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Abstract. In this study, we define the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas 

sequences, and the first few terms of these sequences are given. Then we obtain properties 

such as special generating functions, Binet formulas, etc. Also, we present special relations 

between these sequences and the roots of their characteristic equations. We obtain the 

relationship between the ratio of the biggest to the smallest of two consecutive terms of these 

sequences. In addition, we give important relations among the positive and negative index 

terms of these sequences, and the sum of the squares of two consecutive terms is related to 

these sequences. We calculate the significant identities of these sequences. Besides, we apply 

Catalan transformations of these sequences and obtain the first few terms. We present some 

features of these Catalan transformations, such as generating functions. Furthermore, we 

apply the Hankel transform to the Catalan transform of these sequences. 
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1. INTRODUCTION 
 

 

In mathematics, sequences play a crucial role in clarifying how a problem arises under 

specific conditions. One of the most famous of these problems is the Rabbit Problem from 

Leonardo Fibonacci's renowned book Liber Abaci. Based on the outcomes of the rabbit 

problem, the Fibonacci sequence is defined, and the relationships between consecutive terms 

of this sequence are derived. 

The most famous number sequences are the Fibonacci and Lucas sequences. These 

sequences have attracted the attention of scientists for centuries. Fibonacci sequences have 

been applied in various fields such as engineering [1], chemistry [2], biomathematics [3], 

phylotaxis [4], cryptology [5], economy [6], group theory [7], etc. Scientists have conducted 

numerous studies on the generalisation of the Fibonacci sequence. Examples of studies carried 

out are 𝑘-Edouard [8], Fermat [9], Narayana [10], 𝑘-Mersenne [11], Discatenated [12], 𝑘-

Chebyshev [13], 𝑘-Jacobsthal [14], Olivier [15], 𝑘-Jacobsthal-Lucas [16], Pell [17], Padovan 

[18], Bronze Leonardo [19], 𝑘-Oresme [20], 𝑘-Leonardo [21], Gaussian Mersenne [22], 

Fibonacci link [23], Francois [24], Perrin [25], Balancing [26], Benoulli [27], Bronze 

Fibonacci [28], 𝑘-Cullen [29], Raoul [30], Bell [31], 𝑘-Blaise [32], Perfect Square [33], Poly-

Bernoulli [34], k-Quasi-Morgan-Voyce [35], (Fabulous) Fibonacci [36], Copper Fibonacci 

polynomials [37] sequences, etc.  

                                                 

 
1
Erzincan Binali Yildirım University, Graduate School of Natural and Applied Sciences, Department of 

Mathematics, 24002 Erzincan, Turkiye. E-mail: hakan.akkus@ogr.ebyu.edu.tr. 
2 
Marmara University, Faculty of Sciences, Department of Mathematics, 34722 Istanbul, Turkiye.  

E-mail: engin.ozkan@marmara.edu.tr. 

https://doi.org/10.46939/J.Sci.Arts-26.2-a03
mailto:hakan.akkus@ogr.ebyu.edu.tr
mailto:engin.ozkan@marmara.edu.tr


 Structural Propertıes and Special Transformations…  Hakan Akkus and Engin Ozkan                                                                   

www.josa.ro Mathematics Section 

288 

For 𝑛 ∈ ℕ, the Fibonacci numbers [39] 𝐹𝑛, Bronze Fibonacci numbers [28] 𝐵𝐹𝑛, Lucas 

numbers [39] 𝐿𝑛, Bronze Lucas numbers [28] 𝐵𝐿𝑛, Jacobsthal numbers [39] 𝐽𝑛, and Fermat 

numbers [39] 𝐸𝑛 are defined by, respectively, the recurrence relations, 
 

𝐹𝑛+2 = 𝐹𝑛+1 + 𝐹𝑛, 𝐵𝐹𝑛+2 = 3𝐵𝐹𝑛+1 + 𝐵𝐹𝑛, 𝐿𝑛+2 = 𝐿𝑛+1 + 𝐿𝑛, 

𝐵𝐿𝑛+2 = 3𝐵𝐿𝑛+1 + 𝐵𝐿𝑛, 𝐽𝑛+2 = 𝐽𝑛+1 + 2𝐽𝑛, and 𝐸𝑛+2 = 3𝐸𝑛+1 − 2𝐸𝑛 

with  
 

𝐹0 = 0, 𝐹1 = 1, 𝐵𝐹0 = 0, 𝐵𝐹1 = 1, 𝐿0 = 2, 𝐿1 = 1, 𝐵𝐿0 = 2, 𝐵𝐿1 = 3, 𝐽0 = 0, 𝐽1 = 1, 
 

and  

𝐸0 = 0, 𝐸1 = 1 
 

For 𝐹𝑛, 𝐵𝐹𝑛, 𝐿𝑛, 𝐵𝐿𝑛, 𝐽𝑛, and 𝐸𝑛 the Binet formulas are  
 

𝐹𝑛 =
𝑘1

𝑛−𝑘2
𝑛

𝑘1−𝑘2
, 𝐵𝐹𝑛 =

𝑚1
𝑛−𝑚2

𝑛

𝑚1−𝑚2
, 𝐿𝑛 = 𝑘1

𝑛 + 𝑘2
𝑛, 

𝐵𝐿𝑛 = 𝑚1
𝑛 + 𝑚2

𝑛,  𝐽𝑛 =
𝑗1
𝑛−𝑗2

𝑛

𝑗1−𝑗2
, and 𝐸𝑛 =

𝑒1
𝑛−𝑒2

𝑛

𝑒1−𝑒2
, 

 

where 𝑘1 =
1+√5

2
= 1,618033988749894 …, 𝑘2 =

1−√5

2
, 𝑚1 =

3+√13

2
= 3.302775638 …,  

𝑚2 =
3−√13

2
, 𝑗1 = 2, 𝑗2 = −1, and 𝑒1 = 2, 𝑒2 = 1  are the roots of the characteristic equations 

𝑘2 − 𝑘 − 1 = 0, 𝑚2 − 3𝑚 − 1 = 0, 𝑗2 − 𝑗 − 2 = 0, and 𝑒2 − 3𝑒 − 2 = 0. The 𝑘1, and 𝑚1 

numbers here are the golden ratio and bronze ratio, respectively, from the metallic ratios. 
 

Some of the identities between Fibonacci and Lucas sequences are as follows (for 

more identities, see [38] and [39]). 

i. 𝐹𝑛−1𝐹𝑛+1 − 𝐹𝑛+2𝐹𝑛−2 = 2(−1)𝑛,          

ii.  𝐿𝑛 = 𝐹𝑛+1 + 𝐹𝑛−1 

iii. 𝐹3𝑛 = 𝐹2𝑛𝐿𝑛 − 𝐹𝑛(−1)𝑛,                     

iv. 𝐿𝑛
2 = 𝐿2𝑛 + 2(−1)𝑛, 

v. 𝐹𝑛+1𝐿𝑛 − 𝐿𝑛+1𝐹𝑛 = 2(−1)𝑛,                

vi. 𝐿𝑛𝐿𝑛+1 − 𝐿2𝑛+1 = (−1)𝑛,    

vii. 5𝐹𝑛
2 = 𝐿2𝑛 − 2(−1)𝑛,                        

viii. 
𝐹𝑛+1

𝐹𝑛
−

𝐿𝑛+1

𝐿𝑛
=

2(−1)𝑛

𝐹2𝑛
. 

 

The Cassini formulas for Fibonacci and Lucas sequences 
 

𝐹𝑛+1𝐹𝑛−1 − 𝐹𝑛
2 = (−1)𝑛 and 𝐿𝑛+1𝐿𝑛−1 − 𝐿𝑛

2 = 5(−1)𝑛−1. 
 

One of the interesting applications of the Cassini identity is its use in geometric 

paradoxes (see details in [21] pages 100-108). For 𝑛 ∈ ℕ, the Copper Fibonacci numbers [40] 

𝐶𝐹𝑛 and Copper Lucas numbers [40] 𝐶𝐿𝑛 are defined by, respectively, the recurrence 

relations,  

𝐶𝐹𝑛+2 = 4𝐶𝐹𝑛+1 + 𝐶𝐹𝑛 and 𝐶𝐿𝑛+2 = 4𝐶𝐿𝑛+1 + 𝐶𝐿𝑛 
 

with 𝐶𝐹0 = 0, 𝐶𝐹1 = 1 and 𝐶𝐿0 = 2, 𝐶𝐿1 = 4. 
 

For 𝐶𝐹𝑛 and 𝐶𝐿𝑛 the Binet formulas are  

 



Structural Propertıes and Special Transformations…  Hakan Akkus and Engin Ozkan                                                                    

ISSN: 1844 – 9581 Mathematics Section 

289 

𝐶𝐹𝑛 =
𝜅𝑛−𝜃𝑛

𝜅−𝜃
 and 𝐶𝐿𝑛 = 𝜅𝑛 + 𝜃𝑛 

 

where 𝜅 = 2 + √5 = 4.23606797749979 …, and 𝜃 = 2 − √5 are the roots of the 

characteristic equation 𝑟2 − 4𝑟 − 1 = 0. The number 𝜅 here is the copper ratio from metallic 

ratios. 
 

In [40], Özkan and Akkuş defined the Copper Fibonacci 𝐶𝐹𝑛 and Copper Lucas 𝐶𝐿𝑛 

numbers. In addition, they obtained the following properties of these sequences. For 𝑚, 𝑛 ∈
ℕ, 

i. 𝐶𝐹𝑛+𝑚𝐶𝐹𝑛−𝑚 − 𝐶𝐹𝑛
2 = (−1)𝑛−𝑚+1𝐶𝐹𝑚

2,     

ii. 𝐶𝐿𝑛+𝑚𝐶𝐿𝑛−𝑚 − 𝐶𝐿𝑛
2 = 20(−1)𝑛−𝑚𝐶𝐹𝑚

2, 

iii. 𝐶𝐹𝑛+𝑚+1 = 𝐶𝐹𝑛+1𝐶𝐹𝑚+1 + 𝐶𝐹𝑛𝐶𝐹𝑚,        

iv. 𝐶𝐿𝑛+𝑚+1 = 𝐶𝐿𝑚+1𝐶𝐹𝑛+1 + 𝐶𝐿𝑚𝐶𝐹𝑛, 

v. 𝜃2𝑛 =
𝐶𝐹2𝑛

2
(2√5 − 𝜅)√5 −

𝐶𝐿2𝑛−1

4
,             

vi. 𝜅2𝑛 =
𝐶𝐹2𝑛

2
𝜅√5 −

𝐶𝐿2𝑛−1

4
. 

