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Abstract. This research paper aims to define and analyze a new class of sets, named
G — Js Open sets with a grill set G of X in a grill topological space (X,t,G). Also, we
track down the characteristics and some of the properties work in the above-mentioned set.
Keywords: Grill; Js open sets; G — Js open sets; generalized closed set.

1. INTRODUCTION

Grill topological spaces have applications in various areas of mathematics, including
algebraic topology, representation theory, and dynamical systems. They allow us to study the
interplay between topological structures and group actions, shedding light on the symmetries
and geometric properties of the underlying space. Grills provide a way to study the "nice"
subsets of the space that are preserved by the group action. Levine [1], on the other hand, a
more recent effort made with the same motivation by Hatir and Jafari [2] has led to the
introduction and investigation of ¢ — open sets, for a suitable operator ¢. The operator
@: P (X) = P (X) was first defined in terms of grill. Grill set theory was initially introduced
by Choquet [3]. In this paper we defined and studied a different kind of generalized closed
sets, the definition being formulated in terms of grills.

Throughout the entirety of the paper, the term “Top. Sps” refers exclusively to a
Topological Space (X, 7) for which no separation properties are assumed. On the off chance
that M € X, we will embrace the typical notations int(M) and cl(M) separately for the interior
and closure of M in (X,t). Again 7; — cl(M) and 7; — int(M) will separately mean the
closure and interior of M in (X, 7).

2. PRELIMINARIES

Definition 2.1. [4] Ina Top. Sps (X, t), G be a grill seton X.

(i) The mapping ¢: P(X) — P(X) denoted by ¢(J;) defined as ¢;(J;)= @)=
{xeX:J;NnN€G,VN € t(x)}.

(i)  Themapy:P(X) - P(X)asy(,) =], Vep(,), forall J; € P(X).

Definition 2.2. [5] Ina Top. Sps (X, 7), a subset J; of X is called as
(1) a semi closed setif int cl(J,) € J;
(2) a generalized closed (g closed) set if cl(J;) € K wheneverJ; € K
and K is open in X.
(3) a generalized semi closed (gs closed) setif sclJ;, © K whenever ], € K
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and K is open in X.
The complements of aforementioned closed sets are respective open sets.

Proposition 2.3. [6] In a Top. Sps (X, 1), G be a grill set on X. Then for the subsets J; and
J, of X, the following hold:
L 1 €000 €0(2)
i 9(UR) =e() U ()
iii.  @(eU) € 91 € Cl(e() < ClLU1)

Definition 2.4. [7] In a Top. Sps (X, 1), G be a grill set on X. Then the subset J; of Top. Sps
(X, 1), called as G g — closed (i.e. generalized closed set in grill topological space) if
@(J;) € Uwhenever J; € U and U is open in X. The complement of G g — closed set is
called G g — open set.

Definition 2.5. [8] In a Top. Sps (X, t), G be a grill set on X. Then the subset J; of Top. Sps
(X,7), called as (gs) * closed with respect to grill G (i.e. G(gs) * Closed Set) if
@(J;) € Uwhenever J; € U and U is gs —open in X. The complement of G(gs) *
Closed Set is called G(gs) * —open set.

3. TOPOLOGY INDUCED BY A G - GENERALIZED OPEN SET

In a Top. Sps (X,7), G be a grill set on X. Then the mapping ¢*: P(X) — P(X)
denoted by ¢*(Q,) is defined as ¢;(Q)= ¢*(Q)= {x€EX:Q;"NMEG, VMEG —
go (x)}.

Remark 3.1.
(i) If Q; and Q, are two subsets of X such that Q; S Q, then ¢*(Q,) € ¢*(Q,)
(i) If G; and G, are two grills on X with G; < G, then
9, (Q)={x EX:Q: "M € G;,YM € G — go (x)}
C{x€EX:Q;NMEG,VMEG—go (x)}=¢¢,(Q1)
(ili) ForanyGrillGonXandQ; < XifQ, & G then;(Q.) =0

Proposition 3.2. Ina Top. Sps (X, 1), G bea grill seton X. Then forall Q;,Q, € X
M 9 (Q1UQ2) = ¢"(Q1) V™ (Q2)
(i) ¢ (¢7(Q)) S 9 (@) =G —go —cl(®*(Q) € G —go—cl(Qy)

Proof:

