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Abstract. This study demonstrates the effective use of the modified Laplace Adomian 

decomposition method (MLADM) to numerically solve the Burgers' and coupled Burgers' 

equations. The proposed method integrates the Laplace transform with the Adomian 

decomposition to effectively address nonlinear terms, avoiding linearisation, perturbation, or 

discretisation. The method yields rapidly convergent series solutions that achieve high 

accuracy with minimal terms. Comparisons between exact solutions and approximation 

solutions illustrate the enhanced accuracy, simplicity, and computational efficiency of 

MLADM in addressing both single and coupled nonlinear Burger’s equations. 
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1. INTRODUCTION 

 

 

Over the past decade, the significance of studying nonlinear partial differential 

equations modelling physical phenomena has increased. Nonlinear phenomena are important 

in many areas of engineering and science. Most of the problems we encounter in real life are 

modelled by nonlinear events. Travelling wave solutions are an important topic in nonlinear 

research. The nearness of Burgers' equation and its steady states was first recognised by 

Bateman [1]. Burgers gave it that review [2]. The inverse scattering transform [3], sine-cosine 

method [4], homotopy perturbation method [5], variational iteration method [6], homotopy 

analysis method [7,8], tanh-function method [9,10], tanh-coth method [11], Backlund 

transformation [12], (G′/G)-expansion method [13], and other potent techniques have been 

introduced. 

George Adomian introduced a novel method for resolving nonlinear functional 

equations in 1980. This methodology, now called the Adomian decomposition method 

(ADM), has been the subject of numerous investigations [14-16]. To perform the ADM, the 

examined equation must be separated into linear and nonlinear components. This method 

generates a solution in the form of a series, with each term determined by a recursive 

relationship utilising Adomian polynomials. Several key studies on different aspects of 

variations of Adomian's decomposition method have been conducted by Andrianov [17] and 

Venkatarangan [18, 19]. A modified Laplace decomposition approach was initially introduced 

by Khuri [20, 21]. This technique was later applied by Agadjanov [22] to solve the Duffing 
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equation. This numerical method demonstrates how the decomposition approach can be 

adapted with the Laplace transform to approximate solutions to nonlinear partial differential 

equations. Elgasery [23] applied the Laplace decomposition method to solve the Falkner-Skan 

problem. Hussain and Khan [24] used a modified version of the Laplace decomposition 

method to address specific PDEs. Burgers' formula is referenced in [25, 26]. 

 

𝜈𝜏 + ν𝜈𝜉 = 𝜈𝜉𝜉  (1) 

 

is a second-order nonlinear partial differential equation that is used in many applied 

mathematics fields, including traffic flow, boundary layer behaviour, turbulence, fluid 

dynamics modelling, and shock wave production [27]. 

The coupled system was created by Esipov [28]. It acts as a basic model to explain 

sedimentation, or how the concentration of two kinds of particles changes over time in fluid 

suspensions or colloids, which is affected by gravity [29, 30]. 

Khuri [20] created the Laplace Adomian decomposition method and used it to solve 

nonlinear differential equations. This method combines two strong techniques: the Laplace 

transform and the Adomian decomposition method. Ahmad et al. [31] applied the Laplace 

decomposition method to solve the Volterra nonlinear integral equation. The Laplace 

Adomian decomposition approach is therefore applied in many different contexts [32]. 

Additionally, some authors have enhanced and changed the approach from many aspects [33] 

Kumar et al. [34]. 

In this paper, we describe the MLADM to solve the Burger’s and coupled Burger’s 

equations numerically. In Section 2, MLADM is described in detail. In Section 3, we apply 

the MLADM to solve Burgers’ and coupled Burgers’ equations. Lastly, Section 4 is the 

conclusion of this paper. 

