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Abstract. The generalized auxiliary equation method (GAEM) was employed to solve
the wave equation of a nonlinear elastic rod (NER), yielding several exact infinite solutions.
Numerical simulations were conducted to illustrate the graphs of some of these solutions. The
findings contribute to the ongoing investigation into the existence of solitary waves in
nonlinear elastic rods. It is demonstrated that the GAEM is a straightforward, efficient, and
versatile approach, applicable to a wide range of other nonlinear evolution equations.
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1. INTRODUCTION

The rod is one of the most commonly used structural components, forming part of
many structures such as blood vessels in the human body and bridges, all of which can be
modelled as rods. Therefore, investigating the propagation characteristics of nonlinear waves
in rods is significant. The propagation of linear waves in elastic rods has already been utilised
in the study of the dynamic mechanical properties of materials and in non-destructive testing.
Nonlinear waves, particularly solitary waves, can still be detected after propagating over long
distances, making them more precise for non-destructive testing. This is particularly relevant
to long-distance pipelines used to transport oil and gas [1-6].

In [1], Zhang and Zhuang established the wave equation for a nonlinear elastic rod
(NER) incorporating transverse inertia effects for arbitrarily shaped cross-sections. The wave
equation of NER is given by
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where s represents the cross-sectional area of the rod, J, is the polar moment of inertia of
the rod's cross-section, ¢, = E/ p denotes the square of the longitudinal wave speed in linear
elasticity, E is the Young's modulus, p is the density of the rod, v is Poisson's ratio, and
both a, and n are material constants. In [1], Zhang and Zhuang set the material constant
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n=2. They transformed Equation (1) into the KdV equation and obtained soliton solutions
using inverse scattering method, demonstrating the existence of solitons in NER when n=2.
Many scholars have studied the soliton problem in nonlinear elastic rods. In [7], Hu et al. set
the material constant n=2 and conducted numerical simulations of Equation (1) using the
multi-symplectic method, discussing the effects of nonlinear and geometric dispersion effects
on soliton propagation. In [8], Duan and Zhao set the material constant n =3 and transformed
Equation (1) into the nonlinear Schrddinger equation using the reduced perturbation method,
obtaining envelope soliton solutions. In [9], LU et al. set the material constant n>2 and
transformed Equation (1) into the nonlinear Schrddinger equation using the reduced
perturbation method. The above studies demonstrate the existence of solitons and envelope
solitons in nonlinear elastic rods when the material constant n>2. However, it is important
to acknowledge that the solutions derived via the reduced perturbation method remain
approximate solutions of Equation (1). In [10], Kabir et al. employed three different methods
to derive exact solutions of Equation (1) with the material constant n=2. In [11], Celik et al.
utilised the Lie group analysis method alongside the F-expansion method to obtain exact
solutions of Equation (1) with the material constant n=2. In [12] and [13], Li et al. studied
exact solutions of Equation (1) using the planar dynamical systems method for the material
constants n=2, 3, 5, and odd numbers greater than 5.

Despite the aforementioned research on solving Equation (1), obtaining solutions
(especially exact solutions) remains challenging when the material constant « in Equation (1)
takes different values, including fractional values. It is important to note that, owing to the
efforts of scholars over the past few decades, numerous methods have been developed for
obtaining exact solutions to nonlinear evolution equations [14-25]. Among these methods, the
generalized auxiliary equation method (GAEM) is considered a relatively straightforward
approach [23-25]. In this paper, we apply the GAEM to solve Equation (1).

The paper is organised as follows: Section 2 introduces the GAEM. In Section 3, the
infinite exact solutions of Equation (1) are derived. Finally, Section 4 presents the conclusion
and includes numerical simulations.

2. AN INTRODUCTION TO GAEM

The GAEM was first introduced by Li and Wang in [23] and later extended by
Sirendaoreji in [25]. We now outline the main steps of the GAEM. Consider a given nonlinear
evolution equation
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We seek exact solutions of Equation (2) by taking
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where k and ¢ are undetermined constants. Under the transformation Equation (3), Equation
(2) becomes an ordinary differential equation
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We assume that Equation (4) has the exact solutions in the form

W(&) = uF " (8),

(5)

where x and m are parameters to be determined. F(&) satisfies a generalized ordinary
differential equation, which includes arbitrary powers of the dependent variable
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where A,B,C,and p are constants to be determined.

Equation (6) admits the following solutions [25]
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where o is an undetermined constant. Substituting Equation (5) and Equation (6) into
Equation (4) results in an algebraic system of equations in terms of powers of F(&), which

will determine the parameters x, m, A,B,C, p, and o. By employing Equation (5) and

the solutions from Equation (6), we can derive multiple exact solutions for Equation (2).