 

With the help of the recurrence relation of the Fibonacci sequence, 𝑘-Fibonacci 

sequences were presented, and these sequences had a significant place in algebra and number 

theory. 𝑘-Fibonacci and 𝑘-Lucas sequences have applications in different scientific fields like 

graph theory [41], cryptology [42], group theory [43], etc. 

For 𝑛 ∈ ℕ, the 𝑘-Fibonacci sequence [48] 𝑓𝑘,𝑛 and 𝑘-Lucas sequence [48] 𝑙𝑘,𝑛 are 

defined by, respectively, the recurrence relations,  
 

𝑓𝑘,𝑛+2 = 𝑘𝑓𝑘,𝑛+1 + 𝑓𝑘,𝑛 and 𝑙𝑘,𝑛+2 = 𝑘𝑙𝑘,𝑛+1 + 𝑙𝑘,𝑛, 
 

with the initial conditions 𝑓𝑘,0 = 0, 𝑓𝑘,1 = 1 and 𝑙𝑘,0 = 2, 𝑙𝑘,1 = 𝑘. 
 

For 𝑓𝑘,𝑛 and 𝑙𝑘,𝑛, the Binet formulas are  
 

𝑓𝑘,𝑛 =
𝑠1
𝑛−𝑠2

𝑛

𝑠1−𝑠2
 and 𝑙𝑘,𝑛 = 𝑠1

𝑛 + 𝑠2
𝑛 

where 𝑠1 =
𝑘+√𝑘2+4

2
 and 𝑠2 =

𝑘−√𝑘2+4

2
 are the roots of the characteristic equation 𝑠2 − 𝑘𝑠 −

1 = 0.  
  

In [44], Godase and Dhakne studied the properties of 𝑘-Fibonacci and 𝑘-Lucas 

sequences. In addition, Falcon defined the convolutions 𝑘-Fibonacci sequences, and he found 

many properties of these sequences [45]. In another work, Falcon defined the convolutional 

𝑘-Lucas sequence and introduced the Binet formula and generating functions of this sequence 

[46]. Moreover, Ramirez [47] made different applications of the convolutional 𝑘-Fibonacci 

sequence and made the sequence attract the attention of scientists. In [48], Falcon and Plaza 

studied repeated partial sums of 𝑘-Fibonacci sequences and they showed interesting 

properties of these sequences. Özkan and Akkuş [49], inspired by Dickson polynomials and 

the Fibonacci sequence, defined Dickson 𝑘-Fibonacci polynomials and they calculated special 

identities of this sequence. In [50], Godase applied 𝑘-Fibonacci and 𝑘-Lucas sequences to 

hyperbolic quaternions. Also, Polatlı et al. brought a different perspective to these quaternions 

by applying them in various ways [51]. 

As can be seen from the studies carried out so far, many generalizations of the 

Fibonacci and Lucas sequences have been studied. In this study, we present a new 

generalization inspired by the Copper Fibonacci numbers and 𝑘-Fibonacci sequences. We call 
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these sequences the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences and denote them as 

𝐶𝐹𝑘,𝑛, and 𝐶𝐿𝑘,𝑛, respectively. 
 

 

2. 𝒌-COPPER FIBONACCI AND 𝒌-COPPER LUCAS SEQUENCES 
 

 

In this chapter, we define the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences, and 

several initial terms of these sequences are presented in order to illustrate their structures and 

behaviors. Furthermore, various algebraic properties of these sequences are investigated in 

detail. Recurrence relations, generating functions, and relationships between the two 

sequences are also examined. In addition, some fundamental identities and special cases are 

derived, revealing important characteristics of the sequences.  
 

Definition 2.1. For 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ, the 𝑘-Copper Fibonacci 𝐶𝐹𝑘,𝑛, and 𝑘-Copper Lucas 

𝐶𝐿𝑘,𝑛 are defined by, respectively, 
 

𝐶𝐹𝑘,𝑛+2 = 4𝐶𝐹𝑘,𝑛+1 + 𝑘𝐶𝐹𝑘,𝑛 (2.1) 
 

with 𝐶𝐹𝑘,0 = 0 and 𝐶𝐹𝑘,1 = 1, 
 

𝐶𝐿𝑘,𝑛+2 = 4𝐶𝐿𝑘,𝑛+1 + 𝑘𝐶𝐿𝑘,𝑛 (2.2) 
 

with 𝐶𝐿𝑘,0 = 2 and 𝐶𝐿𝑘,1 = 4. 
 

Note that when 𝑘 =  1, the Copper Fibonacci and Copper Lucas sequences are 

obtained [see details in [40]. Below, calculations for some 𝑘 values are performed and 

correlated with sequences in OEIS: 

 For 𝑘 = 2, 𝐶𝐹2,𝑛 = {0, 1, 4, 18, 80, 356, 1584, 7048,… } OEIS index is A090017, 

 For 𝑘 = 3, 𝐶𝐹3,𝑛 = {0, 1, 4, 19, 88, 409, 1900, 8827,… } OEIS index is A015530, 

 For 𝑘 = 5, 𝐶𝐹5,𝑛 = {0, 1, 4, 21, 104, 521, 2604,… } OEIS index is A015530, 

 For 𝑘 = 6, 𝐶𝐹6,𝑛 = {0, 1, 4, 22, 112, 580, 2992,… } OEIS index is A085939. 
 

The characteristic equation of the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences 

is 

𝑣2 − 4𝑣 − 𝑘 = 0. (2.3) 
 

The roots of this equation 
 

𝑣1 = 2 + √𝑘 + 4, and 𝑣2 = 2 − √𝑘 + 4. 
 

Next, we give the relationships between these roots below: 
 

𝑣1 + 𝑣2 = 4, 𝑣1 − 𝑣2 = 2√4 + 𝑘, 𝑣1𝑣2 = −𝑘, and 𝑣1
2 + 𝑣2

2 = 16 + 2𝑘. 
 

Some terms of the 𝐶𝐹𝑘,𝑛 and 𝐶𝐿𝑘,𝑛 sequences are 

0, 1, 4, 𝑘 + 16, 8𝑘 + 64, 𝑘2 + 48k + 256, 12𝑘2 + 256k + 1024, … 
and 

2, 4, 2𝑘 + 16, 12𝑘 + 64, 2𝑘2 + 64𝑘 + 256, 20𝑘2 + 320𝑘 + 1024,…, 

respectively. 
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Next, the Binet formulas of the 𝐶𝐹𝑘,𝑛, and 𝐶𝐿𝑘,𝑛 are expressed. 
 

Theorem 2.1. Let 𝑛 ∈ ℕ. We have 

i. 𝐶𝐹𝑘,𝑛 = 
𝑣1

𝑛−𝑣2
𝑛

𝑣1−𝑣2
,                                       

ii. 𝐶𝐿𝑘,𝑛 = 𝑣1
𝑛 + 𝑣2

𝑛. 
 

Proof: i. The following general form is used to find equality: 
 

𝐶𝐹𝑘,𝑛(𝑥) = 𝑠𝑣1
𝑛 + 𝑡𝑣2

𝑛. 
 

𝑠 and 𝑡 values are obtained by solving the equation obtained by giving different values to the 

above equation. For 𝑛 = 0, 𝐶𝐹𝑘,0 = 0 and for 𝑛 = 1, 𝐶𝐹𝑘,1 = 1. So, 𝑠 =
1

𝑣1−𝑣2
 and 𝑡 =

−1

𝑣1−𝑣2
. 

 

Thus, we obtain  

𝐶𝐹𝑘,𝑛 = 
𝑣1

𝑛−𝑣2
𝑛

𝑣1−𝑣2
. 

 

Other proofs are shown in a similar way.                                                                           □                                                                       

In the following theorems, we establish relationships among the roots of the 

characteristic equation of these sequences and the sequences themselves.  
 

Theorem 2.2. The relationship between two consecutive terms of 𝐶𝐹𝑘,𝑛 and 𝐶𝐿𝑘,𝑛 sequences 

are as follows: 

lim𝑛→∞
𝐶𝐹𝑘,𝑛+1

𝐶𝐹𝑘,𝑛
= 𝑣1 and lim𝑛→∞

𝐶𝐿𝑘,𝑛+1

𝐶𝐿𝑘,𝑛
= 𝑣1. 

 

Proof: Binet formulas are used for the proof. We obtain 
 

 lim𝑛→∞
𝐶𝐹𝑘,𝑛+1

𝐶𝐹𝑘,𝑛
=

𝑣1
𝑛+1−𝑣2

𝑛+1

𝑣1−𝑣2

𝑣1
𝑛−𝑣2

𝑛

𝑣1−𝑣2

= lim
𝑛→∞

𝑣1
𝑛+1(1−(

𝑣2
𝑣1

)𝑛+1)

𝑣1
𝑛(1−(

𝑣2
𝑣1

)
𝑛
)

 

 

Thus, we obtain 

lim𝑛→∞
𝐶𝐹𝑘,𝑛+1

𝐶𝐹𝑘,𝑛
= 𝑣1. 

Similarly, we have 

                                                               lim𝑛→∞
𝐶𝐿𝑘,𝑛+1

𝐶𝐿𝑘,𝑛
= 𝑣1.                                                         

□ 
 

Theorem 2.3. Let 𝑚 = 𝑣1 or 𝑚 = 𝑣2, 𝑘 ∈ ℝ+, and 𝑛, 𝑠, 𝑟, 𝑝 ∈ ℕ. We obtain 

i. 𝑚𝑛 = 𝑚𝐶𝐹𝑘,𝑛 + 𝑘𝐶𝐹𝑘,𝑛−1,                      

ii. 𝑘 + 4𝑚 + 𝑚2(2𝑛+1+1) = 𝑚2(2𝑛+1)𝐶𝐿𝑘,2𝑛+1.               

iii. 𝑚2𝑛 = 𝑚𝑛𝐶𝐿𝑘,𝑛 − (−𝑘)𝑛,                   

iv. 𝑚𝑛𝑝 =
𝑚𝑛𝐶𝐹𝑘,𝑛𝑝

𝐶𝐹𝑘,𝑛
− (−𝑘)𝑛 𝐶𝐹𝑘,𝑛(𝑝−1)

𝐶𝐹𝑘,𝑛
,                

v. 𝑚𝑛 = 𝑚𝑠𝐶𝐹𝑘,𝑛−𝑠+1 + 𝑘𝑚𝑠−1𝐶𝐹𝑘,𝑛−𝑠.    
 

