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Abstract. In the present paper, we introduce a new class of fuzzy numbers, which we
will call Gaussian fuzzy Lucas numbers. We establish some fundamental properties and
identities for these newly defined numbers, including the recurrence relation, Binet’s formula,
generating function, summation formula, and Vajda’s identity, as special cases, Catalan’s
identity, Cassini’s identity, and d’Ocagne’s identity. We also establish some relationships
between the Gaussian fuzzy Fibonacci and Gaussian fuzzy Lucas numbers, by virtue of the
fuzzy Fibonacci and fuzzy Lucas numbers.
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1. INTRODUCTION

Special integer sequences have numerous applications in science, including
mathematics, physics, engineering, and economics. The most well-known integer sequence is
the Fibonacci sequence. The Fibonacci sequence starts with 0 and 1, and each number in the
sequence is formed by adding the two numbers preceding it. The Fibonacci sequence includes
the numbers 0,1,1, 2,3,5,8,13, and so on. The Lucas sequence, which is closely related to
the Fibonacci sequence, is another well-known integer sequence. The Lucas sequence begins
with 2 and 1, and is defined by a formula in which the sum of the two preceding numbers
yields the subsequent number. The Lucas sequence includes the numbers
2,1,3,4,7,11,18,29, and so on. The Fibonacci and Lucas sequences share recursive
similarities, which result in their many similarities. For further information on the Fibonacci
and Lucas sequences, see [1-3].

A Gaussian number is a complex number with integer coefficients that Gauss
investigated in 1832 [4]. In 1963, Horadam introduced the concepts of complex Fibonacci and
complex Lucas numbers in [5]. Then, many authors studied the Gaussian Fibonacci and
Gaussian Lucas numbers. A few instances of these studies can be found in [6-8].

Fuzzy set theory was introduced by Zadeh in [9]. Fuzzy set theory has applications in
a variety of fields, including artificial intelligence, robotics, logic, decision theory, and
psychology, see [10-16], among others. The fuzzy set is specified by a membership function.
The membership function, represented by u, for a given set A, associates an element of a set
A with an element in the interval [0,1]. The membership function u, describes a fuzzy set
and can be used to determine an element’s membership grade in relation to a set. For further
information, we refer to [17-19]. In particular, Dubois and Prade [18] described a fuzzy
number, which is a generalization of a real number, as a fuzzy subset of the real line. In fuzzy
set theory, there are numerous types of fuzzy membership functions used. Triangular,
trapezoidal, Gaussian, and generalized Bell-shaped membership functions are the most
commonly used fuzzy membership functions. Gao et al. provided some arithmetic operations
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on triangular fuzzy numbers using intervals called a-cut functions in [20]. The membership
functions, or a-cut functions, are typically used directly when performing arithmetic
operations on fuzzy numbers.

In recent years, we have seen some studies on fuzzy numbers related to special integer
sequences. For instance, Irmak and Demirtas integrated the key ideas of fuzzy numbers,
Fibonacci numbers, and Lucas numbers, and introduced the fuzzy Fibonacci numbers and
fuzzy Lucas numbers in [21]. Moreover, the same authors gave several identities involving
these new types of fuzzy numbers. Then, Duman presented some additional identities for
fuzzy Fibonacci numbers in [22]. Furthermore, Spreafico et al. introduced the fuzzy Leonardo
numbers and gave several results for these numbers in [23]. More recently, Erduvan
introduced the Gaussian fuzzy Fibonacci numbers and obtained some significant formulas for
these numbers in [24].

In this paper, we aim to introduce the Gaussian fuzzy Lucas numbers and provide
some properties of these novel fuzzy numbers. We also obtain some relationships between the
Gaussian fuzzy Fibonacci and Gaussian fuzzy Lucas numbers.

2. PRELIMINARIES

This section introduces some basic concepts that will serve as a foundation for the
next section. We will first define triangular fuzzy numbers with their arithmetic operations
based on the a-cut approach, where a € [0, 1].

