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Abstract. The cornerstone of this article builds various new concepts of traveling
solutions to the nonlinear generalized (3+1)-dimensional gas bubbles liquid model. The
suggested model, which plays a significant role in fluid mechanics, describes nonlinear wave
propagation in the gas-bubble-liquid model. Three famous universal techniques, namely, the
Generalized Kudryashov Technique, the Paul-Painleve Technique, and the (G/G)-Expansion
Technique. Many new arising soliton types in the form of bright soliton solutions, dark soliton
solutions, and other new rational solutions by using the three suggested techniques have been
constructed. Our realized solitons are new compared with [2-5], who solved this model by
other techniques. Also, the two-dimensional (2D) and the three-dimensional (3D) simulations
that show the dynamical behaviors of the arising solitons have been represented.
Furthermore, the physical descriptions of some achieved solutions are documented.

Keywords: Nonlinear Generalized (3+1)-Dimensional Gas Bubbles Liquid Model;
Generalized Kudryashov Technique; Paul-Painleve Approach Technique; (G'/G)- Technique;
Arising Solitons.

1. INTRODUCTION

The nonlinear physical phenomena can be described by differential equations with
nonlinear partial derivatives. The wave fields that describe mechanical or electromagnetic
waves are called dynamical wave equations and are described by partial differential equations
of second order. The acoustics, electromagnetism, and fluid equations are three kinds in these
fields.

The Nonlinear Generalized (3 +1)-Dimensional Gas Bubbles Liquid Model (NG G(3+1)-
DGLM) refers to a variety of nonlinear operations in liquids containing gas bubbles that will
be proposed. When the suggested model surrenders to mathematical adjustments, this NG
G(3+1)-DGLM naturally converts into either one of the following equations, which are the
(3+1)-Dimensional Kadomtsev-Petviashvili Equation, the (3+1)-Dimensional Nonlinear Wave
Equation, and the Korteweg-De Vries Equation. Some authors investigate the suggested model
through various methods see for example, Tu et al. [1] who derived the Backlund
transformation, infinite conservation laws and periodic wave soliton solutions of the NG
G(3+1)-DGLM, Wang et al. [2] who obtained Lump, mixed Lump-stripe and rogue wave
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stripe solutions of the suggested model, Zhao et al. [3] who used the new generalized
exponential rational function method to derive the various kinds of new accurate soliton
solutions to the NG G(3+1)-DGLM, Shen et al. [4] who discussed G(3+1)-DNLWE by using
Hirota’s bilinear method t0 obtain abundant soliton wave solutions and the linear superposition
principle Sabiu et al. [5] who utilized the extended auxiliary equation scheme to explore the
newly traveling wave solutions of the NG G(3+1)-DGLM, Adem et al. [6] who used the Lie
symmetry, multiplier, and simplest equation manners to satisfy innovative symmetry
reductions, group invariant solutions, conservation laws to the NG G(3+1)-DGLM.

There are several semi-analytical techniques as the solitary wave ansatz method,
Hirota’s bilinear method, tanh and sine-cosine methods, extended tanh-function method, the
extended simple equation method, the modified simple equation method, the extended direct
algebraic method, e ”-expansion method, the Ricatti-Bernolli-Sub ODE method, (G’/G)-
expansion method, the Paul-Painleve Approach Method (PPAM), so on... that are used to
construct the traveling wave solutions of different nonlinear science problems have been
mentioned in several published articles [7-26].

The NG G(3+1)-DGLM [3] that describes nonlinear wave propagation in the liquid
with a gas bubble can be written as

(QT + ;U’_LQQX + luzQxxx + /'I3Qx)x + :u4ny + :LlSsz = O (1)

where ,i=1,2,3,4,5are arbitrary constants Q=Q(x,y,z,7) denotes the differentiable
function with the longitudinal parameters x, y, z and temporal parameter z. Now, with the aid
of the following transformation

Q(x,Y,2,7) =R({),{ =S X+S,y+S,2—Wr. (2)
Equation (1) will be converted to
(—ws, + 187 + 11,5; + 182 )R" + 18! (R +RR") + 1,8, R* =0. (3)
By integrating Eq. (3) twice, neglecting the constants of integration, we get
20,8 R + 11, S7R* +2(~wWs, + 4.8 + 14,5; + 482 )R =0. 4

By applying the homogeneous balance between R”and R*we get M =2.

This research was prepared in the following successive sections. In section 1, the introduction
and the synopsis of reducing the suggested model by the suitable wave transformation are considered.
In section 2, the generalized Kudryashov Technique (GKT) [27-28] and its concepts have been
included. In section 3, the PPAM [29-31] and its concepts have been proposed. In section 4, the
(G’/G)-Expansion Method [32, 33] and its concepts are introduced. In section 5, brief conclusions for
the entire body of work are considered.