 

 

2. METHOD OF MODIFIED LAPLACE ADOMAIN DECOMPOSITION 

 

 

This section explains the modified Laplace decomposition process for the integro-

differential equation. We consider the general form of second-order nonlinear partial 

differential equations along with their starting conditions in the form 

 

Mν(𝜉, 𝜏) + Pν(𝜉, 𝜏) + Qν(𝜉, 𝜏) = Ψ(𝜉, 𝜏), ν(𝜉, 0) = p(𝜉), 𝜈𝜏(𝜉, 0) = q(𝜉) (2) 

 

In this context, M denotes the second-order differential operator, defined as 𝑀𝜉𝜉  = 
𝜕𝑛

𝜕𝑥𝑛, 

P represents the remaining linear operator, Q is a general nonlinear differential operator, and 

Ψ(𝜉, 𝜏) is the source term. By applying the Laplace transform (denoted by 𝓛) to both sides of 

Equation (2), the equation is modified as follows. 

 

𝓛 [Mν(𝜉, 𝜏)] + 𝓛 [Pν(𝜉, 𝜏)] + 𝓛 [Qν(𝜉, 𝜏)] = 𝓛 [Ψ(𝜉, 𝜏)] 
 

and by applying the Laplace transform differentiation property, we get 

 

𝑠2𝓛 [ν(𝜉, 𝜏)] + sp(𝜉) − q(𝜉) + 𝓛 [Pν(𝜉, 𝜏)] + 𝓛 [Qν(𝜉, 𝜏)] = 𝓛 [Ψ(𝜉, 𝜏)] 
and so 

 

𝓛 [ν(𝜉, 𝜏)] = 
p(𝜉)

𝑠
 + 

q(𝜉)

𝑠2  −  
1

𝑠2𝓛 [P ν(𝜉, 𝜏)] − 
1

𝑠2𝓛 [Qν(𝜉, 𝜏)] + 
1

𝑠2𝓛 [Ψ(𝜉, 𝜏)] (3) 
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Presenting the solution as an infinite series is the next step in the Laplace 

decomposition method, as seen below. 

 

ν(𝜉, 𝜏) = ∑ 𝜈𝑛(𝜉, 𝜏)∞
𝑛=0  (4) 

 

Decomposed nonlinear operator 

 

Qν(𝜉, 𝜏) = ∑ 𝐵𝑛(𝜉, 𝜏)∞
𝑛=0  (5) 

 

ehere 𝐵𝑛 is the Adomian polynomial given below 

 

𝐵𝑛 = 
1

𝑛!

𝑑𝑛

𝑑𝜆𝑛
 Q (∑  𝜆𝑖∞

𝑖=0 𝜈𝑖)|λ=0, for every n ∈ 𝑁 

 

Using Equations (3), (4) and (5), we get 

 

∑  ∞
𝑛=0 𝓛 [𝜈𝑛(𝜉, 𝜏)] = 

p(𝜉)

𝑠
 + 

q(𝜉)

𝑠2 −
1

𝑠2𝓛 [Pν(𝜉, 𝜏)]−
1

𝑠2𝓛 [∑ 𝐵𝑛(𝜉, 𝜏)∞
𝑛=0 ] + 

1

𝑠2𝓛 [Ψ(𝜉, 𝜏)] (6) 

 

Comparing both sides in Equation (6), we have 

 

𝓛 [𝜈0(𝜉, 𝜏)] = ф1(𝜉, 𝑠) (7) 

 

𝓛 [𝜈1(𝜉, 𝜏)] = ф2(𝜉, 𝑠) − 
1

𝑠2𝓛 [𝑄0ν(𝜉, 𝜏)] − 
1

𝑠2𝓛 [𝐵0(𝜉, 𝜏)] (8) 

 

𝓛 [𝜈𝑛+1(𝜉, 𝜏)] = − 
1

𝑠2𝓛 [𝑄𝑛ν(𝜉, 𝜏)] − 
1

𝑠2𝓛 [𝐵𝑛(𝜉, 𝜏)]  n ≥ 1, (9) 

 

where ф1(𝜉, 𝑠) and ф2(𝜉, 𝑠) represent the Laplace transform of ф1(𝜉, 𝜏) and ф2(𝜉, 𝜏) 

respectively. By applying the inverse Laplace transform to Equations (7) to (9), we obtain the 

desired recursive relation. 

