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Abstract. In this current paper, we are introducing a new multivariate k-generalized
Mittag-Leffler function (Mk GMLT) E(pll)( J)(xl,xz,...,xs). The paper is organized into five

(Ii),m

sections containing some properties of the above-mentioned function, like recurrence
relations, derivative properties, and integral transforms. A relation of this Mk GMLf with
MGMLf has also been derived. We also derive k-fractional integration and k-fractional
differentiation of the Mk GMLf. Numerous former results studied by many researchers can
also be derived as special cases of our results.

Keywords: k-Beta function; k-Gamma function; k-Fractional derivative; k-Fractional
integral;k-Pochhammer symbol;k-generalized Mittag-Leffler function.

1. INTRODUCTION

Nowadays, the Mittag-Leffler function has become a more interesting area of research
due to its wide area of applications in solving fractional differential and integral equations,
fractional boundary layer equations, telegraph equations, etc. [1-4]. At first, in 1903, the
following series representation of the Mittag-Leffler function was discussed by Gosta [5]:

n
noT(nl+Y)’

El (x)= > (1)

where x € C,l > 0.
Generalization of the above MLf was described by Wiman [6], in 1905 as follows:

n

E| m (X)= zom (2)

where X,1,meC;R(l) >0,R(m) > 0.
In 1971, Prabhakar [7], generalized the MLf defined in (2) in the following manner:

L (p)y X"
() Z01"(n|+m) nt’ (3)
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where X,1,m, p € C;R(I) > 0,9R%(m) > 0,R(p) >0.

In 2011, R. K. Saxena et al. [8], investigated the generalization of MLf for several
variables as follows:

(Png(Pshng  XT.xCS

N g =0 T (M+MI+N212 +.4ngls) m'.ng!’

((Iﬁl;,)m (Xl’XZi---,XS):

M8

E

(4)

where m,Ij,pj E(C;ﬂ{(lj)>0; 1=12,..,s.

Further, the generalization of the multivariate MLf defined in (4) was also given in the
same paper of R. K. Saxena et al. [8], as follows:

E(pj),(aj)(x Xe)- 2 (Ao (PsIngos x{‘l...xQS
(Ij).m Lreenn”s _nl ..... ng =0 r(m+mh+.+nglg) ml.ng!’

()

where pj,aj,lj,me(C;iR(lj)>0,ER(0j)>O:m¢Z5;j:1,2,...,8.

In 2012, the concept of K -MLf was developed by G.A. Dorrego et al. [9]. They
extended definition of MLf as follows:

©  (Pnk x"
p _ kX7
Bl m ) néork (nl+m) n!’ (©)
where (0)n k' (X) represent the k-Pochhammer symbol and the k-Gamma function
respectively [10], defined and represented as follows:
(x)n,k:x(x+k)...(x+(n—1)k), ©)
X1
Ty (x)=kk r[’k‘j (8)

and k > 0;x,I,m, p € C;R(I) > 0,R(m) > 0,R(p) > 0.

Here, in this paper, we consider the following multivariate generalization of K -MLT,
defined and represented as follows:

N
. . 0 ]_[S._ (p)n kHs_ X-J
E(pj_)'(aj)(x1 ..... Xs)= % T Nt hell i K = M
k,(IJ),m g =0 S s il
re STV T (m+ _Z njlj) “j=l ]

j=1

(9)

where k >O;pj,o-j,lj,me<C;SR(Ij)>O,SR(o-j);ms£Z(§and j=1,2,...,S.
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1.1. SPECIAL CASES

(i) Considering k =1 in eq. (9), we have the multivariate MLf, defined in (5).
(i) Takingk=1,0;=1forj=1,2,....,sin eq. (9), we get another multivariate MLf, defined in
(4).