Proof: i. For 𝑚 = 𝑣1, we have 
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𝑚𝐶𝐹𝑘,𝑛 + 𝑘𝐶𝐹𝑘,𝑛−1 = 𝑣1 (
𝑣1

𝑛−𝑣2
𝑛

𝑣1−𝑣2
) + 𝑘 (

𝑣1
𝑛−1−𝑣2

𝑛−1

𝑣1−𝑣2
) =

𝑣1
𝑛−1(𝑣1

2+𝑘)−𝑣2
𝑛−1(𝑣1𝑣2+𝑘)

𝑣1−𝑣2
= 𝑣1

𝑛. 

 

For 𝑚 = 𝑣2, we have 

𝑚𝐶𝐹𝑘,𝑛 + 𝑘𝐶𝐹𝑘,𝑛−1 = 𝑣2 (
𝑣1

𝑛−𝑣2
𝑛

𝑣1−𝑣2
) + (

𝑣1
𝑛−1−𝑣2

𝑛−1

𝑣1−𝑣2
) =

𝑣1
𝑛−1(𝑣1𝑣2+𝑘)−𝑣2

𝑛(𝑣2+
𝑘

𝑣2
)

𝑣1−𝑣2
= 𝑣2

𝑛. 

 

Other proofs are shown in a similar way.                                                                                   □                                                                       
 

Theorem 2.4. Let 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ. We have 

i. 𝑣1
2𝑛 =

𝐶𝐹𝑘,2𝑛

2
𝑣1√4 + 𝑘 − 𝑘

𝐶𝐿𝑘,2𝑛−1

4
,             

ii. 𝑣1
2𝑛+1 = −𝑘

𝐶𝐹𝑘,2𝑛

2
√4 + 𝑘 + 𝑣1

𝐶𝐿𝑘,2𝑛+1

4
,  

iii. 𝑣2
2𝑛+1 = −𝑘

𝐶𝐹𝑘,2𝑛

2
√4 + 𝑘 − 𝑣2

𝐶𝐿𝑘,2𝑛+1

4
,     

iv. 2√4 + 𝑘𝐶𝐹𝑘,𝑛 + 𝐶𝐿𝑘,𝑛 = 2𝑣1
𝑛,                  

v. 2√4 + 𝑘𝐶𝐹𝑘,𝑛 − 𝐶𝐿𝑘,𝑛 = −2𝑣2
𝑛. 

 

Proof: Binet formulas are used for proofs. We have 
 

i.  
𝐶𝐹𝑘,2𝑛

2
𝑣1√4 + 𝑘 − 𝑘

𝐶𝐿𝑘,2𝑛−1

4
=

𝑣1
2𝑛−𝑣2

2𝑛

2(𝑣1−𝑣2)
𝑣1√4 + 𝑘 − 𝑘

𝑣1
2𝑛−1+𝑣2

2𝑛−1

4
 

                                                  =
𝑣1

2𝑛+1−𝑣1𝑣2
2𝑛−𝑣1

2𝑛−1−𝑣2
2𝑛−1

4
 

                                                  =
𝑣1

2𝑛(𝑣1−
𝑘

𝑣1
)+𝑣2

2𝑛(−𝑣1−
𝑘

𝑣2
)

4
 

                                                  = 𝑣1
2𝑛. 

 

Other proofs are shown in a similar way.                                                                                   □                                                                       
 

In the next theorems, we obtain special relations between the 𝐶𝐹𝑘,𝑛, and 𝐶𝐿𝑘,𝑛 

sequences.                                                                                                                               
 

Theorem 2.5. Let 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ. The following equations are satisfied: 

i. 𝐶𝐹𝑘,𝑛 =
1

2𝑘+8
𝐶𝐿𝑘,𝑛+1 −

1

𝑘+4
𝐶𝐿𝑘,𝑛,              

ii. 𝐶𝐿𝑘,𝑛 = 2𝐶𝐹𝑘,𝑛+1 − 4𝐶𝐹𝑘,𝑛. 
 

Proof: i. The following relation is used for proofs: 
 

𝐶𝐹𝑘,𝑛 = 𝑎 × 𝐶𝐿𝑘,𝑛+1 + 𝑏 × 𝐶𝐿𝑘,𝑛. 
 

For these 𝑛 values, we obtain: 
 

𝐶𝐹𝑘,0 = 𝑎 × 𝐶𝐿𝑘,1 + 𝑏 × 𝐶𝐿𝑘,0, 

𝐶𝐹𝑘,1 = 𝑎 × 𝐶𝐿𝑘,2 + 𝑏 × 𝐶𝐿𝑘,1. 
 

If the values are substituted, the following equation system is obtained. 
 

0 = 4𝑎 + 2𝑏, 

1 = 16a + 2𝑘𝑎 + 4𝑏. 

We find  

𝑎 =
1

2𝑘+8
 and 𝑏 = −

1

𝑘+4
. 
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Other proof is shown in a similar way.                                                                                       □                                                                       

 

Theorem 2.6. Let 𝑘 ∈ ℝ+, 𝑚, 𝑛 ∈ ℕ, and 𝑛 > 𝑚. We have 

i. 𝐶𝐹𝑘,𝑛+𝑚+1 = 𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑚+1 + 𝐶𝐹𝑘,𝑛𝐶𝐹𝑘,𝑚,       

ii. 𝐶𝐿𝑘,𝑛 =
𝐶𝐿𝑘,−𝑛

2
(𝐶𝐿𝑘,𝑛

2 − 𝐶𝐿𝑘,2𝑛),         

iii. 𝐶𝐿𝑘,𝑛+𝑚+1 = 𝐶𝐿𝑘,𝑚+1𝐶𝐹𝑘,𝑛+1 + 𝐶𝐿𝑘,𝑚𝐶𝐹𝑘,𝑛,  

iv. 𝐶𝐹𝑘,𝑛
2 + 𝐶𝐹𝑘,𝑛+1

2 = 𝐶𝐹𝑘,2𝑛+1 − 2(−𝑘)𝑛(1 − 𝑘). 

v. 𝐶𝐹𝑘,𝑛 = 𝐶𝐹𝑘,−𝑛(√4 + 𝑘𝐶𝐹𝑘,𝑛
2 −

1

2
𝐶𝐿𝑘,2𝑛),         

vi. 𝐶𝐿𝑘,𝑛
2 + 𝐶𝐿𝑘,𝑛+1

2 = 𝐶𝐿𝑘,2𝑛 + 𝐶𝐿𝑘,2𝑛+2. 
 

Proof: Binet formulas are used for the proofs. We obtain: 
 

i. 𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑚+1 + 𝐶𝐹𝑘,𝑛𝐶𝐹𝑘,𝑚 =
𝑣1

𝑛+1−𝑣2
𝑛+1

𝑣1−𝑣2

𝑣1
𝑚+1−𝑣2

𝑚+1

𝑣1−𝑣2
+

𝑣1
𝑛−𝑣2

𝑛

𝑣1−𝑣2

𝑣1
𝑚−𝑣2

𝑚

𝑣1−𝑣2
 

                                                     =
𝑣1

𝑛+𝑚+1(𝑣1−𝑣2)−𝑣2
𝑛+𝑚+1(𝑣1−𝑣2)

(𝑣1−𝑣2)2
 

                                                     =
𝑣1

𝑛+𝑚+1−𝑣2
𝑛+𝑚+1

𝑣1−𝑣2
 

                                                     = 𝐶𝐹𝑘,𝑛+𝑚+1. 
 

v. 𝐶𝐹𝑘,−𝑛 =
𝑣1

−𝑛−𝑣2
−𝑛

𝑣1−𝑣2
= −

𝑣1
𝑛−𝑣2

𝑛

(𝑣1−𝑣2)𝑣1
𝑛𝑣2

𝑛 = −
𝐶𝐹𝑘,𝑛

𝑣1
𝑛𝑣2

𝑛. So, we get 𝑣1
𝑛𝑣2

𝑛 = −
𝐶𝐹𝑘,−𝑛

𝐶𝐹𝑘,𝑛
. 

 

Then we find     
                                                                                                                         

𝐶𝐹𝑘,𝑛
2 =

𝑣1
𝑛−𝑣2

𝑛

𝑣1−𝑣2

𝑣1
𝑛−𝑣2

𝑛

𝑣1−𝑣2
=

𝑣1
2𝑛+𝑣2

2𝑛−2𝑣1
𝑛𝑣2

𝑛

(𝑣1−𝑣2)(𝑣1−𝑣2)
=

1

2√4+𝑘
𝐶𝐿𝑘,2𝑛 −

1

√4+𝑘
𝑣1

𝑛𝑣2
𝑛. 

 

Thus, we obtain 

𝐶𝐹𝑘,𝑛 = 𝐶𝐹𝑘,−𝑛(√4 + 𝑘𝐶𝐹𝑘,𝑛
2 −

1

2
𝐶𝐿𝑘,2𝑛). 

 

Other proofs are shown in a similar way.                                                                                   □                                                                       
 

In the following theorem, we examine the relationships among 𝐶𝐹𝑘,𝑛, 𝐶𝐿𝑘,𝑛, 𝐹𝑛, and 

𝐿𝑛. 
 

Theorem 2.7. Let 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ. We have 

i. 𝐶𝐹𝑘,𝑛 = 𝑘𝑛𝐶𝐹𝑘,−𝑛 (
𝐹3𝑛−𝐹2𝑛(𝐹𝑛+1+𝐹𝑛−1)

𝐹𝑛
),              

ii. 𝐶𝐿𝑘,𝑛 = 𝑘𝑛𝐶𝐿𝑘,−𝑛(𝐿𝑛𝐿𝑛+1 − 𝐿2𝑛+1), 

iii. 𝐶𝐿𝑘,𝑛
2 − (4𝑘 + 16)𝐶𝐹𝑘,𝑛

2 = 4𝑘𝑛(
𝐹2𝑛𝐹𝑛+1

2𝐹𝑛
−

𝐹2𝑛𝐿𝑛+1

2𝐿𝑛
). 