2. GENERALIZED KUDRYASHOV TECHNIQUE

To discuss the general formulation of any nonlinear partial differential equation, we
proceed with the function H

WWW.josa.ro Mathematics Section


https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Jamilu-Sabi_u-Aff1
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Jamilu-Sabi_u-Aff1
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Jamilu-Sabi_u-Aff1

Exploring New Solitons to ... Emad H.M. Zahran et al. 671

H(RR,R,R,R ,R,\R,,,R,, R, R, R, R,,,...) =0. (5)
where H is a function in R(x,7), its partial derivatives; with the help of the transformation
R(x,t) =R(<), & =X+ 11,y + 5z —wr. Eq. (5) becomes

drR d’R

F(R’_’_Z’
d¢e'd¢

) =0. (6)

Eq. (6) denotes to ODE in R,R’,R",..... The GKM proceeded with the solution to Eq.
(6) as

R(¢) = gaiz «) _ 3 +aZ(¢)+8,Z%(¢) +..

30,21 ($) b, +bZ () +0,2%(&) +...

(7)

whereM is the balance number, N=M+1l (a,4a,,a,..,ay), (b,b,,b,,..,b,), and
a, #0,b, =0are later determined parameters, while Z(<J)can be obtained from the
following equation

dz(g)

ac =Z*()-Z2(). (8)

When Eq. (8) is integrated with respect to ¢, put C as the integration constant, we
obtain

1

2(6)= 1+Ce

(9)

Now, for EQ. (4), the balance number is M =2, hence N =M +1=3, and the solution

8 +aZ(0) 2,24 +aZ’ (@)
b, +bZ () +5,2°(¢)

R(¢) = (10)

When R,R? R"are proceeding at Eq. (4), by setting the equivalence for various
powers of az' implies some algebraic equations, by solving them, two results will be
explored. We will construct an identical solution for only one of them, which is:

1 -1 b —(a, +
=1 (@ ha)a = o (6, B = 2 =G
a, +a, 12b,s; 1
12whys, — @87 — 8,87 1 — 120,52, —12bS5 14 b, =0. (11)

= 12b,s?
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This result can be simplified to be

8, =03 a=-18 a =a,=h=w=s=5,=5,=C=p, =y, =1 =1

b =05 u,=-03, 1,=-12, b, =0. (12)
So, the solution is:
2 3
O'3_1'8(1+1e§ j+(1+1e4j +(1+1e5j
R() = - (13)

Figure 1. The two and three-dimensional soliton dynamical behaviors of Eq. (13).

3. PAUL-PAINLEVE APPROACH TECHNIQUE

This manner introduces the solution of Eqg. (6) to be
3 i N
R =A+D AS' (e ™, x =E(). (14)
i=1

The function S(y) that appears in Eq. (14) is the solution of the Riccati equation:

2 e
SZ—AS =0,and y=C, — N

(15)
1

S(x)= :
Ax+ .

when R,R? R”are proceeding at Eq. (4), by setting the equivalence for various powers of
S'(&)e™< implies some algebraic equations, by solving them, eight results will be explored,
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we will construct an identical solution for only one of them, which is:
A, = _2[522 (4 + t5) +812,L13 —Wws,] A = —2i4/3A, \/322(,“4 + f1g) + S f1; — WS,
Slzlu’l Sl\/E (16)
A WM S+ 1) + S — W,
2B =
With certain choices of parameter values, Eq. (16) can be reduced to
A=03 N=-14, A =—4, A=5A=-1 )
W=8 =8, =8=C =X, = =4, =, = pt; =1.
The solution is
2
-N¢ -N¢
R(()=-4+5 °_ - © (18)
e7 QV e7N§
A{Cl— N j+X0 A{Cl— N j+X0
1.4 1.4¢"¢ Y
R({)=-4+5 — 19
©) (1.8+ 0.3e"* 1.8+0.3e™* j (19)
(R
at
it
R { 10
-1
4t

Figure 2. The two and three-dimensional soliton dynamical behaviors of Eq. (19)

4. THE (G’/G)-EXPANSION METHOD

This technique precedes the solution of Eg. (6) as
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G!