(iii) Assuming s =1, x1 =X, p1 =p, [1 = |, and o1 = 1 in eq. (9), we have k-MLf as defined in

(6).
Now, to obtain the main results, we require some earlier established relations as
follows [10, 11]:

T (x+k)=xTk (). (10)
X y
1t T T (OTK ()

B (x,y)=—[uk ~(1-u)k du=—KWIkY) 11
k (X,y) kéu (1-u) u T (<) (11)

Tk (x+nk)
(X)n,k—irk(x) : (12)
(@ men,k =()m K (@FmK), - (13)
k"] (14)

n

We now establish certain relations, derivatives, integral transforms, fractional order
differentiation, and integration formulas for multivariable &-GMLf as our main results.

2. RELATION WITH MULTIVARIABLE GMLF

Theorem 2.1. The multivariable k-GMLT defined in (9) satisfies the following relation

Pil(y.

(P} - (k]'(a‘) + +

Ekl,D(fj).;J (4 Xs )=k kE(Iij (K ko, k 7 T kxg), (15)
k Sk

where K >O;pj,aj,|j,me(C;9%(|j)>0,SR(GJ-)>O;meEZ(§and j=12,..,s.

Proof: Applying the equations (14) and (8) to the R.H.S. of equation (9), we at once arrive at
our required result (15).
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3. RECURRENCE RELATIONS

(1)
(PJ)( J)

k(l) ( (pj)(oj) (pJ)( i)
m

X ""’XS):mEk,(Ij),m+k(X1’ ,xs)+ Z I,x, E, (i )m+k( X[ pee Xs ), (16)

where K >O;pj,6j,|j,m€(c;m(|j)>0,93(6j)>0;m€26and j=1,2,...,S

Proof: R. H. S. of Eqg. (16) can be written in the following form using (9) and differentiating
w.r.t Xj's

mE|E,p(f-j),)(,;J;r)k(Xl ----- Xs)+IZ lixi— - |El7(fj))(mj+)k(x """ Xs)
.
. § _1(,0])nJO'J,k HJ_l i
M =0y (mk+ z nJ J) —1 it a7
= nJ
s 0 1 _1(,DJ)I’]JO'J,k HJ—l J

+2Zhixi X niX '
i=l  m,.,ng=0 Tk (M+k+ Z nJ J) —1 i’
j=1

Now, on using the eq. (10), and interpreting with the help of (9), we get the required
result (16).

(ii)
(Pj)(cj) r-1 Hs'—l(/’j)njaj k X
E (X Xg)— >
k,(Ii),m 0 s .nil
N N = rk(m+§n”) j=1")"
Hs ( - k) e _xi"i (18)
0 ; pPitTroj ‘o i _1X]
~aPre kMjaxj X S nJGJ =
J Jrop = (nj+)rni
.- Ns = rk(m+zrl+zn”) 111 rnj!
==
where k>O;pj,aj,|j,me(C;iR(|j)>O,ER(GJ-)>0;m¢26and ]=12,...,s.
Proof: L. H. S. of eq. (18) can be written in the following manner using (9),
N PN HS-—1<Pj>n,-a,-,k a4
k(I ym LS oS nit (19)

M....Ns =0 Fk(m+z nJ 1)) At
J_
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§ Hsj=1(,0j)nj0'j,k Hsjzlxjnj

S S .
M Ns =0 1y (me Y njlj) 1_[jzlnl!

=1

Xj(nj +r)

S . S
; Hj:l(pj)(nj+r)0j,k Hj:]_

. 20
nl ..... ns=0 rk(m+ % (nj+r)lj) Hi:l(nJ'Fr)' ( )
j=1
.z M1 epmj+nejk  T§ogx 5 xj"
) 0 S S S (ni+r)..(nj+hni! (21)
M Ns =0y (m+ 3 rj+ 2 njlj) j:l( J e |
j=1  j=t
Now, using egs. (13) and (7) for k = 1, we get the required result (18).
(i)
i),(oj —k,p2,..., (o) (1,02 k..., ).(oi)
SEéf)(fj))(,;J)(Xl ..... XS)_EIE{)(le),an Ps)(] X5y XS)_EKI,O(-Iij/;,Zm Ps)ia] (X0 Xs)
(P1,p2 - ps—K) (o) B ol (p1+o1k=k,p2,....p5),(0j)
_Ek,(IJ),m (Xl ..... Xs)—ko-lo'l(jo-l_lxl k,(lj),m+ll (Xl ..... Xs) (22)
+.+k%S g (PS] 1x3 ElE'O(lIJ’D)ZmHjS tosk=k) (o) (X s Xs)s
s—

where k >0; pj,0j,1j,meC;R(1j)>0,R(cj)>0;me Zg and 1=12,...,5; seN.
Proof: L. H. S. of qu. (22) can be written using (9) as follows,