 

Proof: Binet formulas are used for the proofs. We obtain 
 

i. 𝐶𝐹𝑘,−𝑛 =
𝑣1

−𝑛−𝑣2
−𝑛

𝑣1−𝑣2
= −

𝑣1
𝑛−𝑣2

𝑛

(𝑣1−𝑣2)𝑣1
𝑛𝑣2

𝑛 = −
𝐶𝐹𝑘,𝑛

𝑣1
𝑛𝑣2

𝑛. Thus, we get  

     𝐶𝐹𝑘,𝑛 = −𝐶𝐹𝑘,−𝑛(−1)𝑛𝑘𝑛 

               = 𝐶𝐹𝑘,−𝑛
𝐹3𝑛−𝐹2𝑛𝐿𝑛

𝐹𝑛
𝑘𝑛 

               = 𝑘𝑛𝐶𝐹𝑘,−𝑛 (
𝐹3𝑛−𝐹2𝑛(𝐹𝑛+1+𝐹𝑛−1)

𝐹𝑛
). 
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ii. 𝐶𝐿𝑘,−𝑛 = 𝑣1
−𝑛 + 𝑣2

−𝑛 =
𝑣1

𝑛+𝑣2
𝑛

𝑣1
𝑛𝑣2

𝑛 =
𝐶𝐿𝑘,𝑛

(−𝑘)𝑛
. Thus, we have 

      𝐶𝐿𝑘,𝑛 = 𝐶𝐿𝑘,−𝑛(−1)𝑛𝑘𝑛 

                = 𝐶𝐿𝑘,−𝑛(𝐿𝑛𝐿𝑛+1 − 𝐿2𝑛+1)𝑘
𝑛.  

iii. 𝐶𝐿𝑘,𝑛
2 − (4𝑘 + 16)𝐶𝐹𝑘,𝑛

2 = (𝑣1
𝑛 + 𝑣2

𝑛)2 − (4𝑘 + 16)(
𝑣1

𝑛−𝑣2
𝑛

𝑣1−𝑣2
)2 

                                              = 𝑣1
2𝑛 + 𝑣2

2𝑛 + 2𝑣1
𝑛𝑣2

𝑛 − 𝑣1
2𝑛 − 𝑣2

2𝑛 + 2𝑣1
𝑛𝑣2

𝑛 

                                              = 4𝑣1
𝑛𝑣2

𝑛 

                                              = 4(−𝑘)𝑛 

                                                = 4𝑘𝑛(
𝐹2𝑛𝐹𝑛+1

2𝐹𝑛
−

𝐹2𝑛𝐿𝑛+1

2𝐿𝑛
).                                                          □ 

 

Next, we find the sum formulas of the 𝐶𝐹𝑘,𝑛, and 𝐶𝐿𝑘,𝑛 sequences. Also, we give 

binomial formulas of these sequences.  
                                                                                                                                

Theorem 2.8. Let 𝑚, 𝑛, 𝑝, 𝑟 ∈ ℕ. We obtain 
 

i. ∑ CFk,rm+p = {

−CFk,nr+r+p+(−k)rCFk,nr+p+CFk,r−p+CFk,p

1+(−k)r−CLk,r
, if p < r

−CFk,nr+r+p+(−k)rCFk,nr+p+CFk,p−r+CFk,p

1+(−k)r−CLk,r
, othervise

n
m=0 , 

ii. ∑ CLk,rm+p = {

−CLk,nr+r+p+(−k)rCLk,nr+p−CLk,r−p+CLk,p

1+(−k)r−CLk,r
, if p < r

(−1)rCLk,nr+p−CLk,p−r+CLk,p−CLk,nr+r+p

1+(−k)r−CLk,r
, othervise

n
m=0 . 

 

Proof: i. Binet formulas are used for proofs. We have 
 

 ∑ 𝐶𝐹𝑘,𝑟𝑚+𝑝 = ∑
𝑣1

𝑟𝑚+𝑝
−𝑣2

𝑟𝑚+𝑝

𝑣1−𝑣2

𝑛
𝑚=0

𝑛
𝑚=0 =

𝑣1
𝑝

𝑣1−𝑣2
∑ (𝑣1

𝑟)𝑚𝑛
𝑦=0 −

𝑣2
𝑝

𝑣1−𝑣2
∑ (𝑣2

𝑟)𝑚𝑛
𝑚=0  

                           =
𝑣1

𝑝

𝑣1−𝑣2

𝑣1
𝑛𝑟+𝑟−1

𝑣1
𝑟−1

−
𝑣2

𝑝

𝑣1−𝑣2

𝑣2
𝑛𝑟+𝑟−1

𝑣2
𝑟−1

  

                           = {

−𝐶𝐹𝑘,𝑛𝑟+𝑟+𝑝+(−𝑘)𝑟𝐶𝐹𝑘,𝑛𝑟+𝑝+𝐶𝐹𝑘,𝑟−𝑝+𝐶𝐹𝑘,𝑝

1+(−𝑘)𝑟−𝐶𝐿𝑘,𝑟
, if 𝑝 < 𝑟

−𝐶𝐹𝑘,𝑛𝑟+𝑟+𝑝+(−1)𝑟𝐶𝐹𝑘,𝑛𝑟+𝑝+𝐶𝐹𝑘,𝑝−𝑟+𝐶𝐹𝑘,𝑝

1+(−𝑘)𝑟−𝐶𝐿𝑘,𝑟
, othervise

. 

 

Another proof is shown in a similar way.                                                                                   □                                                                       
 

Corollary 2.1. The special sum formulas of 𝐶𝐹𝑘,𝑛 and 𝐶𝐿𝑘,𝑛 sequences are as follows: 

i. ∑ 𝐶𝐹𝑘,𝑚 =𝑛
𝑚=0

𝐶𝐹𝑘,𝑛+1+𝑘𝐶𝐹𝑘,𝑛−1

𝑘+3
,               

ii. ∑ 𝐶𝐿𝑘,𝑚 =𝑛
𝑚=0

𝐶𝐿𝑘,𝑛+1+𝑘𝐶𝐿𝑘,𝑛−2

𝑘+3
, 

iii. ∑ 𝐶𝐹𝑘,2𝑚 =𝑛
𝑚=0

−𝐶𝐹𝑘,2𝑛+2+𝑘2𝐶𝐹𝑘,2𝑛+4

𝑘2−2𝑘−15
,    

iv. ∑ 𝐶𝐿𝑘,2𝑚 =𝑛
𝑚=0

−𝐶𝐿𝑘,2𝑛+2+𝑘2𝐶𝐿𝑘,2𝑛+𝐶𝐿𝑘,2𝑛+1+2𝑘+14

𝑘+3
, 

v. ∑ 𝐶𝐹𝑘,2𝑚+1 =𝑛
𝑚=0

−𝐶𝐹𝑘,2𝑛+3+𝑘2𝐶𝐹𝑘,2𝑛+1+2

𝑘2−2𝑘−15
,  

vi. ∑ 𝐶𝐿𝑘,2𝑚+1 =𝑛
𝑚=0

−𝐶𝐿𝑘,2𝑛+3+𝑘2𝐶𝐿𝑘,2𝑛+1

𝑘2−2𝑘−15
. 

 

Proof: i. In Theorem 2.8, if 𝑝 = 0 and 𝑟 = 1, we obtain  
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                                           ∑ 𝐶𝐹𝑘,𝑚 =𝑛
𝑚=0

𝐶𝐹𝑘,𝑛+1+𝑘𝐶𝐹𝑘,𝑛−1

𝑘+3
.                                                       □ 

 

Next, we obtain special generating functions of the 𝐶𝐹𝑘,𝑛, and 𝐶𝐿𝑘,𝑛 sequences.  

 

Theorem 2.9. Let 𝑟, 𝑛, 𝑝 ∈ ℕ, and 𝑝 > 𝑟, we obtain 

i. ∑ 𝐶𝐹𝑘,𝑟𝑛+𝑝𝑡𝑛 =∞
𝑛=0

𝐶𝐹𝑘,𝑝−𝑡(−𝑘)𝑟𝐶𝐹𝑘,𝑝−𝑟

1−𝑡𝐶𝐿𝑘,𝑟+(−𝑘)𝑟𝑡2 ,           

ii. ∑ 𝐶𝐿𝑘,𝑟𝑛+𝑝𝑡𝑛 =
𝐶𝐿𝑘,𝑝−𝑡(−𝑘)𝑟𝐶𝐿𝑘,𝑝−𝑟

1−𝑡𝐶𝐿𝑘,𝑟+(−𝑘)𝑟𝑡2
∞
𝑛=0 , 

iii. ∑
𝐶𝐹𝑘,𝑟𝑛

𝑛!
𝑡𝑛∞

𝑛=0 =
𝑒𝑣1

𝑟𝑡−𝑒𝑣2
𝑟𝑡

𝑣1−𝑣2
,                            

iv. ∑
𝐶𝐿𝑘,𝑟𝑛

𝑛!
𝑡𝑛 =∞

𝑛=0 𝑒𝑣1
𝑟𝑡 + 𝑒𝑣2

𝑟𝑡. 

 

Proof: Binet formulas are used for the proofs. We obtain 
 

i.  ∑ 𝐶𝐹𝑘,𝑟𝑛+𝑝𝑡𝑛 =∞
𝑖=0 ∑

𝑣1
𝑟𝑛+𝑝

−𝑣2
𝑟𝑛+𝑝

𝑣1−𝑣2

∞
𝑛=0 𝑡𝑛 

                                =
𝑣1

𝑝

𝑣1−𝑣2
∑ (𝑣1

𝑟𝑡)𝑛∞
𝑛=0 −

𝑣2
𝑝

𝑣1−𝑣2
∑ (𝑣2

𝑟𝑡)𝑛∞
𝑛=0  

                                =
𝑣1

𝑝

𝑣1−𝑣2

1

1−𝑣1
𝑟𝑡

−
𝑣2

𝑝

𝑣1−𝑣2

1

1−𝑣2
𝑟𝑡

 

                                =
𝐶𝐹𝑘,𝑝−𝑡(−𝑘)𝑟𝐶𝐹𝑘,𝑝−𝑟

1−𝑡𝐶𝐿𝑘,𝑟+(−𝑘)𝑟𝑡2 . 

iv. ∑
𝐶𝐿𝑘,𝑟𝑛

𝑛!
𝑡𝑛 =∞

𝑛=0 ∑
𝑣1

𝑟𝑛+𝑣2
𝑟𝑛

𝑛!
∞
𝑛=0 𝑡𝑛 

                            = ∑
(𝑣1

𝑟𝑡)𝑛

𝑛!
∞
𝑛=0 + ∑

(𝑣2
𝑟𝑡)𝑛

𝑛!
∞
𝑛=0  

                            = 𝑒𝑣1
𝑟𝑡 + 𝑒𝑣2

𝑟𝑡. 
 