 

𝜈1(𝜉, 𝜏) = ф2(𝜉, 𝑠) − ℒ−1 [
1

𝑠2 ℒ [𝑄0ν(𝜉, 𝜏) −
1

𝑠2 ℒ [𝐵0(𝜉, 𝜏)]] (10) 

 

𝜈𝑛+1(𝜉, 𝜏) = − ℒ−1 [
1

𝑠2
ℒ [𝑄𝑛ν(𝜉, 𝜏)]  −  

1

𝑠2
ℒ [𝐵𝑛(𝜉, 𝜏)]], n ≥ 1. (11) 

 

𝜈0(𝜉, 𝜏) = ф1(𝜉, 𝜏) (12) 

 

The solution using the modified Adomian decomposition method (MADM) is heavily 

influenced by the choice of ф0(𝜉, 𝜏) and ф1(𝜉, 𝜏). These terms are derived from the source 

function in the equation and the provided initial conditions. 
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3. APPLICATIONS 

 

 

3.1. ONE-DIMENSIONAL BURGER’S EQUATION 

 

 

Consider that the one-dimensional Burger’s equation has the form [35] 

 

𝜈𝜏 + 𝜈𝜈𝜉 = 𝜈𝜉𝜉  , 𝜈(𝜉, 0) = 
1

2
 −  

1

2
tanh(

𝜉

4
). (13) 

 

Applying the Laplace Transform (𝓛), we have 

 

s𝜈(𝜉, 𝑠) − 𝜈(𝜉, 0) = − 𝓛 (𝜈𝜈𝜉) + ℒ(𝜈𝜈𝜉𝜉), 

or 

𝜈(𝜉, 𝑠) = 
1

𝑠
𝜈(𝜉, 0) − 

1

𝑠
𝓛 (𝜈𝜈𝜉) + 

1

𝑠
ℒ(𝜈𝜈𝜉𝜉). 

(14) 

 

Using the initial condition in Equation (14), we get 

 

𝜈(𝜉, 𝑠) =  
1

2𝑠
 −  

1

2𝑠
tanh(

𝜉

4
) −  

1

𝑠
𝓛 (𝜈𝜈𝜉) + 

1

𝑠
ℒ(𝜈𝜈𝜉𝜉). 

 

Using the inverse Laplace transform, we obtain the results needed for our analysis. 

 

𝜈(𝜉, 𝑠) =  
1

2𝑠
 −  

1

2𝑠
tanh(

𝜉

4
) − ℒ−1 [−

1

𝑠
ℒ (𝜈𝜈𝜉)  +  

1

𝑠
ℒ(𝜈𝜈𝜉𝜉)]. (15) 

 

We break down the solution into the following infinite sum 

 

ν(𝜉, 𝜏)=∑ 𝜈𝑛(𝜉, 𝜏)∞
𝑛=0 .  (16) 

 

Using Equation (16) on Equation (15), we get 

 

∑ 𝜈𝑛(𝜉, 𝜏)∞
𝑛=0  = 

1

2𝑠
 −  

1

2𝑠
tanh(

𝜉

4
) + ℒ−1 [−

1

𝑠
ℒ(∑ 𝐵𝑛(𝜏)∞

𝑛=0 ) +  
1

𝑠
ℒ(∑ 𝜈𝑛,𝜉𝜉(𝜉, 𝜏)∞

𝑛=0 ] 

 

in which 𝐵𝑛 = ∑ 𝜈𝑗𝜈𝑛−𝑗,𝑥
∞
𝑛=0 . The recursive relationship is as follows. 

(I). 𝜈0(𝜉, 𝜏) = 
1

2
 −  

1

2
𝜃, 

(II). 𝜈1(𝜉, 𝜏) = 
1

16
𝜏(1 − 𝜃2), 

(III). 𝜈2(𝜉, 𝜏) = 
1

128
𝜏2(𝜃 − 𝜃3), 

(IV). 𝜈3(𝜉, 𝜏) = 
1

384
𝜏3(−1 + 5𝜃2 − 4𝜃4), 

(V). 𝜈4(𝜉, 𝜏) = 
1

10240
𝜏4(−23𝜃 + 58𝜃3 − 35𝜃5), 

(VI). 𝜈5(𝜉, 𝜏) = 
1

61440
𝜏5(57 − 385𝜃2 + 518𝜃4 − 190𝜃6), 

(VII). 𝜈6(𝜉, 𝜏) = 
1

9175040
𝜏6(3215𝜃 − 11319𝜃3 + 12743𝜃5 − 3639𝜃7), 

(VIII). 𝜈7(𝜉, 𝜏) = 
1

11468800
𝜏7(−19757 + 170765𝜃2 − 315315𝜃4 + 213445𝜃6 − 44055𝜃8), 

⋮ 
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and so on. Where 𝜃 = tanh(
𝜉