(Pj)loj) (m—K.p2,-p5)(0f) (p1.p2-K,ps) () .

o OLx) B 05 E (X%
_.._Elﬁ{’(ll’j’;?n;""’s‘k)’("j)(X1 ..... xs)=E|£f)({J?’)f§j)<x ..... %)
‘Eé%;;HfZ ..... A XS)+ElEI,O({j),)(,:WJ)(Xl _____ XS)_EIE{)(ll,j/;’zr;k ..... P )
+"'+El£{)(fj)3$;j)(X1 ----- Xs)—EliilI’S,zrr’{“’ps_k)’(aj)(X1 ----- Xs) )
. {(Pl)nlo-l,k—(Pl—k)nlo-l,k}jzfljil(Pj)njo-j,kHsj:lx?j
Moo Mg =0 (e 3 njlj) mi_nj!

j=1
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s-1 _
o psIngos k—(ps=Knsor k} I (Pjdnjoj.k s . x
4ot Z J_l J_l J
s S i1
r}l ----- ns:O rk(m_‘r_-z njlj) HJ—:an.
=1

Using eg. (7), we have

L)) (1=K, p2,:p5).(0}) (p1.p2-K,-p5), (0 f)

k,(Ij),m (Xl""’XS)_Ek,(Ij),m (Xl""’XS)_Ek,(Ij),m (X1 -0 Xg)
S
{moik(pDmor-1kd 1 (Pjnioi k
(P12, K. (0 ) R AT g I
- i (1j)m (Xq,Xs)= 2 S
M....Ns =0 Tk (m+ X njlj)
j=1
. S_l .
sy . {”sffsk(/?s)nsas—l,k}_l__[ (Pjdnjoj .k s xd
N =00 I j=1 ="
S .l o _0 S HS. n.|
it M= Fie(ms 2 njt;) =" (24)
{m+Dork(en) Y (o))
m+h)o1k(a)(m +1) o -1k Pinicik s M m+l
- 3 e N PR U
S S . 1)!
Mg =0 Tk (m+ ¥ njlj+h) M§_pnj! (+Y
j=1
s—1
- {(ns+D)osk(ps)(ng+1)og -1,k I1 (pj)njaj,k Hs_—lxr_‘j n-+1
ftr S = J=11] Xg
S s—1,.. 1!
Mg =0 T (m+ X njlj+ls) mignj! (Ns
j=1

Now, using the egs. (13) and (14), and in view of (9), we obtain the required result in
eg. (22).

4. DERIVATIVE PROPERTIES

(i)

m Ny N Is m N (o
d" | =1 _(pjlloj), = - —=1-r_(pj)(oj) >
k' durf uk Ek,(fj),mj (Uk xq,...uk xg) r=uk Ek,(fj),mj—rk (uk xq,....uk Xg), (25)

where k >0; pj,0j,1j,meC;R(j)>0,R(cj)>0;me Zg and j=12,...,s; reN

Proof: With the help of eqg. (9), we have
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S nil;
| nj > ka
) 1 s 0 (Pjdnic: kH uj=l
TIPSR R R = kil f E £ . (26)
e Moo, Mg =0 rk(m+z i 1j) m_nj!
j=1
d | T op(e)) s
Now, kra uk kp(f )m ‘] (ukx1 ..... uk xg)
s S nil
m+ Y n
- m+ ¥ njlj j=1 I ,
l‘ISj:lxrj1J J:k 1l k -
s (27)
—kr ; H'_l(/?j)njaj
- m s _.nj!
rk(m+z njlj) j=1"]
j=1

Similarly, on differentiating the above eq. (27) upto‘r’ times w. r. t. ‘u” and using eq
(10), we get our required eq. (25).