R(;)=%+§A[E]AM <0, (20)

where M is the calculated balance number, while the functionG(¢') satisfies the condition
G"+ G+ AG =0, whose expected solution is one of the following three forms

(: if x> —44 >0, the first form is:

Ilsinh("’uzz_M)( 1, cosh(\'“zz_‘m):

G' \/,le—4ﬂ, U
& Ny Jii—ar | 2 (21)
Ilcosh(ﬂ%)gﬂzsinh(%)g”
(1): if > —42<0, the second form is:
&) = A sinE g 1 cos (e |
G’ [ 2 [ 2 o7 (22)
G 2 |1COS(IUZ_42)§+IZSin(/uZ_4/1)é/ 2
(11): if 1 =424 =0, the third form is:
&)=z~ 23)

G’ L+le 2

The (G'/G) concept introduces the solution of Eq. (4) according to its balance number
in the form

R(C) = Aow(%'jw(%j - (24)

When R,R? R"are proceeding at Eq. (4), by setting the equivalence for various

!

powers of (%)i implies some algebraic equations, by solving them, eight results will be

explored, we will construct an identical solution for only one of them, which is:

A = HeSy + H4S] + HsS3 — WS, —31° 1458] A= 128! 11y A - 12,8}

2

Sy Ay M (25)
1= HsS; + 14,S] + 187 — WS, — 11° 11,8; _
4/12514
This result can be simplified to be
=—1A=4A=41=34,=03 1, =-1,
Ay A=4A Hy H (26)

W=p=8 =8, =8;3=fly = lty = lis = 1.
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!’

According to the above values, of constants (%j will be in the form Eqg. (22), which

. \/,uz—4ﬂ \/,uz—4i
(G_’) _ -4 —Ilsm(i)gjt l, cos(i)é “

© 2| s A ”22‘ My w1, sin(VA4 4% “22‘ e |4

From which, by simple calculations, we get

G’ (3.4sinh1.7§ —cosh1.7¢ +i(5.5¢cosh1.7¢ —2sin 1.74)} @

- 2(cosh1.7¢ + 2isin1.7¢0)

Thus

(6sinh®1.7¢ ~15sinh1.7¢ cosh1.7¢ - 2)

+i(3sinh® 1.7¢ ~8sinh1.7¢ cosh1.7¢ +11)

R(¢)=-1+4
) 4+12sinh*1.7¢

(63inh21.7§—15sinh1.7§cosh1.7§—2) i )

+i (3sinh21.7§—85inh1.7§coshl.7§ +11)
4+12sinh*1.7¢

+4

- _
Re.R(¢) = —1+{24S'”h 1.7{ —60sinh1.7¢ Cosh1.7§—8}

4+12sinh?*1.7¢

(6sinh?1.7¢ ~15sinh1.7¢ cosh1.7¢ —2)

~(3sinh?1.7¢ ~8sinh1.7¢ cosh1.7¢ +11) (29)

+4 5
(4-+12sinh*1.7¢)
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H 2 .
Im.R(0) :{123|nh 1.74,”—323|nh1.7§cosh1.7§+44}

4+12sinh?*1.7¢
(6sinh®1.7¢ ~15sinh1.7£ cosh1.74 - 2) (30)
x(3sinh?1.7¢ —8sinh1.7¢ cosh1.74 +11)

(4+12sinh?L.7¢ )’

)

Figure 4. The two and three-dimensional soliton dynamical behaviors of Eq. (30).

6. CONCLUSIONS

In this article, the GKT, the PPAM, and the (G’/G)-concept have been successfully
employed for the first time to explore the new forms of the soliton arising in the NG G(3+1)-
DGLM. This model plays an important role in fluid mechanics and ocean engineering. The
suggested model represents the nonlinear wave propagation behaviors in liquids with gas
bubbles.

The new solitons arising that are extracted by using the three suggested methods have
been documented in forms like bright soliton, dark soliton, and other new rational solitons.
Our proceeding solutions are considered new compared with [2-5], who solved this model by
various other methods. In addition, to show the range of real balance influence between the
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nonlinearity and dispersive wave propagation effect, we plot the 2D, 3D representations of the
dynamics of the realized traveling wave solution behaviors via the Mathematica program.

REFERENCES

[1] Tu, J. M., Tian, S. F., Xu, M. J., Song, X. Q., Zhang, T. T., Nonlinear Dynamics, 83,
1199, 2016.

[2] Wang, M., Tian, B., Sun, Y., Zhang, Z., Computers and Mathematics with Applications,
79, 576, 2020.

[3] Zhao, Y. H., Mathanaranjan, T., Rezazadeh, H., Akinyemi, L., Inc, M., Results in
Physics, 43, 106083, 2022.

[4] Shen, G., Manafian, J. Huy, D. T. N., Nisar, K. S., Abotaleb, M., Trung, N. D., Results
in Physics, 32,105066, 2022.

[5] Sabi’u, J., Shaayesteh, M. T., Taheri, A., Rezazadeh, H., Inc, M., Akgil, A., Optical
and Quantum Electronics, 55, 586, 2023.

