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Abstract. In this paper, we define quadra Fibona-Pell hybrid numbers by using the
definition of hybrid numbers. After that, we introduce quadra Fibona-Pell hybrinomials and
investigate some properties of quadra Fibona-Pell hybrid numbers and hybrinomials. Finally,
we show the matrix representation of quadra Fibona-Pell hybrinomials.
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1. INTRODUCTION

The integer sequences and the polynomials of these sequences were studied by many
mathematicians. Some of these are Fibonacci polynomials [1] and Pell polynomials [2] which
are the base of this work.

In [3], Tasci defined quadrapell numbers with the fourth-order recurrence relation
DTI. = Dn_2 + ZDn_3 + Dn_4,n 2 4’,

where D, = D, = D, =1 and D; = 2 are the initial values. After that, some properties and
matrix sequences of these numbers were given in [4].

Inspiring the definition of quadrapell numbers in [5], Ozkog introduced quadra
Fibona-Pell numbers recursively by

Wy =3Wpq = 3Wy_3 =W,y

for n > 4, where W, =W, =0,W, =1 and W5 = 3. The most important property of this
sequence is that the characteristic equation of the sequence consists of the roots of the
characteristic equations of the Fibonacci and Pell sequences.
Forn >0,
Wh = P—F, )

where B, and F, are the n —th Pell and Fibonacci numbers, respectively [5].
After that, in [6] quadra Fibona-Pell polynomials introduced by

Wo(x) = 3xWyp_1(x)- (zxz_ 2)Wy 5 ()= 3x Wiy, _3 ()~ Wy _s (%),

with the initial conditions W, (x) = W;(x) = 0, W,(x) = x and W (x) = 3x2.
Forn = 0,
W (x) = Py(x)—E,(x), (2)
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where P, (x) and E,(x) are Pell and Fibonacci polynomials, respectively [6].
The hybrid numbers were defined as a generalization of complex, hyperbolic and dual
numbers [7]. These numbers are the elements of the set

K=a+bi+ce+dh:a,b,c,deR

Let Z, = ay + byi + c;e +dih and Z, = a, + byi + c,€ + d,h be any two hybrid
numbers. Then, the main operations on hybrid numbers are defined as follows:
o Zy=7Zyifandonlyifa; = a,,b; = by, c; = ¢, dy = dj,
o Zi+27Z,=(ay+ay)+ (by +by)i+ (c; + cy)e+ (d;+dy)h,
° Zy —Zy;=(a; —ay) + (by — by)i + (c1 — )€ + (d1—dy)h,
e sZ, =sa; + sbyi + scie + sd;h, where s € R.

By using Table 1 any two hybrid numbers can be multiplied:

Table 1. Multiplication Table.

. 1 i € h
1 1 i € h
i i -1 1—h e+i
€ € h+1 0 —€
h h —€—1i € 1

After this work, Szynal-Liana introduced Fibonacci hybrid numbers by using the
definition of hybrid numbers [8]. Also, Catarino defined k —Pell hybrid numbers in [9].
Recently, some properties between Mersenne, Jacobsthal and Jacobsthal-Lucas hybrid
number were given in [10]. Moreover, hybrinomials which are the polynomials of hybrid
number sequences were defined by many authors. Firstly, Szynal-Liana and Wloch defined
Fibonacci and Lucas hybrinomials in [11]. Then, Pell hybrinomials were defined in [12].
Lastly, the generalized Lucas hybrinomials with two variables were given [13].

2. QUADRA FIBONA-PELL HYBRID NUMBERS

The quadra Fibona-Pell hybrid number is recursively defined by
WH, = W, + Wy 410 + Wyppe + Wyi3h,n =0, (3)

where W, is the n —th quadra Fibona-Pell number. By using the equation (3), the first few
elements of quadra Fibona-Pell hybrid numbers can be obtained as in Table 2:

Table 2. The first few elements of quadra Fibona-Pell hybrid numbers.

WH,

€+ 3h

1+3e+9h

1+ 3i+9¢e+ 24h

3+9i+ 24e + 62h

9 + 24i + 62e + 156h

24 + 62i+ 156€ + 387h

NN |WIN|R|O|S

62 + 156i + 387e + 951h

Note that, for n > 4, the sequence of quadra Fibona-Pell hybrid numbers satisfies the
following fourth order recurrence relation
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WH, = 3WH,_, — 3WH,_s — WH,_,

with the initial conditions
WH, = € + 3h,
WH; =1+ 3e+ 9h,
WH, =1+ 3i+ 9¢ + 24h,
WH; = 3 4+ 9i + 24€ + 62h.