(ii)

(p )(oj) ( P2, P 10K, ps),(0Tf)
L { im0 1Xs)} (Prok Byt Oes), (28)
I
where k>0;pj.oj.lj.meCiR(j)>0R(o;j )>0meZg=40,-1-2,.}and j=12,.5; reN.
Proof: We have the following equation in view of (9), and as differentiation w. r. t. xy’,
nj
(Pj)(c}) © Hs'—l(pj)njffj i~ )Hi 1XJ’
d7' Ek (I) m (Xl ..... Xs) = Z . (29)
ARG I M,....Ng =0 1n3_nj!
j=1
Similarly,
15 . (eidnio: xOms xM
(PJ)( i) S j=1'#) nJO'J’ ' =17
—_— (XqsiXg) (= >
I k(I )m v (30)
X M5 =0 1 (m+ Z nJ 1j) —lj¢|nJ '(nj-r)!
j=1

Applying n; — n; +rand using eq. (13), eq. (9), we get the required result in eq. (28)
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5. INTEGRAL TRANSFORMS

5.1. k-BETA TRANSFORM

1
Tk (1)

m Is . .
k (1—u)k Elgp(f))(mj)(ukxl, LUk xg)du= kElEp(fj),)(;{;-)y(Xl"“’XS)’ (31)

1
fu
0

L Is
o L j(z r)k ook 1Eép(f))(al)(( F=t) K XL, (F—t) k %g)dr
(1),
(32)
B2 (pi)o)) 1 s
—k(z—t) K Ek (f )m{rﬂ((z—t)k X1 (2 1) K Xg),

where k > 0 pj.oj.ljmeCiR(j)>0,%(cj)>0me Zg={0,-1-2,..} and j=12,.s.
Proof of (31): L. H. S. of equ. (31) can be written using (9) in the following manner

1

m,
k
Tk (1)

ls
(1—u)k Elgp(f))( J)(ukxl ..... u?xs)du

1
fu
0
S njl;
1

B %—1 H4 o _l(pj)nJO'J kHJ =1 JJUJ
Tk (u)

(1-u)k z
Mos=0 1y (m+ zlnJ i) m5_ynj!
j

du

1
fu
0

On interchanging order of integration and summation, we have

Is
L (1-u)k 1E|Ep(f))(mj)(ukx1, UK xg)du

m_
k
[ (1)

1
fu
0

. m+ Z n;i
nj & ilj p (34)

1 0 Hs-_l(/?j)njaj k HJ—l j
k() y,...ng=

1
vk a-wk
s _.nilo
Fk(m+2n“) j=1"
j=1
Now, using eqgs. (11) and (9), we get our desired result in eq. (31).

Proof of (32): Taking ;—_t:u,dr:(z—t)du in L.H.S.of equ. (32), and in view of (9), we obtain
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My ey, B s
Fi ){(z ok Kok Elif’(fj))(;”((r—t)kxl ..... (r-t)k xg)dr

1 1 H m H m_l o0
2

Tk Tk aouk tuk

Hs_l(pj)njaj
Tk ()

Mes=0 1y s Y njlj) (35)
J_
njlj
k

Mm

ni 4 JJ{u(z ~t)}j=1

s

du

jzln j!

On interchanging order of summation and integration, we obtain
I I

1 L] 1_(pj)oj), = 3

Ty (i ){(z rNk (r t)k Ek (j)m ((r—t)k xq,...,(r—t) k xg)dr

p,.m s S i ni
_(Z—t)E—i_I_ o H'_l(pj )njaj k Hj=1{(z_t) k XJ} J

Lk (1)

S ..
M,...,Ng Ol"k(m+2n“) szan! (36)
J_

m+ Z nJ j
I o S H 4
x[u k (I-u)k du.
0

Now, on using egs. (11) and (9), we arrive at our desired result in eq. (32).

