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Abstract. In this work, the time-fractional Burgers’ equation is solved numerically 

using a Galerkin finite element method with cubic B-splines as trial and test functions. The 

Burgers’ equation serves as a model for various practical phenomena, such as traffic flow, 

shock wave formation in fluid dynamics, heat conduction in solids, nonlinear acoustics, 

boundary layer behavior, and specific aspects of plasma physics. The time-fractional 

derivative is expressed through the Caputo formula, which is capable of handling both 

singular and non-singular kernels. Cubic B-splines are used as weighting functions to derive 

the weak formulation of the governing equation. A transformation process links the global 

and local coordinate systems. The time-fractional derivative is discretized with the standard 

finite difference formula, while the Crank-Nicolson scheme is applied to discretize the 

unknown functions. A stability analysis is performed to evaluate the robustness of the scheme 

and ensure that errors do not amplify over time. The effectiveness of the proposed 

methodology is evaluated by solving a range of relevant problems, with results presented both 

graphically and in tabular form. 

Keywords: Fractional burgers’ equation; Cubic B-spline basis function; Galerkin 

method; Finite element method; Caputo derivatives. 
 

 

1. INTRODUCTION 
 

  

The concept of fractional calculus dates back three centuries. While it boasts a rich 

history, the practical applications of fractional calculus have recently garnered significant 

attention. Nonlinear fractional differential equations have become a focal point of numerous 

studies, given their frequent occurrence in diverse scientific and engineering domains. These 

equations are prevalent in fields such as plasma physics, electrical networks, control theory of 

dynamical systems, probability, statistics, acoustics, material science, optical fibers, biology, 

solid-state physics, chemical kinetics, chemical physics, fluid mechanics, geochemistry, 

among others. The concepts of dispersion, dissipation, diffusion, reaction, and convection are 

intricately linked to the phenomena mentioned above, and they can be effectively studied 

using nonlinear fractional differential equations. Consequently, exploring exact traveling 

wave solutions for nonlinear fractional differential equations (NLFDEs) holds significant 

importance in understanding nonlinear tangible events. 
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The subject of the nonlinear Burgers’ equation has been extensively studied in many 

different natural science fields [1-3]. The study of nonlinear Burgers’ equation, which arises 

in the setting of wave evolution, including fluid turbulence, shock wave propagation, gas 

dynamics in granular media, and elastic wave propagation, has received a lot of attention. The 

Hopf-Cole transformation, which is used analytically to solve the nonlinear Burgers’ 

equation, has helped to shed light on the physical properties of these waves. In the absence of 

the pressure factor, the model equation has also been referred to as a Navier-Stokes equation 

version [4]. 

The physical processes of weakly nonlinear acoustic waves propagating unidirectional 

in a gas-filled pipe are described by the fractional Burgers’ equation [4]. The combined 

impact of wall friction across the boundary layer results in the fractional derivative. Other 

models, including shallow-water waves and waves in bubbly liquids, also exhibit the same 

structure [6]. This paper focuses on analyzing the time-fractional Burgers’ equation: 
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The definition of the Caputo fractional derivative is given below: 
 

  
 

 
 

 

 (   )
∫

  (   )

  

 

 

 

 
 

  

(   ) 
    (   )   

(4)  

  

in which   (.) denotes the gamma function. 

In the existing literature, numerous numerical and semi-analytical methods have been 

developed to solve the nonlinear time-fractional Burgers’ equation. These include the 

Adomian decomposition method (ADM) [7], variational iteration method (VIM) [8], cubic 

parametric spline (CPS) method [9], quadratic B-spline Galerkin method (QBSGM) [10], 

cubic trigonometric B-splines method (CTBSM) [11], Legendre Galerkin spectral method 

(LGSM) [12], Crank Nicolson approach (CNA) [13], finite difference method (FDM) [14], 

Chebyshev collocation method (CCM) [15], spectral collocation method (SCM) [14], among 

others. For further insights, Momani [7] explored a non-perturbative analytical solution of the 

Time Fractional Burgers Equation (TFBE) using the Adomian Decomposition Method 

(ADM), while Inc [8] solved it using VIM. El-Danaf and Hadhoud [9] obtained the numerical 

solution of Eq. (1) using the cubic parametric spline approach. Additionally, Esen and 

Tasbozan [10] employed the quadratic B-spline Galerkin approach, while Yokus and Kaya 

[17] applied the expansion method based on the Cole-Hopf transformation to derive solutions 

for the equation. Likewise, Hassani and Naraghirad [18] and Yaseen and Abbas [11] provided 

the solution using an optimization technique based on CTBSM [11] and generalized 

polynomials [18]. Alsaedi et al. [19] derived a smooth solution for the time fractional 