Lemma 2.1. For n = 0, we have
WH, = PH,—FH,,

where PH,, is the n —th Pell hybrid number and FH,, is the n —th Fibonacci hybrid number.
Proof: By substituting equation (1) in (3), we have
WHn = Wn + Wn+1i + Wn+2€ + Wn+3h
=h-FK+ (.Pn+1 = Fpp1)i+ (Pryz — Fn+2)‘€ + (Pryz — Fag3)h
= Py + Ppiqi + Pyyp€e+ Pyysh — (Fy+Fypqi + Fpype + Fyy3h)
= PH,,—FH,.

Theorem 2.2. The generating function for the quadra Fibona-Pell hybrid numbers WH,, is

- €+ 3h + ix + (1-3h)x?- hx3

Z WH,x"™ = .
s 1-3x + 3x3 + x*

n=

Proof: The formal power series expansion of the generating function for WH, atx = 0 is
G(x) = Z WH,x™ = WHy + WH;x + WH,x? + --- + WH,x"™ + -+ 4)
n=0

Then, by multiplying the equation (4) by - 3x, 3x3 and x*, respectively, we have

—3xG(x) = —3WHyx — 3WH;x? — 3WH,x3 — - — 3WH,x™! + ...,
3x3G(x) = 3WHyx3 + 3WH, x* + 3WH,x5 + --- + 3WH, x"*3 + .-,
x*G(x) = WHox*+WH x5 +WHyx6 + -+ + WHx™* + -,

By using the above equations, we get
(1-3x+3x3 +xH)G(x) = €+ 3h + ix + (1-3h)x?%- hx3.
The above equation yields the result.
|

Notice that, by using the partial fractions decomposition of the generating function for
the quadra Fibona-Pell hybrid numbers we can write

ZWH . (+e+2h)x+i+2e+5h (1+e+h)x+i+e+2h
= 1-2x-x? 1-x-x?

= Z PH,x"- Z FH,x™.
n=0 n=0
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Theorem 2.3. The Binet formula for the quadra Fibona-Pell hybrid numbers WH,, is

_O"P-w"P q"a-pnp
 O-Y a-£

WH,

where ®, @, @ and 8 are defined by

D=14id+ ed? + hd3,
P =1+ i¥+e¥? + h¥3,
@ =1+ia+ea’+ had,
f =1+iB +eB?+ hp3.

Proof: By using Lemma 2.1 and the Binet formulas of Pell hybrid numbers and Fibonacci
hybrid numbers the theorem can be proved easily.

|
Theorem 2.4. The sum of the first n terms of the quadra Fibona-Pell hybrid numbers WH,, is

_ WHy s + 4WHy 5 + 4WH, 4 + WH, + (1 + i-€-7h)

WH,; :

-

i=0
Proof: By modifying the recurrence relation of quadra Fibona-Pell hybrid numbers, we get
WHn_3 + WHn_4 = 3WHn_1 - ZWHn_3 - WHn
By the help of the above equation, we get
WHl + WHO = 3WH3 - 2WH1 - WH4,
WH, + WH, = 3WH, — 2WH, — WHs,
WH; + WH, = 3WHs — 2WH; — WH,, 5)
WH,_, + WH,_s = 3WH,_, — 2WH,_, — WH,_,,
WHn_3 + WHn_4 = 3WHn_1 - ZWHn_g - WHn
Then, by taking the summation of both sides of (5), we obtain

WHn_g + WHO + Z(WHl + + WHn_4_)
= 3(WH; + -+ WHy,_,) — 2(WH, + -+ WH,_3) — (WH, + -+ WH,,.

From the above equation, we get

2(WH; + -+ WH,_3)
=-WH,_; + 2WH,,_, + 2WH,,_, — WH,- WHy- 2WH,- 2WH, + WHs.
Finally, we obtain the desired result
Z": i = WHnos  AWH,p + 4WH, .y + WHy + (1 +i-e-7h)
i = .
. 2

=0
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3. QUADRA FIBONA-PELL HYBRINOMIALS

The quadra Fibona-Pell hybrinomials are defined by
WHn(x) = VVn(x) + Wn+1(x)i + Wn+2 (x)e + Wn+3 (x)h»n = 0, (6)
where W, (x) is the n —th quadra Fibona-Pell polynomial.

Theorem 3.1. For n > 4 the quadra Fibona-Pell hybrinomials WH,(x) provides the
recurrence relation

WH,,(x) = 3xWH,,_; (x)- (2x2- 2)WH,,_, (x)- 3xWH,_3(x)- WH,,_,(x),

with the initial conditions
WH,(x) = xe + 3x2h,
WH,(x) = xi + 3x%e + (7x3 + 2x)h,
WH,(x) = x + 3x%i + (7x3 + 2x)e + (15x* + 9x?)h,
WH3(x) = 3x + (7x3 + 2x)i + (15x* + 9x?)e + (31x° + 28x3 + 3x)h.