5.2. LAPLACE TRANSFORM

(37)
M Kk k75 K x

10 ..... 0
mhl ). ...
k k’ ,k - 3 Yy 1

wherek > O;pj Xy ,Ij ,me (C;S%(Ij) > o,m(aj) >0;m eEZ(_) ={0,-1,-2,..}; F[x.....Xg ] represents
Lauricella function [13, p.37, €gs.(21)-(23)] and j=1,2,....s.

ISSN: 1844 — 9581 Mathematics Section



732 Multivariable K -generalized Mittag-Leffler function... Brij Bhushan Jaimini and Meenu Buri

Proof: Using the definition of Laplace Transform [12], and in view of (9), the L. H. S. of (37)
takes the following form

L{ua_lEIEp(f-j)’)(;j)(uglxl ..... ugsxs);p}:ofe_puua_lElgp(f.j)')(g]j)(uflxl ..... ugsxs)du
(1), 0 (),

2 Mialinjopk M0 " (38)
u.

o0
:Ie—puua—l
S S .
0 Mes=0 my me ¥ njty) M=
j=1

Now, on interchanging the order of summation and integration, we obtain

g{u“‘lE(pj MOP) (G, ubsxg): p}

k,(Ij).m
0 Hs'_l(pj)n'G' k Hs_lxnj 0 a+ % nJ§J—1
= X 1= 5 ) Js_ ] e Puy j=1 du
m,....ng=0 gy [5_4njto
S
s . s Nj T(a+ X njé&j)
oz MalnjojkMiaxg 5 MY
_ s S s
n,....Ng =0 L (m+ X njlj) szlnl' (a+ X njéj)
j=1 P j=1

Now using the egs. (12), (8), and in view of the definition of generalized Lauricella
series [13, p.37, egs. (21)-(23)], we at once arrive at the desired result in eq. (37).

5.3. HANKEL TRANSFORM

(Pj)(oj)

T n-1
(j)u” ‘]V(au)Ek,(lj),m

m
— +
on-1 kl k F(%)

al TE) re5h

1)

h I Is I
11..1 ol—-= 2 1 og—> 2\'s
*Fy0..0 k kb(g] Xk Sk b(g) Xs |

where k >O;pj,0j,|j,me(C ;%(Ij) >0,9%(0'j) >0;me Zg={0,-1,-2,...}and
j=12,..,s,a>0R(v)>0,R(x)>0.

Proof: L. H. S. of eg. (40) can be written in the following manner using (9),
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o0 . .
ju”_lJv(au)ElEp(fj)')(;J)(bullxl,...,buls X )du
0 ) )
- o T_(pnio k TS _q (bulix;)M (41)
@) ¥ IR ot A .
s .
0 LS Ork(m+zn“) _nj!

j=1

Now, on interchanging the order of summation and integration, and using the
following identity [14] therein,

V—H]
oL, auyau=2 2 (42)
0 al ra+¥1 )
we have
e 0] . .
ju'7_1JV(au)E(pJ_)'(GJ)(bullxl,...,buIS X )du
0 ky(lj)ym
v+n+ Z nJ J
j=1
3 2 s [y(2)] J
> 217 xi
o I (Pjnicik -1 j=1 (aj X (43)
— Z J_l J J' .
_ S n S ..
M....Ns =0 Tk (m+ X njlj) a v—n— Z nijlj szan!
j=1 j=1
1+ 5

Again using the egs. (12), (8), and interpreting in view of definition of generalized
Lauricella series, we at once obtain our required relation (40).

6. FRACTIONAL CALCULUS

6.1. FRACTIONAL INTEGRATION

SHEICH s ]y oo Is

H uk k(IJ) (ukxl ..... uk xg)p=u k Ek(IJ)m+ (ukx1 ..... uk xg), (44)

k

where If’ is the K -R-L fractional integral, defined by S. Mubeen et al. [15] as:
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KT ( )(j)(z t)k 1f(t)dt, (45)

and k >O;pj,o-j,lj,meC;‘R(Ij)>O,‘R(o-j)>O;meZ6 ={0,-1,-2,..}; j=12,..,s,andn7 € R.