The triangular fuzzy number is a fuzzy number, which is denoted by A =
(a4, a,, az), is represented by three points, two of which are left and right of the interval, the
remaining is a peak point, such that a;, a,, and a5 are real numbers, see [20, 21]. The
triangular membership function with A = (a,, a,, az) is given as

( 0,x <ay,
x_a1
—,a; < x < ay,
_ )G~
.uA(x) =9 az —Xx
,0; < x < as,
az — ap
\ 0,x >as

Let A = (a,, a,, as) be a triangular fuzzy number. The triangular fuzzy number can
be represented by a-cut operation, which is denoted by A%. To convert a triangular fuzzy
number to a-cut interval, we follow that

A% = [a,% a3%] = [a; + a(a, — a;),a3 — a(az — a;)]

with @ € [0, 1], and a,* and a;“ are real numbers.
Let A% = [a,%, a3*] and B* = [b,%, b3*] be two a-cut intervals. Then the arithmetic
operations of the a-cut intervals are as follows [20, 21]:

AaiBa = [ala i bla, a3a i b3a]

A*B* = [min{a1ab1a, a,“b3", az*b, %, a3ab3a}: max{alabla' a,%b3"%, az*b, %, a3ab3a}]
kA% = [min{ ka,“, ka;*}, max{ka,%, ka;*}]
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with k € R. It must be noted that, for positive real numbers a,, a,,as, by, b,, and b such
that a; < a, < a; and b; < b, < b3, A*B%® = [a,%b,%, a3*b;“]. Furthermore, for a positive
real number k, kA% = [ka,%, ka3“] (see [20]).

The fuzzy Fibonacci numbers are defined in [21] as follows: Forn > 2 and a € [0, 1],
the fuzzy Fibonacci numbers are

Fna = [Fn—la'Fn+1a] = [Fn—l + aky_ 3, Fpyr — aFn—l]

with F,* = [1 —a,1+ a] and F,* = [a, 1]. Equivalently, for n > 2, the fuzzy Fibonacci
numbers are
Fp® = B + Fp

with F;* =[1—a,1+ a] and F,* = [a,1]. Here, E, is the n-th Fibonacci number [3]
defined by the relation
Fy=0F,=1,F,=F, ,+F,_,n=>2.

In a similar manner, the fuzzy Lucas numbers are defined in [21] as follows: For
n > 2and a € [0, 1], the fuzzy Lucas numbers are

Lna = [Ln—la' n+1a] = [Ln—l +aly 3 Lyyq — aLn—l] (1)

with Ly* = [-1—3a,1+ a] and L,“ = [2 — a,3 — 2a]. Equivalently, for n > 2, the fuzzy
Lucas numbers are
Ly ® =Ly + Lp1*

with Ly* = [-1 —3a,1+ a] and L,;* = [2 — a, 3 — 2a]. Here, L,, is the n-th Lucas number
[3] defined by the relation
Ly=2L, =1;L,=L,_ 1+ L, ,n=>2.
In [24], Erduvan defined the Gaussian fuzzy Fibonacci numbers as follows:

GE,* = E,“ +iF,_,n >0, (2)
where E,% is the n-th fuzzy Fibonacci number. Here, GF, is the n-th Gaussian Fibonacci
number in [6].

In this study, we consider the Gaussian Lucas numbers in [6]. The n-th Gaussian
Lucas number GL,, is defined by the relation
GL, = GLy_1 +GLy_5,n>2
with GL, =2 —iand GL; = 1 + 2i. Moreover, forn > 0,
GLn - L‘I’l + iLTl—l) (3)
where L,, is the n-th Lucas number. The Binet’s formula of the Gaussian Lucas numbers is

GL, = @7 + @7 +i(p7 ™ + ¢57h), (4)

8 (see [6)).

1+V5
2

where ¢p; = and ¢, =
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3. MAIN RESULTS
In this section, we first define the Gaussian fuzzy Lucas numbers, and then we derive
some formulas and identities for these numbers.
Definition 1. For n > 0, the Gaussian fuzzy Lucas numbers are defined by
GL,* = L, +iL,_,% (5)

where L,% is the n-th fuzzy Lucas number.
From (5), it is evident that

GL,® = GLy_ 1%+ GL,_,%n > 2, (6)

which is the recurrence relation for the Gaussian fuzzy Lucas numbers.
Let GL," and GL,,“ be two Gaussian fuzzy Lucas numbers. Then the conjugate of

GL,%, denoted by GL,,%, is
GL,* =L,* —iL, ;% (7

and the addition, subtraction, multiplication, and multiplication with scalar for Gaussian fuzzy
Lucas numbers are given as
GLnaiGLma = (Lnu t Lma) +i( Ln—la t Lm—la):
GL,“GLp* = Ly " Ly® — Ly 1%Ly 1% + i(Lyp“Ly® + Ly Ly 1%),
k GL," = kL,* + ikL,_,*
with k € R, respectively.

