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Abstract. In this paper, we define quadra Fibona-Pell hybrid numbers by using the 

definition of hybrid numbers. After that, we introduce quadra Fibona-Pell hybrinomials and 

investigate some properties of quadra Fibona-Pell hybrid numbers and hybrinomials. Finally, 

we show the matrix representation of quadra Fibona-Pell hybrinomials. 
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1. INTRODUCTION  
 

 

The integer sequences and the polynomials of these sequences were studied by many 

mathematicians. Some of these are Fibonacci polynomials [1] and Pell polynomials [2] which 

are the base of this work.  
 

In [3], Tasci defined quadrapell numbers with the fourth-order recurrence relation 
 

                        
 

where            and      are the initial values. After that, some properties and 

matrix sequences of these numbers were given in [4]. 

Inspiring the definition of quadrapell numbers in [5], Özkoç introduced quadra 

Fibona-Pell numbers recursively by 
 

                    
 

for    , where              and     . The most important property of this 

sequence is that the characteristic equation of the sequence consists of the roots of the 

characteristic equations of the Fibonacci and Pell sequences. 

For     , 

          (1) 

 

where    and    are the   th Pell and Fibonacci numbers, respectively [5]. 

After that, in [6] quadra Fibona-Pell polynomials introduced by 
  

                                                   
 

with the initial conditions                       and            
For    ,  

                   (2) 
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where       and       are Pell and Fibonacci polynomials, respectively [6]. 

The hybrid numbers were defined as a generalization of complex, hyperbolic and dual 

numbers [7]. These numbers are the elements of the set 
 

                        
 

Let                   and                   be any two hybrid 

numbers. Then, the main operations on hybrid numbers are defined as follows: 

       if and only if                          

                                           
                                           
                         where      

 

By using Table 1 any two hybrid numbers can be multiplied: 
 

Table 1. Multiplication Table. 

•     є   

      є   

               
є є     0  є 

             

 

After this work, Szynal-Liana introduced Fibonacci hybrid numbers by using the 

definition of hybrid numbers [8]. Also, Catarino defined   Pell hybrid numbers in [9]. 

Recently, some properties between Mersenne, Jacobsthal and Jacobsthal-Lucas hybrid 

number were given in [10]. Moreover, hybrinomials which are the polynomials of hybrid 

number sequences were defined by many authors. Firstly, Szynal-Liana and Wloch defined 

Fibonacci and Lucas hybrinomials in [11]. Then, Pell hybrinomials were defined in [12]. 

Lastly, the generalized Lucas hybrinomials with two variables were given [13]. 
 

 

2. QUADRA FIBONA-PELL HYBRID NUMBERS 
  
 

The quadra Fibona-Pell hybrid number is recursively defined by 
 

                              (3) 
 

where    is the   th quadra Fibona-Pell number. By using the equation (3), the first few 

elements of quadra Fibona-Pell hybrid numbers can be obtained as in  Table 2: 
 

Table 2. The first few elements of quadra Fibona-Pell hybrid numbers. 

      

       

          

              

               

                 

                   

                    

 

Note that, for      the sequence of quadra Fibona-Pell hybrid numbers satisfies the 

following fourth order recurrence relation 
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with the initial conditions 

          
             

                 
                  

 

Lemma 2.1. For      we have 

             
 

where     is the   th Pell hybrid number and     is the   th Fibonacci hybrid number. 
 

Proof: By substituting equation (1) in (3), we have 
 

                         

                                               

                                             
           

  

Theorem 2.2. The generating function for the quadra Fibona-Pell hybrid numbers     is 
 

∑    
 

 

   

 
                    

           
  

 

Proof: The formal power series expansion of the generating function for     at       is 
 

     ∑    
 

 

   

              
        

    (4) 

 

Then, by multiplying the equation (4) by         and   , respectively, we have 
 

                    
       

         
       

             
       

       
         

       
           

      
      

        
       

 

By using the above equations, we get 
 

                                        
 

The above equation yields the result. 
  

Notice that, by using the partial fractions decomposition of the generating function for 

the quadra Fibona-Pell hybrid numbers we can write 
 

∑    
 

 

   

 
                 

       
 
               

      
 

  ∑    
  ∑    
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Theorem 2.3. The Binet formula for the quadra Fibona-Pell hybrid numbers     is 
 

    
   ̂    ̂

   
 
   ̂    ̂

   
  

 

where  ̂  ̂  ̂ and  ̂ are defined by 
 

 ̂                
 ̂                
 ̂                

 ̂                
 

Proof: By using Lemma 2.1 and the Binet formulas of Pell hybrid numbers and Fibonacci 

hybrid numbers the theorem can be proved easily. 
  