Other proofs are shown in a similar way.                                                                                   □                                                                       
 

Corollary 2.2. The generating functions of 𝐶𝐹𝑘,𝑛 and 𝐶𝐿𝑘,𝑛 sequences are as follows: 

i. 𝑓(𝑡) = ∑ 𝐶𝐹𝑘,𝑛𝑡𝑛∞
𝑛=0 =

𝑡

1−4𝑡−𝑘𝑡2,            

ii. 𝑙(𝑡) = ∑ 𝐶𝐿𝑘,𝑛𝑡𝑛∞
𝑛=0 =

2−4𝑡

1−4𝑡−𝑘𝑡2. 

 

Proof: i. In Theorem 2.9, if 𝑝 = 0 and 𝑟 = 1, we obtain  

 

                                           𝑓(𝑡) = ∑ 𝐶𝐹𝑘,𝑛𝑡𝑛∞
𝑛=0 =

𝑡

1−4𝑡−𝑘𝑡2.                                                   □ 

 

In the following theorem, we calculate some identities of the 𝐶𝐹𝑘,𝑛, and 𝐶𝐿𝑘,𝑛 

sequences.                                                                                                                              
 

Theorem 2.10. i. (Cassini Identity) Let 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ. We get 

 𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑛−1 − 𝐶𝐹𝑘,𝑛
2 = (−𝑘)𝑛,     

  𝐶𝐿𝑘,𝑛+1𝐶𝐿𝑘,𝑛−1 − 𝐶𝐿𝑘,𝑛
2 = (4𝑘 + 16)(−𝑘)𝑛−1. 

ii. (Halton Identity) Let 𝑘 ∈ ℝ+, 𝑛, 𝑖, 𝑗 ∈ ℕ, and 𝑖, 𝑗 < 𝑛. We get 

 𝐶𝐹𝑘,𝑛+𝑖𝐶𝐹𝑘,𝑛−𝑖 − 𝐶𝐹𝑘,𝑛+𝑗𝐶𝐹𝑘,𝑛−𝑗 =
1

(4𝑘+16)
[(−𝑘)𝑛−𝑗𝐶𝐿𝑘,2𝑗 − (−𝑘)𝑛−𝑖𝐶𝐿𝑘,2𝑖] 

 𝐶𝐿𝑘,𝑛+𝑖𝐶𝐿𝑘,𝑛−𝑖 − 𝐶𝐿𝑘,𝑛+𝑗𝐶𝐿𝑘,𝑛−𝑗 = (−𝑘)𝑛−𝑖𝐶𝐿𝑘,2𝑖 − (−𝑘)𝑛−𝑗𝐶𝐿𝑘,2𝑗. 

iii. (d’ocagne Identity) Let 𝑘 ∈ ℝ+, 𝑛, 𝑖 ∈ ℕ, and 𝑖 < 𝑛. We get 
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 𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑖 − 𝐶𝐹𝑘,𝑛𝐶𝐹𝑘,𝑖+1 = (−𝑘)𝑖+1𝐶𝐹𝑘,𝑛−𝑖,     

  𝐶𝐿𝑘,𝑛+1𝐶𝐿𝑘,𝑖 − 𝐶𝐿𝑘,𝑛𝐶𝐿𝑘,𝑖+1 = (4𝑘 + 16)(−𝑘)𝑖𝐶𝐹𝑘,𝑛−𝑖. 

iv. (Vajda Identity) Let 𝑘 ∈ ℝ+, 𝑛, 𝑖, 𝑗 ∈ ℕ, and 𝑖, 𝑗 < 𝑛. We get 

 𝐶𝐹𝑘,𝑛+𝑖𝐶𝐹𝑘,𝑛+𝑗 − 𝐶𝐹𝑘,𝑛𝐶𝐹𝑘,𝑛+𝑖+𝑗 = (−𝑘)𝑛𝐶𝐹𝑘,𝑖𝐶𝐹𝑘,𝑗, 

  𝐶𝐿𝑘,𝑛+𝑖𝐶𝐿𝑘,𝑛+𝑗 − 𝐶𝐿𝑘,𝑛𝐶𝐿𝑘,𝑛+𝑖+𝑗 = (4𝑘 + 16)(−𝑘)𝑛+1𝐶𝐹𝑘,𝑖𝐶𝐹𝑘,𝑗. 

v. (Catalan Identity) Let 𝑘 ∈ ℝ+, 𝑛, 𝑖 ∈ ℕ, and 𝑖 < 𝑛. We get 

 𝐶𝐹𝑘,𝑛+𝑖𝐶𝐹𝑘,𝑛−𝑖 − 𝐶𝐹𝑘,𝑛
2 = (−𝑘)𝑛−𝑖+1𝐶𝐹𝑘,𝑖

2 ,       

 𝐶𝐿𝑘,𝑛+𝑖𝐶𝐿𝑘,𝑛−𝑖 − 𝐶𝐿𝑘,𝑛
2 = (4𝑘 + 16)(−𝑘)𝑛−𝑖𝐶𝐹𝑘,𝑖

2 . 

vi. (Gelin-Cesaro Identity) Let 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ. We get 

 𝐶𝐹𝑘,𝑛+2𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑛−1𝐶𝐹𝑘,𝑛−2 − 𝐶𝐹𝑘,𝑛
4 =

1

(4𝑘+16)
(

1

(−𝑘)𝑛−3 𝐶𝐿𝑘,2𝑛+4 +
1

(−𝑘)𝑛−2 𝐶𝐿𝑘,2𝑛+2 

 +
1

(−𝑘)2𝑛−3 𝐶𝐿𝑘,6 +
1

(−𝑘)𝑛
𝐶𝐿𝑘,2𝑛−2 +

1

(−𝑘)𝑛+1 𝐶𝐿𝑘,2𝑛−4 +
1

(−𝑘)𝑛−3 𝐶𝐿𝑘,2𝑛 + 16𝑘2 − 3), 

 𝐶𝐿𝑘,𝑛+2𝐶𝐿𝑘,𝑛+1𝐶𝐿𝑘,𝑛−1𝐶𝐿𝑘,𝑛−2 − 𝐶𝐿𝑘,𝑛
4 =

1

(−𝑘)𝑛−2 𝐶𝐿𝑘,2𝑛+4 +
1

(−𝑘)𝑛−1 𝐶𝐿𝑘,2𝑛+2 

 +
1

(−𝑘)2𝑛−3 𝐶𝐿𝑘,6 +
1

(−𝑘)𝑛+1 𝐶𝐿𝑘,2𝑛−2 +
1

(−𝑘)2𝑛−1 𝐶𝐿𝑘,2 +
1

(−𝑘)𝑛+2 𝐶𝐿𝑘,2𝑛−4 −
1

(−𝑘)𝑛−2 𝐶𝐿𝑘,2𝑛 − 𝑘. 

vii. (Padilla Identity) Let 𝑘 ∈ ℝ+, and 𝑛 ∈ ℕ. We get 

 𝐶𝐹𝑘,𝑛+2
3 + 𝐶𝐹𝑘,𝑛−1

3 − 3𝐶𝐹𝑘,𝑛𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑛+2 =
1

(4𝑘+16)
(𝐶𝐹𝑘,3𝑛+6 − 3𝐶𝐹𝑘,3𝑛+3 + 𝐶𝐹𝑘,3𝑛−3 

+3𝐶𝐹𝑘,2𝑛+3 − 3𝐶𝐹𝑘,𝑛+2 + 3𝐶𝐹𝑘,𝑛+1), 

 𝐶𝐿𝑘,𝑛+2
3 + 𝐶𝐿𝑘,𝑛−1

3 − 3𝐶𝐿𝑘,𝑛𝐶𝐿𝑘,𝑛+1𝐶𝐿𝑘,𝑛+2 = 𝐶𝐿𝑘,3𝑛+6 + 3𝐶𝐿𝑘,𝑛+2+𝐶𝐿𝑘,3𝑛−3 

+3𝐶𝐿𝑘,𝑛−1 + (4𝑘 + 16)(−𝐶𝐹𝑘,3𝑛+3 − 3𝐶𝐹𝑘,𝑛−1 + 3𝐶𝐹𝑘,𝑛+1 + 3𝐶𝐹𝑘,2𝑛+3). 

viii. (Melham Identity) Let 𝑘 ∈ ℝ+, 𝑛 ∈ ℕ. We get 

 𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑛+2𝐶𝐹𝑘,𝑛+6 − 𝐶𝐹𝑘,𝑛
3 =

1

(4𝑘+16)
(𝐶𝐹𝑘,3𝑛+9 − 𝐶𝐹𝑘,3𝑛 −

1

(−𝑘)𝑛+1 𝐶𝐹𝑘,𝑛+7 

−
1

(−𝑘)𝑛+2 𝐶𝐹𝑘,𝑛+5 +
3

(−𝑘)𝑛
𝐶𝐹𝑘,𝑛 −

1

(−𝑘)𝑛+6 𝐶𝐹𝑘,𝑛−3),  

  𝐶𝐿𝑘,𝑛+1𝐶𝐿𝑘,𝑛+2𝐶𝐿𝑘,𝑛+6 − 𝐶𝐿𝑘,𝑛
3 = 𝐶𝐿𝑘,3𝑛+9 − 𝐶𝐿𝑘,3𝑛 +

1

(−𝑘)𝑛+1 𝐶𝐿𝑘,𝑛+7 

+
1

(−𝑘)𝑛+2 𝐶𝐿𝑘,𝑛+5 −
3

(−𝑘)𝑛
𝐶𝐿𝑘,𝑛 +

1

(−𝑘)𝑛+6 𝐶𝐿𝑘,𝑛−3.                  