Proposition 1. Let GL,“ be the n-th Gaussian fuzzy Lucas number. Then
(i) GL,* + GL,* = 2L,“

(ii) GLna GLna = (Lna)z + (Ln—la)z

(iii) (GL,*)? = 2L,*GL,* — GL,*GL,*

Proof: From (5) and (7), and considering the addition and multiplication operations, the proof
is straightforward.

The following result gives the some relationships between the Gaussian fuzzy
Fibonacci and Gaussian fuzzy Lucas numbers.

Theorem 1. Let GE,”* and GL,* be the n-th Gaussian fuzzy Fibonacci and the n-th Gaussian
fuzzy Lucas numbers, respectively. Then we have

(i) GE,* 4+ GL,” = 2GF,.,*
(ii) GLps ™ + GL,_," = 5GE*
(iii) GFp1® + GF,_" = GL,®

Proof: (i) From (2) and (5), we get
GE,* 4+ GL," = (E," + iF,_1®) + (L,* 4 iL,_1%)
= (Fna + Lna) + i(Fn—la + Ln—la)
= Z(Fn+1a + iFna)
= 2GF,.1%.

Here, we use the relation F,* + L,* = 2F,,,,% in ([21], Theorem 3.2-(d)).
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(ii) Using (2) and (5), we find

GLpsr® + GLp—q” = (Lnsr® +iLy®) + (Lypeq ® + L")
= (Ln+1a + Ln—la) + i(Lna + Ln—za)
= S(Fna + iFn—la)
= 5GE,%.

Here, we use the relation L,,.,;% + L,,_,% = 5F,% in ([21], Theorem 3.2-(c)).
(iit) From (2) and (5), we get

GFpir® + GFyy® = (Fpys® + iR + (Fpoy 4 iF, %)
= (Fn+1a + Fn—la) + i(Fna + Fn—za)
=L,% +iL, %
= GL,".

Here, we use the relation F, 1% + F,,_1* = L,% in ([21], Theorem 3.2-(Q)).

Theorem 2. For n > 0, the Binet’s formula of the Gaussian fuzzy Lucas numbers is

GL," = [$i972 + P32 7% + a(pi P> + P3953), $10F + P33 — @)
a(Pip + 30772l

1+V5
2

1-/5

where ¢p; = ¢p; + i with ¢, = 2

and ¢; = ¢, + i with ¢, =

Proof: Using (1), (3) and (5), we have
GL," = L, +iL,_*
= [Lp1 +alp 3, Lny1s —aly gl +i[Lyz + alp_3, Ly — aly, ;]
= [Lpy +ilp g+ a(lyz +iLly3), Lyyy +ily —a(lp_q + 1 Ly5)]
=[GL,_1 +aGL,_5,GLy 1 — aGLy_4].

By virtue of (4), we get

GLy" = [T+ @5 + U1 2 + 97 72) + a(pT 72 + 9372 + (@7 7° + ¢57%),
P+ PP+ i(PT + 9 — a(PP T+ P+ i(PTTE 4 dTD)]
= [T 72 (p1 + D) + P32 (P + 1) + a(PT > (@1 + 1) + p373 (P2 + D)),
dT (s + 1) + dF (P + 1) — a(@T2(p1 + 1) + ¢F 2 (P2 + D))].

Taking ¢1 = ¢p; +iand ¢p; = ¢, + i, the desired result can be obtained.

Theorem 3. The generating function of the Gaussian fuzzy Lucas numbers is

9z (8)
[-1-3a,1+a]l+[3+2a,2—-3alt+i([3+2a,2—-3a]l+[—4+5a -1+ 4a]t)

1—t—t2

Proof: Let gf(t) be the generating function of the Gaussian fuzzy Lucas numbers, which is a
power series where the coefficients of the series consist of the Gaussian fuzzy Lucas numbers.
Then we have

gE@® = ) 6L, ©)
n=0
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—t gi'(t) = —Xno GLy“t"*, (10)
2 g& () = —Z GL, 2, (1)
n=0

From (6), (9), (10) and (11), we obtain

(1=t —=tH)gFt) = GLy" + (GL," — GLy")t + X7y (GL," = GLy—1™ — GL, ;") t"
= GLOa + GL_lat,
and it follows that
GL,“ + GL_,“t
g =—0—0

By virtue of (5), we find

Lo +iL %+ (L% +iL_,%¢
gi@) =

1—t—t2
_[-1-3a,1+a]+i[3+2a,2—-3a]+ ([3+2a,2—3a] +i[-4+5a,—1+ 4a]t
B 1—t—t2
_ [-1-3a1+al+[3+2a,2-3a]t+i([3+2a,2—3al+[-4+5a,—~1+4a]t)
- 1—t—t2 )

Lemma 1. Forn > 0, let L, be the n-th fuzzy Lucas number. Then

n
Dl = Ly = 1", (12)

m=0

Proof: Since Lpi 2% =Ly ®+ L% we can write L, = L% — Ly & From
telescoping sum, the desired result can be obtained.