Theorem 2.4. The sum of the first   terms of the quadra Fibona-Pell hybrid numbers     is 
 

∑   

 

   

 
                                  

 
  

 

Proof: By modifying the recurrence relation of quadra Fibona-Pell hybrid numbers, we get  
 

                               
 

By the help of the above equation, we get 
 

                       
                       
                       

   
                                  
                               

(5) 

 

Then, by taking the summation of both sides of (5), we obtain 
 

                        
                                           

 

From the above equation, we get 
 

              
                                             

 

Finally, we obtain the desired result 

∑   
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3. QUADRA FIBONA-PELL HYBRINOMIALS 
 

  

The quadra Fibona-Pell hybrinomials are defined by 
 

                                             (6) 
 

where       is the   th quadra Fibona-Pell polynomial. 
 

Theorem 3.1. For       the quadra Fibona-Pell hybrinomials        provides the 

recurrence relation 
 

                                                        
 

with the initial conditions 

                
                          

                                     
                                                 

 

Proof: By using the definition of quadra Fibona-Pell polynomial, we get 
 

                                        
                                           
                                            
                                            
                                             

                                       
                                             

                                        
                                        

                                                 
  

Notice that for    ,        gives the quadra Fibona-Pell hybrid numbers. 
 

Theorem 3.2. For      we have 
 

                      (7) 
 

where        is the   th Pell hybrinomial and        is the   th Fibonacci hybrinomial. 
 

Proof: By substituting equation (2) in (6), we have 
  

                                             

                                                                    
            

                                      
                                        

                   
  

Theorem 3.3. The Binet formula for the quadra Fibona-Pell hybrinomials        is 
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      ̂          ̂   

         
 
      ̂          ̂   

         
  

 

where  ̂     ̂     ̂    and  ̂    are defined by 
 

 ̂                           
 ̂                           
 ̂                           

 ̂                           
 

Proof: By using Theorem 3.2 and the Binet formulas of Pell hybrinomials and Fibonacci 

hybrinomails the theorem can be proved easily. 
  

Theorem 3.4. The generating function for the quadra Fibona-Pell hybrinomials        is 
 

∑       
 

 

   

 
                                            

                       
  

 

Proof: The formal power series expansion of the generating function for        at       is 
 

     ∑       
 

 

   

                       
           

    

(8) 

 

Then, by multiplying the equation (8) by      (     )        and   , respectively, 

we have 
 

                             
           

             
       

                            
                

                
  

                 
       

                  
           

           
             

       
              

         
         

           
       

 

By using the above equations, we get 
 

                             
                                               

 

The above equation yields the result. 
  

Notice that, by using the partial fractions decomposition of the generating function for 

the quadra Fibona-Pell hybrinomials we can write 
 

∑       
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  ∑       
  ∑       

 

 

   

 

   

    

 

Theorem 3.5. For any nonnegative integer  , we have 
 

[
 
 
 
                                

                                

                                

                              ]
 
 
 

 

[
 
 
 
                        

                        

                        

                        ]
 
 
 

    

 

where   

[
 
 
 
 

     

 (     )    

      

     ]
 
 
 
 

   

 

Proof: We prove this theorem by using induction on  . For    , since the zero power of a 

matrix gives identity matrix the result is obvious. Assume that the theorem holds for any 

integer          . We will show that the theroem holds for  . 
 

By using the assumption in the hypothesis of induction, we get 
 

[
 
 
 
                        

                        

                        

                        ]
 
 
 

  

 

[
 
 
 
                        

                        

                        

                        ]
 
 
 

     

 

[
 
 
 
                                

                                

                              

                              ]
 
 
 

 

 

[
 
 
 
                                

                                

                                

                              ]
 
 
 

  

which completes the proof. 
  

Corollary 3.6. Let       be an integer and      . Then, since            we have 
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[

                    

                    

                    

                  

]  [

            

            

            

            

]    

 

Theorem 3.7. For any nonnegative integer  , we have 
 

[
                

              
]  [

            

            
] [

   
  

]
 

 [
            

            
] [

  
  

]
 

  

 

Proof: By using the equation (7), we deduced the desired result as follows; 
 

[
                

              
]  [

                                  
                              

] 

  [
                
              

]  [
                
              

] 

  [
            

            
] [

   
  

]
 

 [
            

            
] [

  
  

]
 

  

 

 

4. CONCLUSION 
 

 

In this study, we define quadra Fibona-Pell hybrid numbers by using the definition of 

hybrid numbers. After that, we introduce quadra Fibona-Pell hybrinomials and investigate 

some properties of quadra Fibona-Pell hybrid numbers and hybrinomials. Finally, we show 

the matrix representation of quadra Fibona-Pell hybrinomials. 
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