Journal of Science and Arts Volume 25, Issue 4, pp. 699-708, 2025

ORIGINAL PAPER

ON SOME ALGEBRAIC PROPERTIES OF THE HYPER-DUAL
BICOMPLEX JACOBSTHAL QUATERNIONS

CENNET CIMEN!

Manuscript received: 13.12.2024; Accepted paper: 20.11.2025;
Published online: 30.12.2025.

Abstract. In this article, we define the hyper-dual bicomplex Jacobsthal quaternions.
We give some properties of these quaternions. Moreover, we investigate the Binet formula and
calculate Vajda’s identity, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity, and
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1. INTRODUCTION

Clifford (1873) [1] defined the set of dual numbers as
D ={D = x+ x*¢|x, x*€R} (1)
where ¢ is the dual unit with ¢ #0, €2 =0. For d; = x+ x*¢ and d, =y + y*s are

givenasd; +d, = (x +y) + (x* + y“)e and d;d, = (xy) + (x*y+)e respectively.
The set of hyper dual numbers given as

HD ={D = ay, + a;& + a,&, + ase;&lay,a4,a,,a3 ER},

where the dual units &, €, satisfy the following rules:

812 = 822 = (8182)2 = O, & * 0, &y * 0, &1 * &y, E1&2 = &6 * O (2)

Hyper-dual numbers form a 4-dimensional vector space over R, with basis {1, &, &,
& &}. Also, a hyper-dual number D can be written as D =d + d*e* where d = a, +
a;&,d" =a,+aze €D and g =¢,&, = ¢&*. For any two hyper-dual numbers D, = d; +
di €*and D, = d, + d; € defined as:

D1 + Dz = (d1 + dz) + (d;_ + d; )S* and D1D2 == d1d2 + (dld; + d;dz) E*

respectively. For applications of hyper-dual numbers, see [2-6].
Aslan [7] defined the hyper-dual split quaternions as
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q:D0+ D1i+ D2j+ D3k

where Dy, D1, D,, D5 € HD and i, j, k have the split quaternion multiplication property
i?2=-1, j2=k?= ijk = 1. Bicomplex numbers were introduced by Segre [8]. Price
[9] presented bicomplex numbers based on multi-complex spaces and functions. The set
of BC (Bicomplex numbers) is a two-dimensional algebra over complex numbers (C)
since the set of complex numbers (C) is two-dimensional algebra over real numbers (R).
Therefore, the set of bicomplex numbers is a four-dimensional algebra over R.

The set of BC (Bicomplex numbers) is given with

BC B {.x = (x1 + lxz) + ](X3 + ix4)|xl,x2,X3X4 (S R}
where i, and ij satisfy the conditions
i?=-1, j?*=-1, ij= ji (3)

The set of BC (Bicomplex numbers) is a real vector space for scalar multiplication and
addition. The vector space BC equipped with abicomplex product is a real associative algebra.
Also, A set of bicomplex numbers BC together with the properties of multiplication, is a
commutative algebra, see the works [10-12], among others. Furthermore, there are three
different conjugations of bicomplex numbers [13-14] as follows:

X = xq +ixy +jxg +ijx, = (x; +ixy,) + j(xs +ix,) € BC,
X; =x1 —ixy + jx3 — ijx,
Xj =X +IXy — jxX3 — [JXy

X = X1 — Xy — JX3 + X4

Therefore, the norms of these numbers are given by

Ny, =[x x° = J 2 + x2 — X2 — x2 + 2] (125 + X%

Ny, = ||x X x| = \/Ixf — x5+ x% — xZ + 2i(x1 %5 + x3%,)|

Ny, = || x x| = Jle +x2 + x2 + x2 + 20 (x4 + x223)|

Quaternions were defined by Hamilton [15] as an extension of the complex numbers.
In recent years, there has been an increasing interest in problems of some algebras, especially in
the quaternion field. Since many algebraic problems on quaternion fields were encountered in
some applied sciences, like quantum physics, analysis, differential geometry, and geostatics.
In general, a quaternion is given by the following Equation;

q=ay+a,i+a,j+ask = (ay aq,a, a3)
where ay,a,,a,,a; € Rand 1, i, j, k that satisfy the following multiplication rules:

2 =j?=k?=ijk=-1, ij=—ji=k  jk=-k=i, )
ki =—ik = .
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Similar to the quaternions, a dual quaternion § is defined as
q: d0+ dll‘l‘ d2]+ d3k

where d, d4,d,, d; € D and the elements i, j, k satisfies the quaternion multiplication rule:
i? =j%2=k*=ijk=-1. (5)