1t (2)=

Proof: On using the above definition (45), we get the L. H. S. of (44)

Is
17 uk lgp(f))( J)(ukxl ..... uk xg)
14 (pjep) L
~iT ()(I)( -t)k “tk Ek,(lj)m (tk Xtk xg)dt o

'j
kT S .
k(’?)o nl, ’nS Ork(m+znjj) szlnjl
j=1

dt.

On interchanging order of summation and integration, and taking t = uz,dt =udz,we
get

| T S _
] s o Mj_4(Pjhjo;
|/ uk Elgp(f))( J)(ukxl ..... uk xg) Uk -11njoj K

..... Ng= =0 Fk(m+ Z nJ J)
-1
’ (47)

Now using egs. (11) and (9), we obtain our desired result (44).

6.2. FRACTIONAL DERIVATIVE

(o) (o}) 5T e L |
D|7(7 uk k(f) o) (ukxl ..... kas)}—k k,(fj'),lJer—r;—k(kal ..... uk xg), (48)

where Dg is the K -R-L Fractional derivative, introduced by L. G. Romero et al. [16] as:

n
Dﬂf(z)-i@—ﬂf(t)dt kril_);' {(y)(z 1) K f(t)dt}, (49)
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and k>0;pj,0j.1j.meC;R(;) >O,‘R(0'j)>0;me£26 ={0,-1,-2,..}and j=1,2,....sand 7y € R.

j ’

Proof: On using the above definition (49) in L. H. S. of (48), we have

Is
D{Z uk |Ep(fj))(mj)(kalv LUK Xg)
1 d |y — L (PJ)( J)
_— -t) k '[k tk - ,'[k dt
"K'y (=) du é(” ) ¥ B dm oetkxs) (50)

lj

1-n , m S o ] = . .\Ni
_ 1 4k % Hl‘l(p’)”J“J oD |
kT'k (1-n) du S .
k( ) 0 m,...,Ng =0 Fk(m-l— 2 nJ J) szlnjl

J_

On interchanging the order of summation and integration, and taking t=uz,dt=udz, we
get

|
PG )( i) = 1
]

ul_nTer_l S Hs-_l(/?j)njaj K Hsjzl(uij)”j

s ..

; m,....,ng=0 Ty (m+ Z njlj) Hj:lnl! (51)

X— j=1
du

m+ Z nJ j

1=t by

[z K (1-z) k dz

0

Using definition of the K -beta function (11), we get

Is
Dg u k Iip(fj))(mj)(u K XU K Xg)
'j

j . (52)
1_77+m_1 o Hs._l(pj )njo.j Kk Hsj:]_(u k Xj)nJ

S .

j=1

After differentiation and using equation (10), and interpreting in view of (9), we obtain
the desired eq. (48).
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7. CONCLUSIONS

In this paper, a simple approach is used to establish the main results for multivariable
MLf considered here. By considering appropriate values of parameters, several former
established results can be derived from our results, a few are as follows:
I. Considerings =1, p1 =7y, 01 =0, l1 = a, m =, x, = z in equations (15), (16), and (22), we
get the earlier established result of K. S. Gehlot [17], respectively, which is turned at ; = 1
into the results of G. A. Dorrego et al. [9], respectively.
. Assumings=1,p1=7,01=qQ, li =a, m=f, Xy =2, r =] in eq. (28), we obtain the known
result of K. S. Gehlot [17, p. 2217, eq. (17)] which is turned at o1 = 1 into the results of G. A.
Dorrego et al. [9, p.710, eq. (11.15)].
lii. Takings =1, p1 =y, 01 =0, i =a, m= B, x1 =z, u = &, u = 0 in equation (31), the eq. (31)
reduced to the earlier result given in [9].

Similarly, for appropriate values of parameters, we can obtain some earlier established
results of [1,18-20].
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