(i). by (i) of Remark 3.1, Q; € QU Q; and Q; S Q4 U Q, implies ¢*(Q1) S ¢*(Q1 U Q2)
and ¢*(Q2) € 9" (Q1 VU Q). Thus ¢*(Q1) U™ (Q2) < ¢"(Q; UQ,). Enough to prove,
P (Q1VUQy) S 9" (@) Ve (Qy). Letx & ¢"(Q,) U p*(Q,). Then there exists U,V € G —
go(x)suchthat Q; N U & Gand Q, NV & G. Thisimplies (Q; N U) U (Q, N V) ¢
G. Further UnV € G—go(x). And (Q; U Q) N (UNV)c (QG; nU) U (Q, n
V) ¢ G. This proves x € ¢*(Q, UQ,). Therefore ¢*(Q;U Q,) S ¢*(Q1) VU ¢"(Q,).
Hence, ¢*(Q1 U Q2) = ¢*(Q1) U ¢ (Q2).

(i). Let x € G — go — cl(Q,) implies there exists a open set U € G — go (x) such that
UNQ =0¢ G = x &¢"(Q). Thus 9*(Q,) S G —go —cl(Qy). And ¢™(Q,) & G —
go —cl(¢*(Qq)). To show that G — go —cl(¢*(Q,)) S ¢*(Q,). Let x€ G—go —
cl(p*(Qy)) and U € G — go (x) implies U Nn@*(Q,) #@. Let ye U n¢*(Q,). Then
yeU and y€e¢*(Q,)=> U NQ, € G. Therefore, x € ¢*(Q;). Hence, G—go —
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cl(p*(Q)) = ¢*(Q1).  Further, ¢*(¢*(Q)) S G—go —cl(p*(Qy)) and G —go —
cl(p™(Q1)) = ¢*(Q1) and ¢*(Qy) € G — go —cl(Q) implies ‘P*(fp*(Ql)) C 9"(Q) =
G—go —cl(¢™(Q1)) € G—go —cl(Qy).

Definition 3.3. Let G be a grill ina Top. Sps (X, ). We defineamap y*: P(X) —» P(X) as

Theorem 3.4. The function y*(D,) satisfies Kuratowski's closure axioms.

Proof: By (iii) of Remark 3.1, we have ¢*(@)=0 and ¥*(@) =@ U ¢*(®)=0. D, S Y*(D;)
for all DcX. Y*(D,uD)=([D,UD)U@*(DyUD)= D;UDU@*(D;)V (D) =
(D1 U @*(D)) U (D U @*(Dy)) =y*(D,) U™ (D). Forany D; € X, y*(y*(D,))=y*(D; U
‘P*(D1)) = (DU @"(D))V @ (D1U 9*(D1)) = D1 U @* (D) U@*(D) U §0*(¢*(D1))-
Since ¢*(¢*(D;)) € ¢*(Dy), ¥*(¥*(D,)) = D; U ¢*(Dy) =" (Dy).

Definition 3.5. Corresponding to a grill G in the Top. Sps (X, 7) we define a topology 7. on
Xast; ={KSX:Yp"X—K)=X—-K}whereK € X,Yp*(K) =KU @*(K) =1 —
cl(K).

(i) X, P X)=X=2¢Pv"X-0)=X—-0 =>0€;and

(i) XX, Yy@=0=2>¢9v"X—-X)=X—-X=>X€ET]

(i) Let {U}ie; €t then Yv*(X—U;) =X—-U; Vi which implies (X —-U;)U
U enX-U)Vi PYINEX-U))=(nX-U))ve (n(X-U))=
PYNX-UN=(X-U)) =9 X-ulU)=X-UU) 2Vl €T}

(iv) LetU,U,€etithenyy* X —-U,) =X —-Uy)andyp*(X —U,) = (X —U,). Now
PV X-UNUp) = yX-Upuyp " X—-U;) = X-UpDUuX-Up) =
X —(U;n Uy). Hence, U; N U, € 1.

Therefore, T forms a topology.

Theorem 3.6.
(i) If Pand Q are two grills ina Top. Sps (X,7) with P € Q then 7; € 1
(i) If GisagrillinaTop. Sps (X,7)and E ¢ G,then E isat; — closed in (X, t;).
(iii)  InaTop. Sps (X,t) and a grill G on X,
@*(S) is t; — closed for any subset S of X.

Proof:

(i) Let S; €7 then Yo(X —S) =X —-SPDU (X —S)=>X—-§; =X-5)U
Po(X —S1). Thus, (X —S) S X =S = gp(X—S) S X =S, =X -5, =
X-=5S)DU op(X=S)=>yYp(X—=5,) =K —-S5)VU @p(X—S5;). Therefore,
S1 € Tp. Thus, 75 S 7p.

i)y If S, & G=2¢9"(S,)=0 then t;—cl(S) =¢*(S;) =S, Up*(S,) =S,.
Therefore, S, is t; — closed.

i) 9 (7(53)) = 07(S3) U 9™ (07(S3)) = ¢7(S3) = 7 (S3) s 7 — closed.