Proof: By using the definition of quadra Fibona-Pell polynomial, we get

WH;,(x) = W (%) + Wyi1 (0)i + Wyip ()€ + Wy 3(X)h
= 3xWn_1(x)- (sz_ 2Y)Wh_5 (%)= 3xWp_3(x)- Wp_s(x)
+ BxW, ()= (2% = 2) W1 (%)= 3x Wy, (X) - Wy _3(x))i
+ BxWy 1 (0)- (2x%= 2) Wy (%)= 3xWy_1 (%)~ Wy (%))
+ (BxWipi2 ()= (2% = 2) Wiy 41 (%)= 3x Wy, ()~ Wy (X)) R
= 3x(Wn_1(x) + Wp ()i + Wyi1 (x)€ + Wiy (x)R)
- (2x%=2)(Wh_p (x) + Wy_y ()i + W (x)€ + Wyiq (X)h)
= 3x (W3 (x) + Wy o (X)i + Wy_1 (x)e + Wy (x)h)
= (Whoa () + W3 ()i + Wy o (x)e + Wy (x)h)
= 3xWH,_(x)- (2x%-2)WH,_,(x)- 3xWH,_5(x)- WH,_4(x)

Notice that for x = 1, WH,,(1) gives the quadra Fibona-Pell hybrid numbers.
Theorem 3.2. For n > 0, we have
WH,(x) = PH,(x)—FHy(x), ()
where PH,,(x) is the n —th Pell hybrinomial and FH,,(x) is the n —th Fibonacci hybrinomial.
Proof: By substituting equation (2) in (6), we have

WH,(x) = Wp(x) + Wy (X) T+ Wpyo (X) €+ Wyis(x) h
= Pu(x) = Fy(%) + (Pny1(X) = Fry1 (%) )i+ (Ppiz () — Fryz(x) e + (Prys(x)
— Fuy3(x) )h
= Py(X) + Ppy1(X) i+ Prip(x) €+ Pryz(x) h
— (Fa(x) + Fry1(0) i + Fppa(x) € + Fy3(x) h)
= PH,(x) —FH,(x) .

Theorem 3.3. The Binet formula for the quadra Fibona-Pell hybrinomials WH,, (x) is
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PM)P()-P ()P(x) a()&(x)-B"(x)B ()
D(x)-¥(x) a(x)-B(x) '

where ®(x), P(x), @(x) and B (x) are defined by

WH,(x) =

D(x) =1 +idP(x) + ed?(x) + hd3(x),
P(x) =1+ iW(x) + eW?(x) + hW3(x),
a(x) =1+ ia(x)+ ea?(x) + ha3(x),
L(x) =1+ if(x)+ eB?(x) + hp3(x).

Proof: By using Theorem 3.2 and the Binet formulas of Pell hybrinomials and Fibonacci
hybrinomails the theorem can be proved easily.
|

Theorem 3.4. The generating function for the quadra Fibona-Pell hybrinomials WH,, (x) is

i WH, ()t" = ex + h(3x?) + (ix + h(- 2x3 + 2x))t + (x- h(3x?))t?- hxtg
nE = 1-3xt + (2x2%-2)t% + 3xt3 + t*

Proof: The formal power series expansion of the generating function for WH,(x) atx = 0'is

G(O) = Z WH, (x)t"

= WHy(x) + WHl(x)t + WH,(x)t? + -+ WH, (x)t" +

(8)

Then, by multiplying the equation (8) by - 3xt, (2x2-2)t2,3xt> and t*, respectively,
we have

—3xtG(t) = —=3xWHy(x)t — 3xWH; (x)t? — 3xWH,(x)t3 — -+« — 3xWH,, )t + ...,
(2x2-2)t2G(t) = (2x%-2)WHy(x)t? + (2x%-2)WH,; (x)t3 + (2x2-2)WH, (x)t*
bt (2x2= 2)WH, ()02 + -
3xt3G(t) = 3xWH(x)t3+3xWH; () t*+3xWH, (x)t5 + -+ + 3xWH, ()t"3 + -,
t*G(t) = WHy(O)t*+WH, (x)t>+WH, ()t + - + WH, ()t™* + -

By using the above equations, we get

(1-3xt + (2x2-2)t? + 3xt3 + t)G(¢t)
= ex + h(3x?) + (ix + h(- 2x3 + 2x))t + (x- h(3x?))t?- hxt3.