Burgers’ equation (TFBE), whereas Li et al. [19] investigated its solution utilizing the 

Legendre Galerkin spectral method (LGSM) [12] and the Local Discontinuous Galerkin 

Method (LDGM) [20]. Akram et al. [21] and Majeed et al. [22] solved TFBE numerically 

using an extended cubic B-spline function. Additionally, Onal and Esen [13], Chen et al. [23], 
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Yadav and Pandey [14], and Wang [24] approximated the solution using the (CNA) [13], 

Fourier spectral method [23], Finite Difference Method (FDM) [14], and the separation of 

variables method [24], respectively. A spectral shifted Legendre collocation approach was 

proposed by Bhrawy et al. [25] for the space-time fractional Burgers’ equation in both 

temporal and spatial discretization. Safari and Chen [26] employed FDM and the backward 

substitution method (BSM) to get the time fractional coupled Burgers’ equations (TFCBE) 

solutions. Doha et al. [27] and Albuohimad and Adibi [15] used the Jacobi Gauss Lobatto 

collocation method (JGLCM) [27] and CCM [15] to build their solutions. Ahmed et al. [15] 

employed the Laplace-Adomian Decomposition Method (LADM) [28], the Laplace 

Variational Iteration Method (LVIM) [15], and the Semi-Analytical Computation Method 

(SCM) [16] to solve TFCBEs. Additionally, Liu and Hou [15] utilized the Generalized 

Differential Transform Method, while Hussain et al. [29] applied the Meshfree Spectral 

Method to solve TFCBEs. Zayernouri and Karniadakis introduced fractional spectral and 

discontinuous spectral element methods for solving fractional partial differential equations 

(PDEs), particularly the space-fractional Burgers’ equation, as discussed in [30]. 
 

 

2. DESCRIPTION OF THE NUMERICAL SCHEME 
 

 

Let N and M be two positive integers. Define the time step as    
 

 
 and the space 

step as   
   

 
  The time points are                 and the spatial points are 

      for        Let   
  represent the approximate solution at the point (      ). 

The domain       is uniformly divided into M subintervals [  ,     ] each of length h, 

where                  and                      . The scheme we use 

to solve Eq. (1) involves approximating the solution  (   ) to the exact solution  (   ) in the 

form given below: 
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where the cubic spline basis functions   ( ) are provided by  
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and   ( ) are unknown functions that need to be found. 

Each cubic B-spline function spans four elements, effectively covering the interval 

[        ] with four such functions. Here, the element knots    and     , along with the 

interval [        ], are utilized to define the finite elements. The determination of the 

parameter   ( ) involves utilizing the nodal values   (  )   
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Within the standard element [        ], the change of    (   ) is given by 
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The temporal Caputo derivative can be approximated using the L1 formula. 
 

   

   
 

(  )  

 (   )
∑((   )         )(           )

   

   

  
 (8) 

  

Using (8) along with the    weighted method, Eq. (1) can be rewritten as: 
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By [26], linearize the non-linear term as 
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By applying the Galerkin method to Eq. (10) with weight functions  , we obtain the 

following integral equation 
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Since the integrand includes first and second derivatives, it is necessary to choose trial 

functions that are at least cubic polynomials. By employing cubic B-splines as trial functions 

in the Galerkin finite element method, we can achieve smooth solutions of first and second 

order respectively. The interval [        ], is transformed into [   ] via local coordinates, 

where       ,       and      . The cubic B-spline shape functions, in terms of 

  over [   ], can be written as 
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As a finite element [        ], is spanned by four consecutive cubic B-splines, the 

local approximation over the element is given by: 
 

  
       ( )    ( )    ( )  ( )      ( )    ( )      ( )    ( )  (13)  

  

Here,    (                   ) represent the element parameters, and    
(                 ) denote the element cubic B-spline shape functions. By substituting 

  and   with the weight functions   and the trail solution (13), respectively, into Eq. (11), 

we obtain the following matrix system of first-order ordinary differential equations. 
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where                 and                   and      
  are 

assumed constant within the element to simplify the calculation of the integral. If we define 

the element matrices by: 
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The aggregation of elemental contributions yields the following matrix equation: 
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where    (   
    

     
      

 )  contain all the element parameters. The assembled 

matrices A, B, C and L are septadiagonal. Applying boundary conditions ( ) eliminates    
  

and     
  from system (  ), resulting in a (     )   (     ) system solvable by a 

modified Thomas algorithm. The time evolution of nodal values     is obtained iteratively 
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after determining the initial vector   . We use the following approximation for this initial 

condition. 