Theorem 4. The summation formula of the Gaussian fuzzy Lucas numbers is

n
Z GL,% = GL,,,% — GL, .

m=0

Proof: By virtue of (5) and (12), we get

n

n
D 6Ly = ) U + il 1)
m=0 m=0
n n
= Z L%+ Z L%
m=0 m=0

= (Ln+2a - Lla) + i(Ln+1a - Loa)
= (Lps2" + il ™) — (L1" +iLo")
== GLn+2a - GLla.
Theorem 5 (Vajda’s Identity). For any non-negative integers m, n, and r, we have

GLn+maGLn+ra - GLnaGLn+m+ra =5(-2+ i)(_l)n FmE‘((Fla)z - FOaFZa)’

where F,, is the m-th Fibonacci number.

WWW.josa.ro Mathematics Section



On Gaussian Fuzzy Lucas Numbers Tiilay Yagmur 789

Proof: From (8), we get
GLn+maGLn+ra - GLnaGLn+m+ra
= (P17 + P37 + a(@ropr T + i),
GIOT + Prp7 T — a(PiprT 2 + P37 )]
X[P1PT7 72 + 372 + a(Ppipl T + prr ),

GIOTTT + Prd7T — a(PiprT T + prd )]

—[¢107 7 + G372 + a(P197 T + Prd7 ),

P1dT + 307 — a(Pidi ™ + ¢35 7]
X [¢I¢?+m+r—2 + ¢;¢121+m+r—2 + a(¢I¢?+m+r—3 + ¢;¢g+r+m—3)'
GIPTTTT + P37 — a(Pipl T + g T

Upon algebraic simplification, we obtain

GLn+maGLn+ra - GLnaGLn+m+ra
= [p103(P192)" (BT — $7) (] — $3)
+ apid;(h192)" 2 (P — T)(PT — P2 (1 +62)
+a?¢i0;(p192)" 2 (7" — d7) (@1 — ¢3),
P13 (P192)" (P — 7V (DL — $3) — ai3 (P12 H(PT" — $F) (@1 — D7) (1

+¢3)
+a? P15 (P19)" (P — dI)(PT — P3)].

145 1—5
2 2

On the other hand, by virtue of ¢, = and ¢, = , we find the followings:

P13 = —2+1i,$19; = —1,¢1+¢, = 1,and ¢f + ¢F = 3. (13)

From (13) and the Binet’s formula E,, = % in [3], we get

GLn+maGLn+ra - GLnaGLn+m+ra
= [5(=2+ )(-1)" E,E + 5a(—=2 + i)(—1)" 2E,E. + 5a?(-2 + i)(—1)"2E,E,,
5(=2+ ) (-D)""EE. — 15a(=2 + )(—1)" E,E. + 5a?(—-2 + i) (—1)"1E,E]
=5(-2+)(—D"E,E[-1+ a+ a? —1—3a — a?]
=5(-2+)CD" FmFr((F1a)2 - Fanza)-
The following results follow from Theorem 5.
Corollary 1 (Catalan’s Identity). For m - —r, we have
GLn—r"GLnsr" = (GLy"™)? = 5(=2+ D(-D™" E*(F"F," — (F")?).
Here, we consider the relation F_, = (—1)"*1E, in [3].
Corollary 2 (Cassini’s Identity). For m - —r and r = 1, we have
GLy—1“GLny1® = (GLy*)? = 5(=2+ (D" ((F,)? — F,“F,%).

Corollary 3 (d’Ocagne’s Identity). For r - p —nand m = 1, we have

GLyps1*GLy™ — GL,*GLyy™ = 5(=2 + D) (=1)" E,_n((F,*)? — Fy®F,).
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4. CONCLUSION

In this paper, combining the Gaussian Lucas numbers and fuzzy numbers, the
Gaussian fuzzy Lucas numbers are defined and studied. The Binet’s formula, generating
function, and summation formula of these numbers are presented. Moreover, using the Binet’s
formula, Vajda’s identity, as special cases, Catalan’s identity, Cassini’s identity and
d’Ocagne’s identity involving these numbers are derived.
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