 

Proof: Binet formulas are used for proofs. We have 

i. 𝐶𝐹𝑘,𝑛+1𝐶𝐹𝑘,𝑛−1 − 𝐶𝐹𝑘,𝑛
2 = 

𝑣1
𝑛+1−𝑣2

𝑛+1

𝑣1−𝑣2

𝑣1
𝑛−1−𝑣2

𝑛−1

𝑣1−𝑣2
−

𝑣1
𝑛−𝑣2

𝑛

𝑣1−𝑣2

𝑣1
𝑛−𝑣2

𝑛

𝑣1−𝑣2
 

                                           = 
𝑣1

2𝑛−𝑣1
𝑛+1𝑣2

𝑛−1−𝑣2
𝑛+1𝑣1

𝑛−1+𝑣2
2𝑛

(𝑣1−𝑣2)2
−

𝑣1
2𝑛−2𝑣1

𝑛𝑣2
𝑛+𝑣2

2𝑛

(𝑣1−𝑣2)2
 

                                           =
(𝑣1𝑣2)𝑛

−𝑣1
𝑣2

(𝑣1−𝑣2)2
+

(𝑣1𝑣2)𝑛
−𝑣2
𝑣1

(𝑣1−𝑣2)2
+

2(𝑣1𝑣2)𝑛

(𝑣1−𝑣2)2
           

                                           = (−𝑘)𝑛.         

ii. 𝐶𝐿𝑘,𝑛+1𝐶𝐿𝑘,𝑛−1 − 𝐶𝐿𝑘,𝑛
2 = (𝑣1

𝑛+1 + 𝑣2
𝑛+1)(𝑣1

𝑛−1 + 𝑣2
𝑛−1) − (𝑣1

𝑛 + 𝑣2
𝑛)(𝑣1

𝑛 + 𝑣2
𝑛) 

                                            = 𝑣1
2𝑛 + 𝑣1

𝑛+1𝑣2
𝑛−1 + 𝑣1

𝑛−1𝑣2
𝑛+1 + 𝑣2

2𝑛 − 𝑣1
2𝑛 − 2𝑣1

𝑛𝑣2
𝑛 − 𝑣2

2𝑛 

                                            = (𝑣1𝑣2)
𝑛(−

𝑣1

𝑣2
−

𝑣2

𝑣1
+ 2) 

                                            = (4𝑘 + 16)(−𝑘)𝑛−1.                                                                        
 

Other proofs are shown in a similar way.                                                                                   □                                                                       
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3. CATALAN TRANSFORMATION 
 

 

In this section, we apply the Catalan transformation to these sequences and find their 

first few terms. In addition, we obtain some properties of the Catalan transformation of these 

sequences. Moreover, the Hankel transform is applied to the Catalan transformation of these 

sequences. Moreover, very interesting results are obtained with the terms of the Hankel 

transformation. 

Catalan numbers are one of the most important sequences in combinatorics and 

discrete mathematics. They appear naturally in many counting problems involving recursive 

or hierarchical structures. The sequence was named after the Belgian mathematician Eugène 

Charles Catalan. 

In [52], for 𝑛 ∈ ℕ+, the Catalan numbers and the generating function of the Catalan 

numbers are  

𝐶𝑛 =
𝐶(2𝑛,𝑛) 

𝑛+1
, and 𝑐(𝑡) =

1−√1−4𝑡

2𝑡
. 

 

Using the definition of the Catalan transformation, the Catalan transformation of the 

𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences are defined as follows: 
 

 𝐶𝐶𝐹𝑘,𝑛 = ∑
𝑖

2𝑛−𝑖
(
2𝑛 − 𝑖
𝑛 − 𝑖

)𝑛
𝑖=0 𝐶𝐹𝑘,𝑖, 𝑛 ∈ ℕ+ with 𝐶𝐶𝐹𝑘,0 = 0 

and 

𝐶𝐶𝐿𝑘,𝑛 = ∑
𝑖

2𝑛−𝑖
(
2𝑛 − 𝑖
𝑛 − 𝑖

)𝑛
𝑖=0 𝐶𝐿𝑘,𝑖, 𝑛 ∈ ℕ+ with 𝐶𝐶𝐿𝑘,0 = 0. 

 

Next, the first five values of 𝐶𝐶𝐹𝑘,𝑛, and 𝐶𝐶𝐿𝑘,𝑛 are given below: 
 

𝐶𝐶𝐹𝑘,0 = 0, 𝐶𝐶𝐹𝑘,1 = 1, 𝐶𝐶𝐹𝑘,2 = 5, 𝐶𝐶𝐹𝑘,3 = 𝑘 + 26, 

𝐶𝐶𝐹𝑘,4 = 11𝑘 + 137, 𝐶𝐶𝐹𝑘,5 = 𝑘2 + 89𝑘 + 726, 

and 

𝐶𝐶𝐿𝑘,0 = 0, 𝐶𝐶𝐿𝑘,1 = 4, 𝐶𝐶𝐿𝑘,2 = 2𝑘 + 20, 𝐶𝐶𝐿𝑘,3 = 16𝑘 + 104, 

𝐶𝐶𝐿𝑘,4 = 2𝑘2 + 110𝑘 + 548, 𝐶𝐶𝐿𝑘,5 = 28𝑘2 + 712𝑘 + 2904. 
 

We can write 𝐶𝐶𝐹𝑘,𝑛 and 𝐶𝐶𝐿𝑘,𝑛 as the product of 𝑛𝑥1 type 𝐶𝐹𝑘,𝑛 and 𝐶𝐿𝑘,𝑛’s of the 

lower triangular Catalan matrix 𝐶: 

[
 
 
 
 
𝐶𝐶𝐹𝑘,1

𝐶𝐶𝐹𝑘,2

𝐶𝐶𝐹𝑘,3

𝐶𝐶𝐹𝑘,4

⋮ ]
 
 
 
 

=

[
 
 
 
 
1
1
2
5
⋮

 
1
2
5
⋮

1
3
⋮

1
⋮

 …
…
…
…
⋱ ]

 
 
 
 

[
 
 
 
 
𝐶𝐹𝑘,1

𝐶𝐹𝑘,2

𝐶𝐹𝑘,3

𝐶𝐹𝑘,4

⋮ ]
 
 
 
 

 and 

[
 
 
 
 
𝐶𝐶𝐿𝑘,1

𝐶𝐶𝐿𝑘,2

𝐶𝐶𝐿𝑘,3

𝐶𝐶𝐿𝑘,4

⋮ ]
 
 
 
 

=

[
 
 
 
 
1
1
2
5
⋮

 
1
2
5
⋮

1
3
⋮

1
⋮

 …
…
…
…
⋱ ]

 
 
 
 

[
 
 
 
 
𝐶𝐿𝑘,1

𝐶𝐿𝑘,2

𝐶𝐿𝑘,3

𝐶𝐿𝑘,4

⋮ ]
 
 
 
 

. 

 

So, 

[
 
 
 
 

1
5

𝑘 + 26
11𝑘 + 37

⋮ ]
 
 
 
 

 = 

[
 
 
 
 
1
1
2
5
⋮

 
1
2
5
⋮

1
3
⋮

1
⋮

 …
…
…
…
⋱ ]

 
 
 
 

 

[
 
 
 
 

1
4

𝑘 + 16
8𝑘 + 64

⋮ ]
 
 
 
 

 

and 
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[
 
 
 
 

4
2𝑘 + 20

16𝑘 + 104
2𝑘2 + 110𝑘 + 548

⋮ ]
 
 
 
 

 = 

[
 
 
 
 
1
1
2
5
⋮

 
1
2
5
⋮

1
3
⋮

1
⋮

 …
…
…
…
⋱ ]

 
 
 
 

 

[
 
 
 
 

4
2𝑘 + 16
12𝑘 + 64

2𝑘2 + 64𝑘 + 256
⋮ ]

 
 
 
 

. 

 

Next, we obtain the generating functions of the Catalan transformation of 𝐶𝐹𝑘,𝑛, and 

𝐶𝐿𝑘,𝑛 sequences. 
 

Theorem 3.1. Let 𝑘 ∈ ℝ+, 𝑛 ∈ ℕ. We get 

i. 𝐹(𝑡) = ∑ 𝐶𝐶𝐹𝑘,𝑛𝑡𝑛∞
𝑛=0 =

2−2√1−4𝑡

−4−𝑘−𝑘(1−4𝑡)−(8+2𝑘)√1−4𝑡
,                                

ii. 𝐿(𝑡) = ∑ 𝐶𝐶𝐿𝑘,𝑛𝑡𝑛∞
𝑛=0 =

2√1−4𝑡

−4−𝑘−𝑘(1−4𝑡)−(8+2𝑘)√1−4𝑡
. 

 

Proof: i. The following equations are used for the proof: 
 

𝐹(𝑡) = 𝐶𝐶𝐹𝑘,𝑛(𝑡) = 𝐶𝐶𝐹𝑘,𝑛(𝑡 ∗ 𝑐(𝑡)). 

Thus, we obtain 

  𝐹(𝑡) =
1−√1−4𝑡

2

1−4(
1−√1−4𝑡

2
)−𝑘(

1−√1−4𝑡

2𝑡
)2

 

              =
2−2√1−4𝑡

−4−𝑘−𝑘(1−4𝑡)−(8+2𝑘)√1−4𝑡
. 

 

The other proof is shown in a similar way.                                                                              □      
 

In [53], for 𝑛 ∈ ℕ+, the Hankel transform 𝐻n of the terms of this sequence was 

defined as follows: 

𝐻n = 𝑑𝑒𝑡

[
 
 
 
 
𝑎1 𝑎2 𝑎3 ⋯ 𝑎𝑛

𝑎2 𝑎3 ⋮ 𝑎𝑛 ⋮
𝑎3 ⋮ 𝑎𝑛 ⋮ ⋮
⋮ 𝑎𝑛 ⋮ ⋮ ⋮

𝑎𝑛 ⋯ ⋯ ⋯ 𝑎2𝑛−1]
 
 
 
 

. 