  (   )  ∑   
 ( )

     

    

    ( )  

 

The following relationships must hold at the points    to ensure    is satisfied: 
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The initial vector   can be computed using the initial and boundary conditions 

through the following matrix equations. 
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3. STABILITY ANALYSIS 
 

 

The notion of stability is intrinsically linked to the control of computational errors 

[22]. In this section, the stability of the proposed method is analyzed using the Fourier 

approach, as outlined in [8]. For every Fourier mode, an amplification factor is derived, which 

describes how the amplitude of a specific mode changes from one time step to the next in the 

numerical solution. This factor evaluates the extent to which errors at a specific wavenumber 

propagate across successive iterations. The numerical scheme is deemed stable if the 

magnitude of the amplification factor does not exceed 1 for all wavenumbers. To verify the 

stability of the proposed numerical scheme (  ), it is sufficient to analyze the homogeneous 

case,  (   ), of Eq. ( ). The process begins by introducing a recurrence relationship that ties 

the unknown element parameters across consecutive time levels, as outlined below 
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Let   and  ̃ represent the growth factor and its approximation, respectively, for a 

Fourier mode. By defining   
     ̃ and substituting it into Eq. (  ), we obtain: 
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The aforementioned error equation adheres to the given initial and boundary 

conditions 
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Define the grid function 
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The Fourier expansion of   ( ) is defined as 
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Suppose the solutions to Eqs. (     ), takes the form                   

  √                 Substituting this into Eq. (  ) and dividing by         yields. 
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From Eq. (  ) and (  ), it follows that 
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It follows that the numerical scheme exhibits conditional stability. 
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4. NUMERICAL EXAMPLE AND RESULTS 
 

 

In this section, three numerical examples are examined to evaluate the effectiveness 

and precision of the proposed method. The results are compared with both existing methods 

from the literature and exact solutions. These comparisons are made across various nodal 

points    at specific time levels   , using a defined mesh size   and time step   . The 

numerical simulations were carried out in Mathematica 12. To assess the precision of the 

proposed method, the maximum and Euclidean error norms were calculated using the 

formulas below 

               (   )   (   )    

    ∑  (   )   (   )   

   

   

 

 

Example 1. We consider the one-dimensional time-fractional burger equation with   (   ]. 
[19]. 
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With the following conditions 
 

 (   )     
 (   )      (   )       

 

The exact solution of the problem is given as follows 
 

 (   )        
 

Table 1 presents numerical solutions for                    , considering 

various    values. As evident from Table 1, both    and    error norms decrease as    
diminishes, aligning with expectations. Table 1 also presents a comparison of results obtained 

using the method developed in this paper with those reported in [19]. The results indicate that 

the proposed method outperforms the method presented in [19]. Table 2 displays numerical 

solutions for different   values under the conditions                           . The 

results demonstrate a negative correlation between   and both    and    error norms. Table 

3 presents    and    error norms calculated at different spatial nodes for        and a 

constant fractional order       . Error norms for various time intervals are tabulated in 

Table 4. The performance of the current scheme is showcased through 3D visualizations of 

both computational and analytical results, depicted in Figs. 1 and 2. Fig. 3 reveals a close 

alignment between the numerical results obtained using the proposed scheme and the exact 

outcomes across various time levels. The piece-wise defined spline solution for Example (1) 

is presented when                  , and          
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Table 1. Error norms and numerical solutions of Example 1 when                              
                                                        

    0.0025 0.0025 0.0025 0.0025 0.0025 

0.1                                                         

                                                           

                                                         

                                                           

                                                        

                                                          

                                                           

                                                           

                                                          

                                                      

                                                        

  [  ]                                                     

                                                       

  [  ]                                                      
 

Table 2. Approximate, exact solutions and error norms obtained for different fractional order of Example 

1 at                              
                                             

                                       

0.1                                                        

                                                           

                                                          

                                                           

                                                           

                                                          

                                                           

                                                           

                                                           

                                                      

                                                         

                                                      
 

Table 3. The error norms for                   of Example 1. 

                                                    

    0.0025 0.0025 0.0025 0.0025 0.0025 

0.1                                                       

                                                           

                                                           

                                                           

                                                           

                                                          

                                                           

                                                           

                                                          

                                                      

                                                         

                                                        
 

Table 4. Error norms for various t values with                                . 

        

0.01                           

0.03                          

                               

                               

                               



 B-Spline-Based Galerkin Finite Element Approach… Ammara Yasin et al. 

 

www.josa.ro Mathematics Section 

802 

  
Figure 1. The three-dimensional view of the exact 

solutions for Example 1 is presented, with 

                            . 

Figure 2. The three-dimensional view of the 

numerical solutions for Example 1 is presented, 

when                           . 

 
Figure 3. The figure illustrates the numerical and exact solutions for,                            

across different time stages. 