4
) and we use an approximation with 8 terms and set 

 

𝐴𝑝𝑝𝑟𝑜𝑥(𝑀𝐿𝐴𝐷𝑀)
7  = 𝜈0 + 𝜈1 + 𝜈2 + 𝜈3  +  ⋯ + 𝜈7. 

 

When we use Taylor's Expansion to expand 𝐴𝑝𝑝𝑟𝑜𝑥(𝑀𝐿𝐴𝐷𝑀)
7  about (0,0) [36], we 

would have  

 

App𝑟𝑜𝑥(𝜉, 𝜏) ≅ 
1

2
−  

1

8
𝜉 +  

1

16
𝜏 +  

1

384
𝜉3 −  

1

256
𝜏𝜉2 +

1

512
𝜏2𝜉 −

1

3072
𝜏3 +

1

491520
𝜏5 −

1

49152
𝜏4𝜉 +

1

12288
𝜏3𝜉2 −

1

12288
𝜏2𝜉3 + ⋯, 

 

The Exact solution comes from the Taylor series 

 

ν(𝜉, 𝜏) = 
1

2
 −  

1

2
tanh [

1

4
(𝜉 −

1

2
𝜏)]. (17) 

 

The behaviour of the exact and approximate solutions of 8 terms obtained by 

MLADM in MATLAB is shown in Table 1 and Figures 1-3. We examined the ξ-values 

ranging from −2 to 2, with a step size of ∆ξ = 0.5 and a τ value of 0.1. 

 

 

3.2. COUPLED BURGER’S EQUATIONS 

 

 

uτ − uξξ − 2uuξ + (uν)ξ = 0, 

𝜈𝜏 − 𝜈𝜉𝜉 − 2𝜈𝜈𝜉 + (𝑢𝜈)𝜉 = 0. 
(18) 

 

Initial conditions 

 

u(𝜉, 0) = sin 𝜉, ν(𝜉, 0) = sin 𝜉 (19) 

 

Rewriting Equation (18), we get 

 

𝑢𝜏 =  𝑢𝜉𝜉 + 2𝑢𝑢𝜉 − (𝑢𝜈)𝜉, 

𝜈𝜏 =  𝜈𝜉𝜉 +  2𝜈𝜈𝜉 − (𝑢𝜈)𝜉. 
(20) 

 

Applying the (𝓛) Laplace transform in time τ with respect to τ 

 
s𝑢(𝜉, 𝑠) − u(𝜉, 0) = 𝑢𝜉𝜉(𝜉, 𝑠) + 2𝓛[𝑢𝑢𝜉] − 𝓛[(𝑢𝜈)𝜉], 

s𝜈(𝜉, 𝑠) − ν(𝜉, 0) = 𝜈𝜉𝜉(𝜉, 𝑠) + 2𝓛[𝜈𝜈𝜉] − 𝓛[(𝑢𝜈)𝜉]. 

or 

𝑢(𝜉, 𝑠) = 
1

𝑠
u(𝜉, 0) + 

1

𝑠
𝑢𝜉𝜉(𝜉, 𝑠) + 

2

𝑠
𝓛[𝑢𝑢𝜉] − 

1

𝑠
𝓛[(𝑢𝜈)𝜉], 

𝜈(𝜉, 𝑠) = 
1

𝑠
 ν(𝜉, 0) + 

1

𝑠
𝜈𝜉𝜉(𝜉, 𝑠) + 

2

𝑠
𝓛[𝜈𝜈𝜉] − 

1

𝑠
𝓛[(𝑢𝜈)𝜉]. 