 

Here {𝑎1, 𝑎2, 𝑎3, … } are the elements of the sequence. Next, we apply Hankel’s work 

to the 𝑘-Copper Fibonacci 𝐶𝐶𝐹𝑘,𝑛 and Catalan 𝑘-Copper Lucas 𝐶𝐶𝐿𝑘,𝑛 sequences, 

respectively. We obtain 

 𝐻𝐶𝐶𝐹𝑘,1 = 𝑑𝑒𝑡[𝐶𝐶𝐹𝑘,1] = 𝑑𝑒𝑡[1] = 1 = 𝐶𝐹𝑘,1, 

 𝐻𝐶𝐶𝐹𝑘,2 = 𝑑𝑒𝑡 [
𝐶𝐶𝐹𝑘,1 𝐶𝐶𝐹𝑘,2

𝐶𝐶𝐹𝑘,2 𝐶𝐶𝐹𝑘,3
] = 𝑑𝑒𝑡 [

1 5
5 𝑘 + 26

] = 𝑘 + 1 = 𝑘𝐶𝐹𝑘,1 + 𝐶𝐹𝑘,1, 

 𝐻𝐶𝐶𝐹𝑘,3 = 𝑑𝑒𝑡 [

𝐶𝐶𝐹𝑘,1 𝐶𝐶𝐹𝑘,2 𝐶𝐶𝐹𝑘,3

𝐶𝐶𝐹𝑘,2 𝐶𝐶𝐹𝑘,3 𝐶𝐶𝐹𝑘,4

𝐶𝐶𝐹𝑘,3 𝐶𝐶𝐹𝑘,4 𝐶𝐶𝐹𝑘,5

] 

                     = 𝑑𝑒𝑡 [
1 5 𝑘 + 26
5 𝑘 + 26 11𝑘 + 137

𝑘 + 26 11𝑘 + 137 𝑘2 + 89𝑘 + 726
] 

                     = 𝑘2 + 3𝑘 + 1 = 𝑘𝐶𝐹𝑘,2 + (1 −
13

4
𝑘)𝐶𝐹𝑘,1, 

and 

 𝐻𝐶𝐶𝐿𝑘,1 = 𝑑𝑒𝑡[𝐶𝐶𝐿𝑘,1] = 𝑑𝑒𝑡[4] = 4 = 𝐶𝐿𝑘,1, 
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 𝐻𝐶𝐶𝐿𝑘,2 = 𝑑𝑒𝑡 [
𝐶𝐶𝐿𝑘,1 𝐶𝐶𝐿𝑘,2

𝐶𝐶𝐿𝑘,2 𝐶𝐶𝐿𝑘,3
] = 𝑑𝑒𝑡 [

4 2𝑘 + 20
2𝑘 + 20 16𝑘 + 104 

] 

                     = −(2𝑘 − 4)2 = −(𝐶𝐿𝑘,2 − 3𝐶𝐿𝑘,1)
2, 

 𝐻𝐶𝐶𝐿𝑘,3 = 𝑑𝑒𝑡 [

𝐶𝐶𝐿𝑘,1 𝐶𝐶𝐿𝑘,2 𝐶𝐶𝐿𝑘,3

𝐶𝐶𝐿𝑘,2 𝐶𝐶𝐿𝑘,3 𝐶𝐶𝐿𝑘,4

𝐶𝐶𝐿𝑘,3 𝐶𝐶𝐿𝑘,4 𝐶𝐶𝐿𝑘,5

] = −48𝑘2 − 192𝑘 + 64 

                     = −16𝑘𝐶𝐿𝑘,2 + 32𝐶𝐿𝑘,1 + 32𝐶𝐿𝑘,0. 

 

 

4. CONCLUSIONS 
 

 

In this study, the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences are defined. 

These sequences are generalized forms of the classical Fibonacci and Lucas sequences, and 

new sequences with different ratios are derived by using the parameter 𝑘. First, these 

sequences are defined, and the first few terms of both sequences are calculated and presented. 

This allows for a clearer understanding of the sequences' structure and differences. 

Subsequently, specific generating functions for these sequences are derived. These generating 

functions allow for closed expressions of the sequences, and their analytical properties are 

examined in detail. Furthermore, as with the classical Fibonacci and Lucas sequences, closed 

Binet-like formulas are derived for the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences. 

These Binet formulas are expressed in terms of the roots of the characteristic equations of the 

sequences. The characteristic equations of the sequences are established, and the specific 

relationships between the roots of these equations and the sequences are presented in detail. In 

particular, meaningful connections are established between the magnitudes of the absolute 

values of the characteristic roots and the limit behavior of the sequences. Furthermore, by 

examining the ratio between two consecutive terms of these sequences, it is shown that the 

ratio of the largest term to the smallest term converges to a certain value. This ratio is 

important for understanding the long-term growth rates of the sequences. In addition, 

symmetric relations between the positively and negatively indexed terms of the sequences are 

revealed, and these relations are proven analytically. Furthermore, the connections between 

these sequences and the sum of the squares of the consecutive terms are detailed, and various 

identities are derived in this context. These identities are found to provide in-depth 

information about the structural properties of the sequences. The study also applies Catalan 

transformations to the 𝑘-Copper Fibonacci and 𝑘-Copper Lucas sequences, and the first few 

terms of the new sequences resulting from these transformations are calculated and presented. 

The generating functions of the sequences resulting from these transformations are also 

obtained. Finally, the Hankel transformation is applied to these new sequences. The structures 

of the sequences obtained from the Hankel transformation are examined, and the effects of 

this transformation on the sequences in terms of symmetry and determinant relations are 

discussed. Thus, meaningful mathematical results have been obtained on both the original 𝑘-

Copper Fibonacci and Lucas sequences and the derivative sequences obtained by applying 

Catalan and Hankel transformations to them. These results can shed light on the possible 

applications of such generalized sequences in number theory and combinatorics. Upon 

examining this work, several algebraic properties of new generalized sequences can also be 

investigated. In particular, the Parastichy Fibonacci [54], Ernst [55], and John [56] sequences 

may be defined and studied through their recurrence relations, generating functions, and 

matrix representations. Therefore, this study may provide a basis for future research on 

generalized recursive sequences. 
 



 Structural Propertıes and Special Transformations…  Hakan Akkus and Engin Ozkan                                                                   

www.josa.ro Mathematics Section 

300 

 

REFERENCES 
 

 

[1] Oliveira, R. R., Alves, F. R. V., An investigation of the bivariate complex Fibonacci 

polynomials supported in didactic engineering: an application of Theory of Didactics 

Situations (TSD), Acta Scientiae, 21(3), 170, 2019.  

[2] Otto, H. H., Fibonacci stoichiometry and superb performance of Nb16W5O55 and 

related super-battery materials, Journal of Applied Mathematics and Physics, 10(6), 

1936, 2022. https://doi.org/10.4236/jamp.2022.106133  

[3] Avazzadeh, Z., Hassani, H., Agarwal, P., Mehrabi, S., Javad Ebadi, M., Hosseini Asl, 

M. K., Optimal study on fractional fascioliasis disease model based on generalized 

Fibonacci polynomials, Mathematical Methods in the Applied Sciences, 46(8), 9332, 

2023. https://doi.org/10.1002/mma.9057  

[4] Turner, H. A., Humpage, M., Kerp, H., Hetherington, A. J., Leaves and sporangia 

developed in rare non-Fibonacci spirals in early leafy plants, Science, 380(6650), 1188, 

2023. https://doi.org/10.1126/science.adg4014  

[5] Aydınyüz, S., Aşcı, M., The Moore-Penrose Inverse of the Rectangular Fibonacci 

Matrix and Applications to the Cryptology, Advances and Applications in Discrete 

Mathematics, 40(2), 195, 2023. https://doi.org/10.17654/0974165823066  

[6] Bhattacharya, S., Kumar, K., A computational exploration of the efficacy of Fibonacci 

Sequences in technical analysis and trading, Annals of Economics and Finance, 7(1), 

185, 2006. 

[7] Knox, S. W., Fibonacci sequences in finite groups, The Fibonacci Quarterly, 30(2), 

116, 1992. https://doi.org/10.1080/00150517.1992.12429362  

[8] Akkuş, H., Özkan, E., A Note on Edouard Sequence, Journal of Science and Arts, 

25(2), 337, 2025. https://doi.org/10.46939/J.Sci.Arts-25.2-a11  

[9] Normenyo, B., Rihane, S., Togbe, A., Fermat and Mersenne numbers in k-Pell 

sequence, Matematychni Studii, 56(2), 115, 2021. https://doi.org/10.30970/ms.56.2.115-

123  

[10] Bala, R. O. J. I., Mishra, V. I. N. O. D., Narayana matrix sequence, In Proceedings of 

the Jangjeon Mathematical Society, 25(4), 427, 2022. 

https://dx.doi.org/10.17777/pjms2022.25.4.527  

[11] Özkan, E., Şen, B., Akkuş, H., Uysal, M., A Study on the k-Mersenne and k-Mersenne-

Lucas Sequences, Universal Journal of Mathematics and Applications, 8(1), 1, 2025. 

https://doi.org/10.32323/ujma.1566270  

[12] Akkuş, H., Deveci, Ö., Özkan, E., Shannon, A. G., Discatenated and lacunary 

recurrences, Notes on Number Theory and Discrete Mathematics, 30(1), 8, 2024. 

https://doi.org/10.7546/nntdm.2024.30.1.8-19  

[13] Özkan, E., Akkus, H., On k-Chebsyhev Sequence, Wseas Transactions on Mathematics, 

22, 503, 2023. https://doi.org/10.37394/23206.2023.22.56  

[14] Jhala, D., Sisodiya, K., Rathore, G. P. S., On some identities for k-Jacobsthal numbers, 

International Journal of Mathematical Analysis, 7(12), 551, 2013. 