 

Example 2. We consider the one-dimensional time-fractional burger equation with   (   ] 
[19] 
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        (   )            

 

where  

 (   )  
        (   )

 (   )
        (   )   (   )          (   ). 

 

With the following conditions 

 (   )     
 (   )     (   )     

 

The exact solution of the problem is given as follows 
 

 (   )       (   )  
 

Table (5) demonstrates that the    and   error norms decrease as the time step    is 

reduced, under the conditions                           . For different values of the 

fractional order  , Table (6) presents both exact and computational results, using the 

parameters                             , evaluated at specific spatial points. The 

robustness of the scheme is demonstrated through 3D plots of computational and analytical 

results, as displayed in Figure (4). The numerical results obtained using the proposed method 

exhibit a high degree of agreement with the exact results at various time levels, as shown in 

Figure (5). The piece-wise defined spline solution for Example (2) is presented when    
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Table 5. Error norms and numerical solutions of Example 2 when                              
                                                        

                                       

0.1                                                        

                                                           

                                                           

                                                           

                                                           

                                                               

                                                               

                                                               

                                                               

                                                           

                                                         

  [  ]                                                  

                                                        

  [  ]                                                  

 

  



 B-Spline-Based Galerkin Finite Element Approach… Ammara Yasin et al. 

 

www.josa.ro Mathematics Section 

804 

Table 6. Approximate, exact solutions and error norms obtained for different fractional order of Example 

2 at                               
                                     

    0.01 0.01 0.01 0.01 

0.1                                             

                                                

                                                

                                                

                                            

                                                    

                                                    

                                                    

                                                    

                                            

                                          

                                           

 

  
Figure 4. A 3D graphical representation of the exact and approximate solutions for Example 2. 

 
Figure 5. A graph comparing numerical and exact results for                            at 

various time levels for Example 2. 
 

Example 3. We consider the one-dimensional time-fractional burger equation with   
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where, 
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With the following conditions 
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The exact solution of the problem is given as follows 
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Table (7) presents the error norms and corresponding numerical results for various   

values. Table (8) shows the error norms for        at different time stages, and Table (9) 

presents the error norms in the temporal direction. Figure (6) and Figure (7) demonstrate a 

strong alignment between the 3D plots of computational and exact solutions for the 

parameters                               . Meanwhile, Figure (8) presents a 

comparison of exact and approximate solutions under the same conditions           
                       at different time levels. This figure highlights notable variations 

in the solution profiles as time progresses, illustrating a clear increasing trend between the 

time levels and the solution behavior. The piece-wise defined spline solution for Example (3) 

is presented when                                   
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Table 7. Approximate, exact solutions and error norms obtained for different fractional order of Example 

3 at                          . 

                                     

                        

0.1                                             
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Table 8. Error norms for       of Example 3. 

                                     

               

                                                       

                                                        

                                                        

                                                       

                                                        

 
Table 9. Error norms and numerical solutions of Example 3 when                               
                                                              

                                       

0.1                                                           

                                                               

                                                              

                                                                    

                                                           

                                                                         

                                                                   

                                                                    

                                                                   

                                            

                                                        

                                                        

 

  

Figure 6. A 3D graphical depiction of the exact 

solutions for Example 3 is provided, using the 

values                and         

Figure 7. A 3D graphical depiction of the 

computational solutions for Example 3 is provided, 

using the values                and   
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Figure 8. Numerical and exact results are plotted for                and         showcasing 

their behavior at different time levels. 

 

 

5. CONCLUSIONS 

 

 

 A Galerkin finite element method has been developed to numerically solve the time-

fractional Burgers’ equation. 

 Cubic B-splines have been utilized for both trial and weight functions in the Galerkin finite 

element method, ensuring a flexible and accurate approximation of the solution. 

 We accomplish the transition from the local to the global coordinate system by using a 

local-to-global transformation. 

 The Caputo fractional derivative has been adopted to represent the fractional derivative in 

the governing equation. Discretization of this fractional term has been carried out using the L1 

formula within the explicit finite difference method. 

 The Crank-Nicolson method has been employed for the discretization of both the unknown 

functions and their spatial derivatives. 

 The stability of the scheme has been thoroughly analyzed from a theoretical standpoint. To 

assess the efficiency and effectiveness of the proposed method, three numerical experiments 

involving problems with known exact solutions have been conducted. 

 A detailed comparison has been conducted, contrasting the numerical results of the present 

study with those produced by the methodology presented in [19]. 

 The proposed scheme’s performance and computational efficiency are visually depicted 

through graphical comparisons. 

 The method’s effectiveness for this specific class of time-fractional PDEs, along with its 

broader applicability to other time-fractional models, has been demonstrated by the findings. 
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