integral Transform ‘Ali and Zafar’ Transformation 

and Its Application in Nuclear Physics, Proceedings of the 19
th

 International 

Conference on Statistical Sciences, 36, 177, 2022. 

[17] Mehdi, S.A., Kuffi, E.A., Jasim, J.A., Solving Ordinary Differential Equations Using a 

New General Complex Integral Transform, Journal of Interdisciplinary Mathematics, 

25(6), 1919, 2022. https://doi.org/10.1080/09720502.2022.2089381 

[18] Moazzam, A., Kuffi, E.A., Abideen, Z.U., Anjum, A., Two Parametric SEE 

Transformation and Its Applications in Solving Differential Equations, Al-Qadisiyah 

Journal for Engineering Sciences, 16(2), 116, 2023. 

https://doi.org/10.30772/qjes.v16i2.891 

[19] Mustafa, J.I., The Generalization of Integral Transforms Combined with He’s 

Polynomial, European Journal of Pure and Applied Mathematics, 16(2), 1024, 2023. 

https://doi.org/10.29020/nybg.ejpam.v16i2.4747 

[20] Georgieva, A., Double Fuzzy Sumudu Transform to Solve Partial Volterra Fuzzy 

Integro-Differential Equations, Mathematics, 8(5), 692, 2020. 

https://doi.org/10.3390/math8050692 

[21] Debnath, L., The Double Laplace Transforms and Their Properties with Applications to 

Functional, Integral and Partial Differential Equations, International Journal of Applied 

and Computational Mathematics, 2, 223, 2016. https://doi.org/10.1007/s40819-015-

0057-3 

[22] Kılıçman, A., Omran, M., On Double Natural Transform and Its Applications, Journal 

of Nonlinear Sciences and Applications, 10(4), 1744, 2017. 

https://dx.doi.org/10.22436/jnsa.010.04.36 

[23] Aboodh, K.S., Farah, R.A., Almardy, I.A., Almostafa, F.A., Solution of Partial Integro-

Differential Equations by Using Aboodh and Double Aboodh Transform Methods, 

Global Journal of Pure and Applied Mathematics, 13(8), 4347, 2017. 

[24] Sonawane, S.M., Kiwne, S.B., Double Kamal Transform: Properties and Applications, 

Journal of Applied Science and Computations, 6, 1727, 2019. 

[25] Jadhav, S.S., Basotia, V., Hiwarekar, A., An Application of the Double Elzaki 

Transform in Partial Differential Equations, International Journal of Advanced 

Research in Science, Communication and Technology, 2(1), 181, 2022. 

https://doi.org/10.48175/IJARSCT-3504 

[26] Alfaqeih S., Misirli, E., On Double Shehu Transform and Its Properties with 

Applications, International Journal of Analysis and Applications, 18(3), 381, 2020. 

https://doi.org/10.28924/2291-8639-18-2020-381 

[27] Patil, D.P., Double Mahgoub Transform for the Solution of Parabolic Boundary Value 

Problems, Journal of Engineering Mathematics and Statistics, 4(2), 28, 2020. 

[28] Meddahi, M., Jafari, H., Yang, X.J., Towards New General Double Integral Transform 

and Its Applications to Differential Equations, Mathematical Methods in the Applied 

Sciences, 45(4), 1916, 2022. https://doi.org/10.1002/mma.7898 

https://doi.org/10.59743/aujas.7.2.2
https://doi.org/10.1080/09720502.2022.2089381
https://doi.org/10.30772/qjes.v16i2.891
https://doi.org/10.29020/nybg.ejpam.v16i2.4747
https://doi.org/10.3390/math8050692
https://doi.org/10.1007/s40819-015-0057-3
https://doi.org/10.1007/s40819-015-0057-3
https://dx.doi.org/10.22436/jnsa.010.04.36
https://doi.org/10.48175/IJARSCT-3504
https://doi.org/10.28924/2291-8639-18-2020-381
https://doi.org/10.1002/mma.7898


 ZhM* Transform to Solve Linear Ordinary …  Mohanad Faisal Salman Algburi and Qin Zhao                                                                   

 

www.josa.ro Mathematics Section 

578 

[29] Saadeh, R., Applications of Double ARA Integral Transform, Computation, 10(12), 

216, 2022. https://doi.org/10.3390/computation10120216 

[30] Turq, S.M., Kuffi, E.A., On the Double of the Emad-Falih Transformation and Its 

Properties with Applications, Ibn Al-Haitham Journal for Pure and Applied Sciences, 

35(4), 220, 2022. https://doi.org/10.30526/35.4.2938 

[31] Moazzam, A., Kashif, M., Amjed, U., Khawar, M.I., Development of a New 

Transformation to Solve a New Type of Ordinary Linear Differential Equation, Bulletin 

of Mathematics and Statistics Research, 9(3), 56, 2021. 

https://doi.org/10.33329/BOMSR.9.3.56 

 

 

 

https://doi.org/10.3390/computation10120216
https://doi.org/10.30526/35.4.2938
https://doi.org/10.33329/BOMSR.9.3.56