Kilic [16] introduced the dual Horadam quaternions as

Qw,n = Wp +Wpal + Wi j + Wik,

where w,, = w,, + w,,; € is the nth dual Horadam number. Recently, Omur et al. [17] defined
the hyper-dual numbers whose coefficients are from the sequences Uy, ,, and V. ,, which reduces
to the sequences {w, (0,1; p, 1)} and {w,, (2,p; p,1)} for k = 1, respectively. Tan et al.
[18] defined the hyper-dual Horadam quaternion numbers. They investigated the algebraic
properties of these quaternions. Horadam [19-20] defined the Jacobsthal sequences {J,,} with
the recurrence relation:

]n+1 =]n+ 2]n—1' n =z 1 (6)

with initial conditions J, = 0, J; = 1. The Binet-like formula for Jacobsthal sequences is
given as:
an _ Bn

==

where & = 2 and § = —1, are the roots of the characteristic Equation x> —x — 2 = 0. Thus,
note that « + B = 1, af = —2 and a — 8 = 3. Horadam [21] introduced and studied the
Fibonacci quaternion sequence; also, these sequences have been studied in several papers (see,
for example, [22-26]). Moreover, generalizations of the Fibonacci quaternions have been
given in the literature (see, for example, [27-30]). Szynal-Liana and Wloch [31] investigated
the Jacobsthal quaternions and obtained some properties of these quaternions. Aydin and
Yuce [32] defined some properties of Jacobsthal quaternions. Also, they investigated the
relations between the Jacobsthal quaternions, which are connected with Jacobsthal and
Jacobsthal-Lucas numbers. Aydin [33] defined dual Jacobsthal quaternions. Also, the relations
between dual Jacobsthal quaternions, which are connected with Jacobsthal and Jacobsthal-
Lucas numbers investigated, and some identities for these quaternions. Halici [34]
introduced a sequence of bicomplex numbers whose coefficients are chosen from the
sequence of Jacobsthal-Lucas numbers and presented some identities of the bicomplex
Jacobsthal-Lucas sequences. Aydin [35] defined the bicomplex Fibonacci quaternions and
presented some identities of these quaternions. Catarino [36] investigated the bicomplex k-
Pell quaternions. Kizilates, et al. [37] investigated the bicomplex generalized tribonacci
quaternions. They obtained Binet’s formula, generating functions, and the summation formula
for these quaternions. Also, they obtained the determinant of a special matrix. Gul [38] gave
the dual bicomplex horadam quaternions and presented some properties of this sequence. In
this study, we aim to contribute to the development of bicomplex numbers and hyper dual
numbers. We investigate a new generalization of hyper dual quaternions called hyper dual
bicomplex Jacobsthal quaternions. We define the hyper-dual bicomplex Jacobsthal
quaternions and present Binet-like formula, Cassini’s identity, Catalan’s identity, Vajda’s
identity, d’Ocagne’s identity, and generating functions for hyper-dual bicomplex Jacobsthal
quaternions.

()
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2. ALGEBRAIC PROPERTIES OF THE HYPER-DUAL BICOMPLEX JACOBSTHAL
QUATERNIONS

In this section, we introduce a different generalization of hyper dual quaternions and
give some properties for the hyper-dual bicomplex Jacobsthal quaternion; thus, we give some
necessary definitions and concepts.

Definition 2.1. The nth hyper-dual Jacobsthal number is defined as

HD% =Jn tJns181 tni2&2 T nizéi&2 (8)
where ], is the nth Jacobsthal number and g, €, satisfies the multiplication rule in (2).

Theorem 2.1. Forn > 0, we have

g(z'f'l — Eﬁn

— (©)

HD. =

where a =1 + 2¢; + 4¢, + 8g48,, B=1—¢ +¢&, — &€, ; o are roots of the Equation

x?—x—-2=0,iea=2 g =-1.

Proof: From the equalities (7) and (8), we obtain
HD?’]ll:]TL +1]n+1€1 +£n+2€2 "2']n+3€1€23 ;
a* — g "t — gnt a2 — gnt a3 — gnt
= k + k g + b £, + b
a—p a—p a—f a—f
1
ppy [@™(1 + 2, + 4e, + 8e16,) — (1 — &1 + &, — £18,)]

aa-Bp"

— p—

€18

Definition 2.2. The nth hyper-dual Jacobsthal quaternion number is defined as

HD!X = HD}, + HD ,,i + HD! ,,j + HD’ ,.k (10)

n
here ]HIDL is the nth hyper-dual Jacobsthal number, and i, j, k are basic quaternions in (4).
Theorem 2.2. Forn > 0, we have

aaA — BB"B
a—p

where A=1+2i+4j+8k, B=1—-i+j—k.