Theorem 3.7.

Let G bea grillinaTop. Sps (X,t). IfEp € G —go (X)then Ep n@*(P) = Ep N
@ (Ep nP), forany P C X.
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Proof: We have Ep N @*(P) 2 Ep N @*(Ep NP). Letx € Epne*(P)and V € G — go(x).
Then E, NV € G—go(x) and x € p*(P) = (EpNV)NPE G. Thus (E,NP)NV €C.
=>x €@ (EpNP)=x€EpN¢e (EpNP). Therefore, E, N @*(P) = Ep N @*(Ep N P).

Theorem 3.8.
If G isa grill inaTop. Sps (X, t) withG — go (X) — @ < G, thenforall N; € G — go (X),
Ny € @*(Ny).

Proof: If N; =@ then ¢*(N;)=0=N;. If G—go(X)—0 < G, then p*(X)=X. |If
XE@PX)=>3VeEG—go(X)suchthat nX¢&G= V& G, a contradiction. By using
Theorem 3.7 we have for any N; € G —go (X) — @, N;n¢*(X) =N, n¢e*(N, nX) and
hence Ny;=N; N X =N, N @*(X). Thus N; € ¢*(N;).

4. G-Js OPEN SETS WITH RESPECT TO A GRILL

Definition 4.1. Suppose (X,t) be a Top. Sps. Then Q a subset of (X, ) is defined as J
closed set if cl(Q) € U whenever Q € U and U is (gs) * openin X.

Definition 4.2. Suppose ina Top. Sps (X, 1), G be a grill set on X. Then M a subset of (X, 7)
is defined as J closed set with respect to a grill induced by a generalized open set (G-
J" closed) if *(M) € U whenever M € U and U is (gs)* open in X.

The complement of G-J;" closed setin X is G-J;" open set.

Definition 4.3. Suppose in a Top. Sps (X, ), G be a grill set on X. Then L a subset of (X, 7)
is defined as Js closed set with respect to a grill (G-Js closed) if ¢(L) < U whenever
L < UandUis(gs)* openin X.

The complement of G-/, closed setin X is G-/, open set.

Theorem 4.4. Every G-/, closed setis G-J;" closed set.

Proof: Let D be a G-/, closed setand D < U where U is (gs)* open set.

Then ¢(D) C U.

Let x € @ (D) then there exists a open set V of x such that DN V & G. But every
open set is a generalized open set. This implies there exists a generalized open set V of
xsuchthatDNVegG= x & o*(D). Thus ¢*(D) S (D). Therefore, *(D) € (D) S
U = ¢*(D) € U. Hence D isa G-J," closed set.

Theorem 4.5. Suppose ina Top. Sps (X, 1), G be a grill seton X. Then,
M Every closed setin X is G-Js closed set.
(i)  Qis G-Js closed setthen o (Q) is G-J closed set.
(i)  Every 7, closed setis a G-Js closed set.
(iv)  Any non-member of G is G-/ closed set.
(v) Any J; closed set is G-J closed set.

Proof:
(i) Let Q be a closed set then @(Q) = Q. Let Q S U where U is (gs)* open set
= @(Q) € U where U is (gs)* open set. Thus Q isa G-/, closed set.
(i) Let Q be a G-Js closed set. Then ¢(Q) S U where U is (gs)* open set.
?(0(Q)) € »(Q) S U where U is (gs)* open set. Thus ¢(p(Q)) € U where U
is (gs)* open set. Therefore, (Q) isa G-/, closed set.
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(ili)  Let M be at; closed set. Then o(M) € M. Let M © U where U is (gs)* open
set=> @(M) € U where U is (gs)* open set. Thus M isa G-/, closed set.

(iv)  Let L be a non-member of G. Then ¢@(L)=0. Let L © U where U is (gs)* open
set=> @ = (L) € U where U is (gs)* open set. Thus L isa G-/, closed set.

(v) Let Q be a J; closed set. Then cl (Q) S U where U is (gs)* open set. And
@(Q) S cl(Q) = ¢(Q) = U where U is (gs)* open set. Thus Q isa G-/, closed
set.