[6] Adem, A. R., Podile, T. J., Muatjetjeja, B., International Journal of Applied and
Computational Mathematics, 9, 82, 2023.

[7] LG, X., Ma, W. X., Nonlinear Dynamics, 85(2), 1217, 2016.

[8] Zahran, E. H. M., Bekir, A., Optical and Quantum Electronics, 54, 743, 2022.

[9] Khater, M. M. A., Zahran, E. H. M., Shehata, M. S. M., Journal of the Egyptian
Mathematical Society, 25, 8, 2017.

[10] La, X., Chen, S. T., Ma, W. X., Nonlinear Dynamics, 86(1), 523, 2016.

[11] Zahran, E. H. M., Rezazadeh, H., Shehata, M. S. M., Applied Mathematics and
Information Sciences 13, 399, 20109.

[12] Adem, A., L{, X., Nonlinear Dynamics, 84(2), 915, 2016.

[13] Bekir, A., Shehata, M. S. M., Zahran, E. H. M., Russian Journal of Nonlinear
Dynamics, 16, 3, 2020.

[14] San, S., Yasar, E., Nonlinear Dynamics, 109, 2997, 2022.

[15] Zahran, E. H. M., Shehata, M. S. M., Alizamini, M., Alam, M. N., Akinyemi, L.,
International Journal of Modern Physics B, 35, 2150193, 2021.

[16] Bekir, A., Zahran, E. H. M., Physica Scripta, 96, 055212, 2021.

[17] Bekir, A., Zahran, E. H. M., Pramana Journal of Physics, 95, 158, 2021.

[18] Zahran, E. H. M., Bekir, A., Alotaibi, M. F., Omri, M., Ahmed, H., Results in Physics,
29, 104730, 2021.

[19] Zahran, E. H. M., Bekir, A., Shehata, M. S. M., Cevikel, A. C., Optical and Quantum
Electronics 57, 419, 2025.

[20] Zahran, E. H. M., Guner, O., Bekir, A., Modern Physics Letters B, 36, 14, 2022.

[21] Bekir, A., Zahran, E. H. M., Romanian Journal of Physics, 68, 107, 2023.

[22] Zzahran, E. H. M., Hijaz A., Askar S. S., Results in Physics, 51, 106667, 2023.

[23] Tutam, S. E., Pekondr, E., Akar, M., Modern Physics Letters B, 39(34), 2025.

[24] Tutam, S. E., Akar, M., Modern Physics Letters B, 39(10), 2025.

[25] Akar, M., Erdogan, M. O., International Journal of Modern Physics B, 37(22), 2023.

[26] Cevikel, A. C., Bekir, A., Akar, M., San, S., Pramana-Journal of Physics, 79 (3), 2012.

[27] Zahran, E. H. M., Bekir, A., Ibrahim, R. A., Myrzakulov, R., AIMS Mathematics, 9(3),
6145, 2024.

[28] Zahran, E. H. M., Hijaz A., Ibrahim, R. A., Optical and Quantum Electronics, 56, 895,
2024.

[29] Kudryashov, N. A., Optik, 183, 642, 2019.

ISSN: 1844 — 9581 Mathematics Section


https://www.sciencedirect.com/journal/results-in-physics
https://www.sciencedirect.com/journal/results-in-physics
https://www.sciencedirect.com/journal/results-in-physics/vol/43/suppl/C
https://www.sciencedirect.com/journal/results-in-physics
https://www.sciencedirect.com/journal/results-in-physics
https://www.sciencedirect.com/journal/results-in-physics/vol/32/suppl/C
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Jamilu-Sabi_u-Aff1
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Mayssam_Tarighi-Shaayesteh-Aff2
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Ali-Taheri-Aff3
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Hadi-Rezazadeh-Aff4
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Mustafa-Inc-Aff5-Aff6
https://link.springer.com/article/10.1007/s11082-023-04870-1#auth-Ali-Akg_l-Aff7-Aff8-Aff9
http://www.sciencedirect.com/science/journal/1110256X/25/1

678 Exploring New Solitons to ... Emad H.M. Zahran et al.

[30] Zzahran, E. H. M., Bekir, A., Ibrahim, R. A., Brazilian Journal of Physics, 54, 171,
2024.

[31] Zahran, E. H. M., Bekir, A., Journal of Science and Arts, 24, 111, 2024.

[32] Zzahran, E. H. M., Bekir, A., Mathematical Methods in the Applied Sciences, 46, 4055,
2023.

[33] Zahran, E. H. M., Bekir, A., Journal of Science and Arts, 22, 837, 2022.

WWW.josa.ro Mathematics Section