(21) 

 

Using Equation (19) in Equation (21), we get 

 

𝑢(𝜉, 𝑠) = 
1

𝑠
 sin 𝜉 + 

1

𝑠
𝑢𝜉𝜉(𝜉, 𝑠) + 

2

𝑠
𝓛[𝑢𝑢𝜉] − 

1

𝑠
𝓛[(𝑢𝜈)𝜉], 
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𝜈(𝜉, 𝑠) = 
1

𝑠
 sin 𝜉 + 

1

𝑠
𝜈𝜉𝜉(𝜉, 𝑠) + 

2

𝑠
𝓛[𝜈𝜈𝜉] − 

1

𝑠
𝓛[(𝑢𝜈)𝜉]. 

 

Applying the inverse Laplace transform (ℒ−1), we get 

 

𝑢(𝜉, 𝜏) = sin 𝜉 + ℒ−1 [
1

𝑠
𝑢𝜉𝜉(𝜉, 𝑠)  +  

2

𝑠
ℒ[𝑢𝑢𝜉]  −  

1

𝑠
ℒ[(𝑢𝜈)𝜉]], 

𝜈(𝜉, 𝜏) = sin 𝜉 + ℒ−1 [
1

𝑠
𝜈𝜉𝜉(𝜉, 𝑠)  +  

2

𝑠
ℒ[𝜈𝜈𝜉]  −  

1

𝑠
ℒ[(𝑢𝜈)𝜉]]. 

 

The decomposition series is given below. 

 

u(𝜉, 𝜏) = ∑ 𝑢𝑛(𝜉, 𝜏)∞
𝑛=0 , ν(𝜉, 𝜏) = ∑ 𝜈𝑛(𝜉, 𝜏)∞

𝑛=0  

 

and nonlinear terms decomposed using Adomian polynomials. 

 

uuξ = ∑ αn(ξ, τ) ∞
n=0 , ννξ = ∑ βn(ξ, τ) ∞

n=0 , (uν)ξ = ∑ γn(ξ, τ).∞
n=0  

 

From the inverse Laplace transform, the recursive scheme becomes 

 

𝑢0(𝜉, 𝜏) = sin 𝜉, 

𝜈0(𝜉, 𝜏) = sin 𝜉. 

 

𝑢𝑛+1(𝜉, 𝜏) = ℒ−1 [
1

𝑠
(ℒ[𝑢𝑛,𝜉𝜉 + 2αn − γn])], 

𝜈𝑛+1(𝜉, 𝜏) = ℒ−1 [
1

𝑠
(ℒ[𝜈𝑛,𝜉𝜉 + 2βn − γn])]. 

(22) 

 

Solve Equation (22) by using Adomian polynomials; we can obtain the following 

results: 

 

𝑢0 = sin 𝜉  𝜈0 = sin 𝜉 

𝑢1 = −𝜏 sin 𝜉 𝜈1 = −𝜏 sin 𝜉 

𝑢2 = 
𝜏2

2!
sin 𝜉 𝜈2 = 

𝜏2

2!
sin 𝜉 

𝑢3 = −
𝜏3

3!
sin 𝜉 𝜈3 = −

𝜏3

3!
sin 𝜉 

⋮ ⋮ 

𝑢7 = 
(−1)7𝜏7

7!
sin 𝜉 𝜈7 = 

(−1)7𝜏7

7!
sin 𝜉 

 

and so on. We use an 8-term approximation and set 

 

𝐴𝑝𝑝𝑟𝑜𝑥7
𝑢 = 𝑢0 + 𝑢1 + 𝑢3 + ⋯ + 𝑢7 

𝐴𝑝𝑝𝑟𝑜𝑥7
𝜈 = 𝜈0 + 𝜈1 + 𝜈3 + ⋯ + 𝜈7 

 

The two approximations 𝑢(𝜉, 𝜏) and 𝜈(𝜉, 𝜏) in closed form can be easily determined as 

follows. 

 

app𝑟𝑜𝑥𝑢(𝜉, 𝜏) ≅ sin 𝜉 [1 − 𝜏 +
𝜏2

2!
−

𝜏3

3!
+ ⋯ +

(−1)7𝜏7

7!
], 

app𝑟𝑜𝑥𝜈(𝜉, 𝜏) ≅ sin 𝜉 [1 − 𝜏 +
𝜏2

2!
−

𝜏3

3!
+ ⋯ +

(−1)7𝜏7

7!
]. 