Example 4.6. The converse of the Theorem 4.5 need not be true. It follows from the
following observations
(i) LetU = {p,q,1}.
={0, {p}, {p.q}, X}

G = {{p}.{p,q}{p. 7}, X}
Here (U, 7) is the grill Top. Sps induced by the grill G.

Here L = {p,r}is G — Js closed but not closed.
M = {p,r}is G — Js closed but also a member of Grill G.
N = {q}is G — ] closed but not J; closed.
(ilLetU = {p,q,7r}.
t={0,{q,7},X}

G = {{p}.{a}.{r}.{p,a}. {p,7}.{q, 7}, X}
Here (U, 7) is the grill Top. Sps induced by the grill G.

ForH = {r}
@(H) = XisG — J; closed but H =not G — J closed.
Here ] = {p,7}is G — J, closed but not 7 closed.

Theorem 4.7. Suppose in a Top. Sps (X,7), G be a grill set on X. Then for Q < X, Q
iISG — Jg closed ifft; - cl (Q) € U,Q < UandU is (gs)* open.

Proof: Suppose Q is G — J; closed. Then @(Q) < U where U is (gs)* open set = Q U
@(Q) < U. Therefore, 7;- cl (Q) € U,Q < Uand U is (gs)* open.

Conversely, t;- cl (Q) € U,Q < U and U is (gs)* open.

Therefore AU @(Q) € U = ¢@(Q) € U.Hence Q is G — J, closed.

Theorem 4.8. Suppose in a Top. Sps (X, 1), G be a grill seton X. If P is t; — dense in
itself and G — J; closed implies P is J; closed.

Proof: Let P be 7, — dense in itself, then ¢ (P) = cl(P).
Since P is G — J; closed, ¢ (P) € U where U is (gS)* openin X and P < U.
Therefore cl(P) € U where U is (gs)* openin X and P € U. Hence P is J; closed.

Theorem 4.9. Suppose in a Top. Sps (X, 1), G be a grill set on X then the following are
equivalent.
@IfQcXthenQisa G —J closed set.

(b) If Q is (gs)* open subset of (X, 7) then Q is a 7; - closed set.

Proof: (a) = (b)
Let Q be (gs)* open in (X, 7). Then by (a), Q is G — J, closed, so that ¢ (Q) € Q.
Therefore, Q is 7; — closed.
(b) = (a)
LetQ S X and U be (gs)* open in (X,7) suchthatQ < U. Then (b), ¢ (U) € U.
Also,Q € U=¢ (Q) € ¢ (U) < U. Therefore, Q is G — J closed.
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Theorem 4.10. Suppose in a Top. Sps (X, 1), G be a grill seton X and S, D be subsets of X
suchthatS € D € 1,- cl (S).IfSisG — J; closed then D is G — J closed.

Proof: Suppose D < U and U is (gs)* open in X. Since S is G — J, closed.

p(S) S U= t;-cl(S) cU....(1)
Now,S € D € 1, - cl (S) whichimplies t; - cl(S) S t5- cl (D) S 15 - cl(S).
Therefore 7; - cl(S) = 15 - cl(D)
Therefore by (1) t; - cl(D) € U.Hence D is G — J, closed.

Corollary 4.11. t; —closure of every G — J closed setis G — ], closed.

Theorem 4.12. Suppose in a Top. Sps (X, ), G be a grill seton X and L, M are two subsets
of X satisfyingL € M < ¢ (L).IfLis G — J; closed then L and M are (gs)* closed.

Proof: LetL € M < ¢ (L), then L € M < t; - cl(L). By Theorem 4.10, M is G — J
closed. AgainL, € M < ¢ (L)
= plL)SoM) S o(pl) < o).

This implies that ¢ (L) = ¢ (M). Thus, L and M are (gs)* closed.

Theorem 4.13. Suppose in a Top. Sps (X, 7), G be a grill set on X. Then a subset M of X is
G —J; openiff F € t; — int (M) whenever F € M and F is (gs)* closed.

Proof: Let M be G — J; open set and F € M where F is (gs)* closed. Then X\ M < X\
F. Thus we get ¢ (X\M) € ¢ (X\F) = X\F. Therefore t; - cl(X\M) S X\F. It
follows that F < t;-int(M).

Conversely, € t; - (int (M)), 7o — cl(X\M S X\F, o (X\M) € X\F, M is
G — ] open.

5. CONCLUSION

In this paper we defined and analysed the G — Js Open sets with a grill set G of X ina
grill topological space (X, 1,G). Also, we tracked down the characteristics and some of the
properties of the above-mentioned set.
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