[15] Akkus, H., Özkan, E., A New Approach to Olivier Sequences, Mathematica 

Montisnigri, 61, 24, 2024. https://doi.org/10.20948/mathmontis-2024-61-2  

[16] Godase, A. D., Binomial sums with k-Jacobsthal and k-Jacobsthal-Lucas numbers, 

Notes on Number Theory and Discrete Mathematics, 28(3), 466, 2022. 

https://doi.org/10.7546/nntdm.2022.28.3.466-476  

[17] Catarino, P., On some identities and generating functions for k-Pell numbers, 

International Journal of Mathematical Analysis, 7(38), 1877, 2013. 

https://dx.doi.org/10.12988/ijma.2013.35131  

https://doi.org/10.4236/jamp.2022.106133
https://doi.org/10.1002/mma.9057
https://doi.org/10.1126/science.adg4014
https://doi.org/10.17654/0974165823066
https://doi.org/10.1080/00150517.1992.12429362
https://doi.org/10.46939/J.Sci.Arts-25.2-a11
https://doi.org/10.30970/ms.56.2.115-123
https://doi.org/10.30970/ms.56.2.115-123
https://dx.doi.org/10.17777/pjms2022.25.4.527
https://doi.org/10.32323/ujma.1566270
https://doi.org/10.7546/nntdm.2024.30.1.8-19
https://doi.org/10.37394/23206.2023.22.56
https://doi.org/10.20948/mathmontis-2024-61-2
https://doi.org/10.7546/nntdm.2022.28.3.466-476
https://dx.doi.org/10.12988/ijma.2013.35131


Structural Propertıes and Special Transformations…  Hakan Akkus and Engin Ozkan                                                                    

ISSN: 1844 – 9581 Mathematics Section 

301 

[18] Vieira, R. P. M., Alves, F. R. V., Catarino, P. M. M. C., Combinatorial interpretation of 

numbers in the generalized Padovan sequence and some of its extensions, Axioms, 

11(11), 598, 2022. https://doi.org/10.3390/axioms11110598  

[19] Özkan, E., Akkuş, H., Generalized Bronze Leonardo sequence, Notes on Number 

Theory and Discrete Mathematics, 30(4), 811, 2024. 

https://doi.org/10.7546/nntdm.2024.30.4.811-824  

[20] Özkan, E., Akkuş, H., A New Approach to k-Oresme and k-Oresme-Lucas Sequences, 

Symmetry, 16, 1, 2024. https://doi.org/10.3390/sym16111407  

[21] Akkuş, H., Özkan, E., Generalization of the k-Leonardo Sequence and their Hyperbolic 

Quaternions, Mathematica Montisnigri, 60, 14, 2024. 

https://doi.org/10.20948/mathmontis-2024-60-2  

[22] Kumari, M., Prasad, K., Tanti, J., On the generalization of Mersenne and Gaussian 

Mersenne polynomials, The Journal of Analysis, 32(2), 931, 2024. 

https://doi.org/10.1007/s41478-023-00666-4  

[23] Shannon, A. G., Akkuş, H., Aküzüm, Y., Deveci, Ö., Özkan, E., A partial recurrence 

Fibonacci link, Notes on Number Theory and Discrete Mathematics, 30(3), 530, 2024. 

https://doi.org/10.7546/nntdm.2024.30.3.530-537  

[24] Alp, Y., On the Generalized Francois Numbers, Turkish Journal of Mathematics and 

Computer Science, 16(2), 346, 2024. https://doi.org/10.47000/tjmcs.1464650  

[25] Sokhuma, K., Matrices formula for Padovan and Perrin sequences, Applied 

Mathematical Sciences, 7(142), 7093, 2013. 

https://dx.doi.org/10.12988/ams.2013.311658  

[26] Berczes, A., Liptai, K., Pink, I., On generalized balancing sequences, The Fibonacci 

Quarterly, 48(2), 121, 2010. https://doi.org/10.1080/00150517.2010.12428112  

[27] Yeh, I. C., Yang, K. J., Ting, T. M., Knowledge discovery on RFM model using 

Bernoulli sequence, Expert Systems with applications, 36(3), 5866, 2009. 

https://doi.org/10.1016/j.eswa.2008.07.018  

[28] Özkan, E., Akkuş, H., Özkan, A., Properties of generalized bronze Fibonacci sequences 

and their hyperbolic quaternions, Axioms, 14(1), 14, 2025. 

https://doi.org/10.3390/axioms14010014  

[29] Akkuş, H., Kuloğlu, B., Özkan, E., Analytical Characterization of Self-Similarity in k-

Cullen Sequences Through Generating Functions and Fibonacci Scaling, Fractal and 

Fractional, 9(6), 380, 2025. https://doi.org/10.3390/fractalfract9060380  

[30] Dışkaya, O., Menken, H., On the Richard and Raoul numbers, Journal of New Results 

in Science, 11(3), 256, 2022. https://doi.org/10.54187/jnrs.1201184  

[31] Aigner, M., A characterization of the Bell numbers, Discrete mathematics, 205(1-3), 

207, 1999. https://doi.org/10.1016/S0012-365X(99)00108-9  

[32] Akkuş, H., Özkan, E., A note on Blaise sequences and their applications, Discrete 

Mathematics, Algorithms and Applications, 18(3) 2550050, 2025. 

https://doi.org/10.1142/S1793830925500508  

[33] Altıparmak, İ., Akkuş, H., Özkan, E., On a Generalization of the Perfect Square 

Sequence and its Polynomial, Mathematica Montisnigri, 62(2), 64, 2025. 

[34] Kaneko, M., Poly-bernoulli numbers, Journal de théorie des nombres de Bordeaux, 

9(1), 221, 1997. 

[35] Akkuş, H., Özkan, E., A New Family of k-Quasi Morgan-Voyce Sequences, Journal of 

Advanced Engineering and Computation, 8(4), 233, 2024. 

https://doi.org/10.55579/jaec.202484.470  

[36] Fisher, D., The (Fabulous) Fibonacci Numbers, Science Communication, 29(3), 401, 

2008. https://doi.org/10.1177/1075547007313083  

https://doi.org/10.3390/axioms11110598
https://doi.org/10.7546/nntdm.2024.30.4.811-824
https://doi.org/10.3390/sym16111407
https://doi.org/10.20948/mathmontis-2024-60-2
https://doi.org/10.1007/s41478-023-00666-4
https://doi.org/10.7546/nntdm.2024.30.3.530-537
https://doi.org/10.47000/tjmcs.1464650
https://dx.doi.org/10.12988/ams.2013.311658
https://doi.org/10.1080/00150517.2010.12428112
https://doi.org/10.1016/j.eswa.2008.07.018
https://doi.org/10.3390/axioms14010014
https://doi.org/10.3390/fractalfract9060380
https://doi.org/10.54187/jnrs.1201184
https://doi.org/10.1016/S0012-365X(99)00108-9
https://doi.org/10.1142/S1793830925500508
https://doi.org/10.55579/jaec.202484.470
https://doi.org/10.1177/1075547007313083


 Structural Propertıes and Special Transformations…  Hakan Akkus and Engin Ozkan                                                                   

www.josa.ro Mathematics Section 

302 

[37] Akkuş, H., Özkan, E., Copper Fibonacci, Copper Lucas polynomials and their some 

special transformations and hyperbolic quaternions, Proceedings of the Indian National 

Science Academy, 1, 2025. https://doi.org/10.1007/s43538-025-00403-4  

[38] Hoggatt, V. E. J., Fibonacci and Lucas Numbers, Boston, MA: Houghton Mifflin, 1969. 

[39] Koshy, T., Fibonacci and Lucas Numbers with Applications, John Wiley & Sons, New 

Jersey, 2019. 

[40] Özkan, E., Akkuş, H., Copper ratio obtained by generalizing the Fibonacci sequence, 

Aip Advances, 14(7), 1, 2024. https://doi.org/10.1063/5.0207147  

[41] Akgüneş, N., Bardakçı, G. B., Nacaroğlu, Y., On k-Fibonacci graphs, Montes Taurus 

Journal of Pure and Applied Mathematics, 6(3), 146, 2024. 

[42] Badidja, S., Mokhtar, A. A., Özer, Ö., Representation of integers by k-generalized 

Fibonacci sequences and applications in cryptography, Asian-European Journal of 

Mathematics, 14(09), 2150157, 2021. https://doi.org/10.1142/S1793557121501576  

[43] Kumari, M., Prasad, K., Kuloǧlu, B., Özkan, E., The k-Fibonacci group and periods of 

the k-step Fibonacci sequences, WSEAS Transactions on Mathematics, 21, 838, 2022. 

https://doi.org/10.37394/23206.2022.21.95  

[44] Godase, A. D., Dhakne, M. B., On the properties of k-Fibonacci and k-Lucas numbers, 

International Journal of Advances in Applied Mathematics and Mechanics, 2(1), 100, 

2014. 

[45] Falcon, S., On the k-Lucas numbers, International Journal of Innovation in Science and 

Mathematics, 12(1), 5, 2024. 

[46] Falcon, S., Sum of the Squares of the Extended (k, t)–Fibonacci Numbers, Journal of 

Advances in Mathematics and Computer Science, 39(3), 65, 2024. 

https://doi.org/10.20944/preprints202408.1150.v1  

[47] Ramírez, J. L., Some Properties of Convolved k‐Fibonacci Numbers, International 

Scholarly Research Notices, 2013(1), 759641, 2013. 

https://doi.org/10.1155/2013/759641  

[48] Falcon, S., Plaza, A., Iterated Partial Sums of the k-Fibonacci Sequences, Axioms, 

11(10), 542, 2022. https://doi.org/10.3390/axioms11100542 

[49] Özkan, E., Akkus, H., On generalizations of Dickson k-Fibonacci polynomials, WSEAS 

Transactions on Mathematics, 23, 856, 2024. 

https://doi.org/10.37394/23206.2024.23.88  

[50] Godase, A. D., Hyperbolic k-Fibonacci and k-Lucas quaternions, The Mathematıcs 

Student, 90(1-2), 103, 2021.   

[51] Polatli, E., Kizilates, C., Kesim, S., On Split k-Fibonacci and k-Lucas Quaternions, 

Advances in Applied Clifford Algebras, 26, 353, 2016. https://doi.org/10.1007/s00006-

015-0591-4  

[52] Barry, P., A Catalan transform and related transformations on integer sequences, 

Journal of Integer Sequences, 8(4), 1, 2005. 

[53] Layman, J. W., The Hankel transform and some of its properties, Journal of Integer 

Sequences, 4(1), 1, 2001. 

[54] Akkuş, H., Shannon, A. G., Özkan, E., Generalized Parastichy Fibonacci Numbers and 

Their Applications, National Academy Science Letters, 1, 2026. 

https://doi.org/10.1007/s40009-026-02064-3  

[55] Soykan, Y., Generalized Ernst Numbers, Asian Journal of Pure and Applied 

Mathematics, 4(1), 136, 2022. 

[56] Soykan, Y., Generalized john numbers, Journal of Progressive Research in 

Mathematics, 19(1), 17, 2022. 

 

https://doi.org/10.1007/s43538-025-00403-4
https://doi.org/10.1063/5.0207147
https://doi.org/10.1142/S1793557121501576
https://doi.org/10.37394/23206.2022.21.95
https://doi.org/10.20944/preprints202408.1150.v1
https://doi.org/10.1155/2013/759641
https://doi.org/10.37394/23206.2024.23.88
https://doi.org/10.1007/s00006-015-0591-4
https://doi.org/10.1007/s00006-015-0591-4
https://doi.org/10.1007/s40009-026-02064-3