HD.? = (11)

Proof: From the equalities (9) and (10), the proof is easily seen.
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Definition 2.3. The nth bicomplex Jacobsthal quaternion number is defined as

BT = I + Jnsai + Jnsaf + Jnsaif (12)

where J,, is the nth Jacobsthal number and i, j, ij are properties of the multiplication property
in Equation (3).

Theorem 2.3. For n > 0, we have

BC =———
n a_ﬁ

where a* =1+ 2i+4j+8ij, B*=1—-i+j—ij.

(13)

Proof: By using the equalities (7) and (12), we obtain

B(C]Q _ an_ﬁn+an+1_ﬁn+1i+an+2_ﬁn+2 .+an+3_’8n+3
n a—,Bl a—p a—p J a—p
=ﬁ[a”(1+2i+4j+8ij)—ﬁ"(l—i+j—ij)].

]

Definition 2.4. The nth hyper-dual bicomplex Jacobsthal quaternions {HDB(CLQ}:;O are
defined by the following:

HDBC.? = HD}® + HD!? i + HD/Y,j + HD/®,ij (14)
where [HID]Q is the nth hyper-dual Jacobsthal quaternion number and where i? = —1, j? =
-1, ij = ji.

By using hyper dual Jacobsthal numbers ]H]D,{Q, we get

HDBC? = HD)® + HD/?, i + HD/?,j + MDY, ij
= Un +Jns181 +ni282 +Jni3&r€2) _
+Un+1 T Jnt281 +Ines€2 + Jnta1€2)i _
+Unsz + Jn+3ér + Jni282 +]n+3£1£2).].
+Un+3 + Jn+a&r +Jnis€2 + Inre€1€2)Y.

From Equation (14), it is obvious that HDBC/? = HDBC/?, + 2HDBC.?, with the
initial conditions

]HIDB(CéQ = (& +& +366)+ (1 +¢& + 36, +5¢.6)i
+(1 + 3, + 5¢, + 11e,6,)j + (3 + 5 + 11e, + 21¢;6,)ij,
HDBCI® = (1 + &, + 3¢, + 5¢16;) + (1 + 3g; + 5¢, + 11g;8,)i
+(3+ 5¢ + 11e, + 21616,)j + (5 + 11g; + 21e, + 43¢€,6,)ij.

For two hyper-dual bicomplex Jacobsthal quaternions HDBC/? and HDBC.?
addition and subtraction as follows:

HDBC,® + HDBC? = (HD)® + HDJ?) + (HD.?, + HD/C, )i

n+1 —
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+(HD]S, + HD/C )j + (HD]S, + HD/C..)ij,

n+2 m+2 m

and multiplication by

HDBC/? x HDBC/? =
= (HDJ® + HID}®,i + HD/C,j + HD/?.ij) x (WDJ? + MD/2 i + HID/C, + HD/C .ij)

m m

= HDr]LQHDr]nQ - HDr]l?H HDTJnQ+1 - HDr]zngDr]nQn + ]I-]ID,{%H—HDT],IQH
+(HDR° WDy 1 + HD,S, HDy? — HD, S MDY, — HD, S, HD, Y 5)i
+(]H[DT]lQ HDr]nQ+2 + HD‘I{EZ H-HD,]nQ - HD7]1?-1HD7]11Q+3 - H'HDr]l?r3H'HDr]nQ+1)j
+(HD{® 1DJ%,, + WD)%, WD)%, + MD}%, D)%, + HD}¢,HD/ ).

The multiplication by the real scalar A of the hyper-dual bicomplex Jacobsthal
quaternions is given by the following:

AHDBC? = AHMDI? + AHD)C i + AHD/?,j + AHD]?,ij.

n

The different conjugations for hyper-dual bicomplex Jacobsthal quaternions are defined
as follows:

(HDBC?), = WDJ® — WD)%,i + HD/%,j — WD), j
(HDBC/?), = HDJ® + HD!%,i ~ HD}%,j — HD}%,j

joNt _ jQ JjQ JjQ . JjQ -
(HDBCy, )U = HD;" — HD;%,i — HD;%,j + HD,%ij.

The norm of a hyper-dual bicomplex Jacobsthal quaternions is defined as

HDBC’HDBC)® = HDBC/°HDBC/?
2 2 2 2
= (HD;%)" + (HD;2,)" + (HD,S,)" + (HDS,

Theorem 2.4. For n > 2, the hyper-dual bicomplex Jacobsthal quaternions satisfy the
following relation:

HDBCL? = HDBC/?, + 2HDBC.?, (15)

Proof: By using of the equalities (6) and (10), we obtain

HDBC? = HDJ?, + HD.?i + HD/?, j + HD/, ij
+2(HD/°, + HID/? i + MD]J%j + HD.?, ij)
= HD.? + MD.?,i + WD.?,j + HD/?,ij.

n

The following results give the Binet-like formula for the hyper-dual bicomplex Jacobsthal
quaternions.