3. INFINITE EXACT SOLUTIONS OF EQUATION (1)

Substituting Equation (3) into Equation (1) yields
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Integrating Equation (18) with respect to & once and setting the integrating constant to

zero, we have
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Substituting Equation (5) and Equation (6) into Equation (19), we obtain

24F" (&) —2Am* fuF " (&) — 2Bm’ fuF P (&) — Bmp BuF "* (&)

—2Cm’ fuF "*? (&) - 2Cmp fuF ™ ** (£) - 2a/(1F " (&))" = 0. )
Balancing F™??(&) with F™ (&) gives
m+2p=mn = p:w. (24)
Substituting Equation (24) into Equation (23), we obtain
(2u—2Am* fu)F" (&)~ (2Bm* fu + Bmp fu)F P (&) (25)

—(2Cm?Bu +2Cmp fBu + 2ou”)F ™ P (£) = 0.

All the coefficients of the different powers of F(&) in Equation (25) must vanish.
This implies that the following equations are established

2u—2AM’ fu=0,

2Bm?Bu+BmppBu=0, (26)
2Cm’ Bu+2CmppBu+2au” =0.

Solving Equation (26) leads to the following solutions
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Substituting Equation (27), Equation (7), Equation (8) and Equations (14)-(17) into
Equation (5) we have the corresponding solution as
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In accordance with Equation (20), integrating Equations (28)-(33) with respect to &
once, we have
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U= Ii/ n+1 dé, 37)

(— -=&

T5

n+1 1

=|n= 38
uj\jiza n—l\/l e %)

cos (—= |-=&

2 B

5
ﬂi

u= [ dé. (39)
SRt
In a mathematical sense, since n can take infinitely many values excluding 1,
Equations (34)-(39) represent infinitely many exact solutions of Equation (1). Specifically,
Equation (34) and Equation (35) denote solitary wave solutions of Equation (1), whereas
Equations (36)-(39) correspond to trigonometric periodic wave solutions of Equation (1). A
comparison between the exact solutions obtained in this paper and those reported by Kabir et
al. in [10] and Celik et al. in [11] demonstrates that the solutions presented herein take novel
and entirely distinct mathematical forms.
With the infinite exact solutions described above, once the material constant n is
determined, we can obtain exact solutions of Equation (1) through integration. We can
provide a few examples to demonstrate these solutions.

For n= % Equations (34)-(39) yield
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u= 8 - 7[—9 COS(W) + COS(W)] +
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where & represents the integration constant.

For n= % Eqs. (34)-(39) yield
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where & represents the integration constant.
For n= %, Eqs. (34)-(39) yield
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where & represents the integration constant.
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For n=3, Eqgs. (34)-(39) yield

U= 2\/%arctan(tanh(k2x\7§t)) 45, (58)
U= \/jln(t oh (< \/ECt)) 45, (59)
U= \/? In(tan (‘Z‘/:_;)) 5, (60)
U= —\@ln(tan ( ki‘/__‘;)) 45, (61)

U= 2\@arctanh(tan(‘2‘i‘/:_‘;)) 45, (62)

_ o] .28 kx—ct
u= 2‘/ > arctanh(tan(zﬁ))JrE, (63)

where & represents the integration constant.
Since the material constant n can take various values (including fractional values),
infinite exact solutions can be obtained, which are not enumerated here individually.

4. NUMERICAL SIMULATIONS

The wave equation of NER was solved using the GAEM, yielding infinite solitary
wave solutions and infinite trigonometric periodic wave solutions. Based on these obtained
infinite exact solutions, numerical simulations can also be conveniently performed. Figures 1
and 2 show the solitary wave solutions of Equation (1) for specific values of the parameters
given in Equation (40) and Equation (52). As can be observed from the figures, these are two
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types of kink-shaped solitary waves. Figures 3 and 4 show the trigonometric periodic wave
solutions of Equation (1) for specific values of the parameters given in Equation (43) and
Equation (48). As can be observed from the figures, these are two periodic wave forms of
different shapes. Figures 5 and 6 illustrate the variation of u with parameters « and £ in
Equation (52). It can be observed from Figure 5 that the amplitude of u decreases as «
increases. Similarly, Figure 6 shows that the amplitude of u increases with the growth of 3.
For other exact solutions obtained, numerical simulations can be conducted using the same
method, which will not be listed here individually.
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Figure 1. 3D plot of Equation (40) for ¢ =0.6, k = 3Figure 2. 3D plot of Eqﬁation (52)for c=10, k=4
a=1500, #=1000, 6=2. a=30, =100, 6=2.
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Figure 3. 3D plot of Equation (43) for c=0.3, k = ZFigure 4. 3D plot of Equation (48) for c=0.3 k=2

a=15, p=-10, 6 =2. a=15, f=-20,0=2.
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Figure 5. 2D plot of Equation (52) for ¢ =10, k =4 Figure 6. 2D plot of Equation (52) for ¢ =10, k =4
t=2, =100, 6 =2. t=2,4g=3,0=2.

5. CONCLUSION
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The infinite exact solutions obtained in this paper demonstrate the existence of solitary
waves and trigonometric periodic waves in NER for the material constant n not equal to 1,
including fractional values of n. The infinite exact solutions presented in this work are of
great significance for the dynamic analysis and optimal design of various slender rod
structures, such as high-rise building columns, bridge cables, offshore drilling risers and
submarine pipelines. These findings provide a foundation for further research on the relevant
problem. The solution procedure for the wave equation of NER shows that the GAEM is a
concise and effective method that can also be extended to other nonlinear evolution equations.
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