(23) 
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This expansion is accurate up to the final term, which can be verified by expanding the 

right solution of the coupled Burgers’ Equations (18), which is 

 

𝑢(𝜉, 𝜏) = sin(𝜉) exp (−𝜏), 

 𝜈(𝜉, 𝜏) = sin(𝜉) exp (−𝜏). 
(24) 

 

which is identical to the results obtained by the Adomian decomposition method [37]. 

The numerical results of coupled Burgers’ equations are calculated as approximations 

and exact solutions of Equations (23) and (24), and 𝑢(𝜉, 𝜏) and 𝜈(𝜉, 𝜏) are both equal. The 

results are visualised using MATLAB, as shown in Table 2 and Figures 4-6, which compare 

the approximation and exact solutions. 

 
Table 1. Abbreviated comparison of exact and approximation solutions for Burger’s equation using 

MLADM at τ = 0.1. We considered the ξ-Values from −2 to 2, with a step size of ∆𝝃 = 0.5. 

ξ Exact Approximation Error 

-2.00 0.7338216187 0.7359453939 0.0021237753 

-1.50 0.6840553416 0.6846015003 0.0005461587 

-1.00 0.6282362488 0.6283161883 0.0000799395 

-0.50 0.5683168549 0.5683199835 0.0000031286 

0.00 0.5062496745 0.5062496745 0.0000000000 

0.50 0.4439872223 0.4439861095 0.0000011129 

1.00 0.3834820130 0.3834334955 0.0000485175 

1.50 0.3266865611 0.3262929005 0.0003936606 

2.00 0.2755533814 0.2738850187 0.0016683626 

 

 
Figure 1. Comparison of Exact and MLADM Approximation solutions at τ = 0.1. 

 

 
(a) 

 
(b) 

Figure 2. Modified Laplace Adomian Decomposition Method (MLADM) at time 𝜏 = 0.1 and spatial 

domain ξ ∈ [−2, 2], with a step size of ∆ξ = 0.5 (a) MLADM Approximation (b) Exact solution. 
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Figure 3. An absolute error contour map comparing the exact solution of Burger’s equation with the 8-

term MLADM approximation. 

 
Table 2. Comparison between exact and Approx

7
 solutions for coupled Burger’s equation using MLADM 

with a step size of ∆ξ = 0.5 and τ = 0.3. 

ξ Approximation Exact Error 

1.00 0.6233770364 0.6233770377 0.0000000013 

1.50 0.7389624595 0.7389624611 0.0000000016 

2.00 0.6736241004 0.6736241018 0.0000000014 

2.50 0.4433590680 0.4433590689 0.0000000009 

3.00 0.1045442731 0.1045442733 0.0000000002 

3.50 −0.2598666060 −0.2598666066 0.0000000006 

4.00 −0.5606530768 −0.5606530780 0.0000000012 

4.50 −0.7241721209 −0.7241721224 0.0000000015 

5.00 −0.7103885734 −0.7103885749 0.0000000015 

 

 
Figure 4. Comparison of Approximation and Exact solutions at τ = 0.3. 

 



Numerical Solution of Burger’s and Coupled Burger’s…. Mohd Amir and Najmuddin Ahmad 

ISSN: 1844 – 9581 Mathematics Section 

353 

 
(a) 

 
(b) 

Figure 5. (a) Exact Solution (b) Approximate solution of the coupled Burgers’ equation at τ = 0.3. 

 

 
Figure 6. This contour map shows the absolute error between the approximate and exact solutions of the 

coupled Burgers’ equation obtained with MLADM at τ = 0.3. 

 

 

 

4. CONCLUSIONS 

 

 

This paper successfully solves Burgers' and coupled Burgers' equations using the 

modified Laplace Adomian decomposition method (MLADM). For a suitable initial 

condition, the MLADM yields an infinite power series, which can then be expressed in a 

closed form, which is the precise solution. The findings demonstrate that the MLADM is a 

potent mathematical tool for resolving Burger’s and coupled Burger’s equations. It also shows 

promise as a technique for resolving other nonlinear equations. The resulting solutions are 

displayed graphically. In our work, we compute the series obtained via MLADM using 

MATLAB. 
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