Theorem 2.5. For n > 0, we have
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HDBC/? = ate” — B (16)
a—f

where a and B are hyper dual numbers defined by & = 1 + ag; + a’e, + ale6,, B =
1 + & + p%e, + B3e,e,, a*and B*are bicomplex number is defined by a* = 1+
ai + a?j + adij, B* =1+ Bi+ B?% + B3ij.

Proof: From the equalities (10) and (11), the proof is easily seen.

HDBC}Q ﬁﬁn s g(Z'I‘I,-i'l _ Eﬁn-l'l ; . Z TL+2 lgﬁn+2] s g Tl+3 ﬁﬁn-l'?) l]
—1,3 a—p a—p a—p
7 [aa™(1 + ai + a?j + i) — BB (1 + Bi+ B?j + B31))]
aaa’ — BR" B
a —[_3 '

Since the set of hyper-dual numbers and bicomplex numbers is a commutative algebra,
ap = Ba and a*B* = B*a*. As a result of the Binet-like formula given in (16), we obtain

Vajda's identity, d’Ocagne’s identity, Cassini’s, and Catalan’s identities for the sequence of
hyper-dual bicomplex Jacobsthal quaternions.

Theorem 2.6 (Vajda’s identity). For integers n, r and s, the following identity is true:

*B* (N (g =BT S_psS
HDBC/? HDBC/, — HDBCHDBC, , = LLF @ P F)

n+r+s (a—p)?

(17)

Proof: From the equalities (11), the proof is obvious.

From the Vajda’s identity, we have the following results:
By replacing r with —s in Equation (17), we get Catalan’s identity for hyper-dual
Jacobsthal quaternions:

) _ﬁa:ar*B*( Z)Tl—S(g:S 85)2
je = 18
— (HDBC,;*) = C E : (18)

HDBC? HDBC/? . —

n+s

By setting s = —r =1 in Equation (17), we obtain Cassini’s identity for hyper-dual
Jacobsthal quaternions:

HDBC/2 HDBC, — (HDBCR)” = —aBa’p*(—2)" ", (19)

If we take m —n instead of s and r = 1 in Equation (17), we obtain d’Ocagne’s
identity for hyper-dual Jacobsthal quaternions:

apafr(=2)"(a™ ™ = ™)
HDBC/S ,HDBC)? — HDBC/PHDBCS, , = —= o :
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Theorem 2.7. Forn > 2, we have
YPIHDBC/? = 2[-HDBC/? — 2HDBC/?, + 2HDBC)? + HDBC/?).

2

Proof: From the Binet-like formula of the hyper-dual bicomplex Jacobsthal quaternions, the
proof is easily seen.

We now shall obtain the generating functions for the hyper-dual bicomplex Jacobsthal
quaternion sequence. By using the definition of a generating function, g, ..o (x) is given
n+1

by the following:
Iyppcle, () = Z HDBC/Cx™ (20)
n=0
Therefore, using (20), we have the following result.

Theorem 2.8. The generating function for the hyper-dual bicomplex Jacobsthal quaternion
sequence is given by the following:

HDBC)? + (HDBC]? — HDBC®)x
Iuppcl® () = 1 — x — 22

Proof: Firstly, we write a generating function for the hyper-dual bicomplex Jacobsthal
quaternions;

Iyppcse () = HDBC°x® + HDBC{%x" + -+ HDBC, x™ + -~ (1)

Secondly, we calculate —xg, ..o (x) and —2x*g, ..o (x) as the following
Equations;

_x.gHDB(C]Q (x) = —HDB(CéQX - HDB(C{Q.X'Z —_— e — ]H[DBCilen-l-l + .- (22)
and
—2x2gy e (x) = —2HDBC)x? — 2HDBC)%x3 — -+ = 2HDBC/x™2 + -+ (23)

Finally, adding Equations (21), (22), (23), and using Equation (15), we obtain

(1= x = 2x)) gy ppere (1) = HDBC® + (HDBC;® — HDBC;®)x.

3. CONCLUSIONS

In this work, we define hyper dual bicomplex Jacobsthal quaternions. We give many
identities that take an important place in the literature for hyper dual bicomplex Jacobsthal
quaternions. We also obtain some well-known important identities for these quaternions. In this
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way, we also think that we will contribute to the literature on hyper dual bicomplex Jacobsthal
quaternion numbers.
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