The above equation yields the result.
]
Notice that, by using the partial fractions decomposition of the generating function for
the quadra Fibona-Pell hybrinomials we can write

i WH, (x)t™

n=0
_ite@o)+hMAx*+ D+ (A +e+hQx)t i+ex+h(x*+ 1)+ (1 +e+hx)t
B 1-2xt-t2 1- xt-t2
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- Z PH,,(x)t"- Z FH, (x)t".
n=0 n=0

Theorem 3.5. For any nonnegative integer n, we have

[WHn+6(x) WH5(x) WHyi,(x) WHn+3(x)]
WHpys(x) WHpa(x) WHp3(x) WHpyp(x)
WHp4(x) WHpys(x) WHpo(x) WHyy(x)
WHy3(x) WHy(x) WHyq(x) WH, (x)
[WH6(x) WHs(x) WH,(x) WH3(x)]
_|WHs(x) WHu(x) WH;(x) WHy(x)|,
B WH,(x) WH;(x) WHy(x) WH;(x) '
WH;(x) WH,(x) WH;(x) WHy(x)
3x 1 0 0
-(2x2-2) 0 1 0©
where M = 3y 0o o 1l
-1 0 0 O

Proof: We prove this theorem by using induction on n. For n = 0, since the zero power of a
matrix gives identity matrix the result is obvious. Assume that the theorem holds for any

integern - 1 > 0. We will show that the theroem holds for n.

By using the assumption in the hypothesis of induction, we get

WHe(x) WHs(x) WH,(x) WH;(x)

[WHS(X) WH,(x) WH;(x) WHz(x)]Mn

WH,(x) WHs(x) WH;(x) WH,;(x)

WH;(x) WH,(x) WH;(x) WHy(x)
(WHe(x) WHs(x) WHy(x) WH;(x)
_|WHs(x) WH,(x) WH;(x) WHz(x)] M1y
|WH,(x) WH3(x) WHy(x) WH;(x)
[ WH;(x) WH,(x) WH;(x) WHy(x)
_WHn+5(x) WHn+4(x) WHn+3(x) WHn+2(x)_
— WHn+4(x) WHn+3(x) WHn+2(x) WHn+1(x) M
WHn+3(x) WHn+2(x) WHn+1(x) WHn(x)
WH,2(x) WHp(x)  WHp(x)  WHy_;(x)]
_WHn+6(x) WHn+5(x) WHn+4(x) WHn+3(x)_
_ WHn+5(x) WHn+4(x) WHn+3(x) WHn+2(x)
B WHn+4(x) WHn+3(x) WHn+2(x) WHn+1(x)’
—WHn+3(x) WHn+2(x) WHn+1(x) WHn(x)—

which completes the proof.

Corollary 3.6. Letn > 0 be an integer and x =

ISSN: 1844 — 9581
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WHyrse WHnps WHyyy WHyis] [WHs WHs WH, WH,
WHyys WHnpy WHyys WHyo| |WHs WH, WHy; WH,
WHyyy WHnys WHyy, WHyy |~ |WH, WHy WH, WH,
WH,,s WH,,, WH.,,, WH, WH, WH, WH, WH,

M™.

Theorem 3.7. For any nonnegative integer n, we have

WH,, 45 (x) WHn+1(x)]:[PH2(x) PH;(x)]2x 1]"_[FH2(x) FH1(x)] [x 1]71
1 ol°

WHp1(x)  WHy(x)

PH,(x) PHy(x)IL1 0 FH,(x) FHy(x)

Proof: By using the equation (7), we deduced the desired result as follows;

WHn+2(x) WHn+1(x)] — [PHn+2(x)_FHn+2(x) PHn+1(x)_FHn+1(x)

WHpq(x)  WHy(x)

PHn+1(x)_FHn+1(x) PHn(x)_FHn(x)
_ PHn+2(x) PHn+1(x) FHn+2(x) FHn+1(x)
~ |PHy(x)  PHy(x) ]_[FHn+1(x) FHy(x)
_ [PH,(x) PH1(X)] [2x 1]"_ [FHz(x) FH1(X)] [x 1]”
PH,(x) PH,(x)Il1 ol “[FH,(x) FH,(x)Il1 ol

4. CONCLUSION

In this study, we define quadra Fibona-Pell hybrid numbers by using the definition of

hybrid numbers. After that, we introduce quadra Fibona-Pell hybrinomials and investigate
some properties of quadra Fibona-Pell hybrid numbers and hybrinomials. Finally, we show
the matrix representation of quadra Fibona-Pell hybrinomials.
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