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Abstract. In this paper, we introduce the spinor representations of PAFORS for the

trajectories endowed with PAFORS on regular surfaces of Euclidean 3-space E*. We find
the spinor equations of PAFORS vectors. Moreover, we obtain the relations between spinor
representations of PAFORS and Darboux frame. Then, we give some geometric
interpretations and results concerned with this relationship.

Keywords: Kinematics of a particle; positional adapted frame on regular surfaces;
spinors.

1. INTRODUCTION

For many years, to study on the surface theory in different dimensions and spaces has
been an issue of interest for researchers. The contribution of Jean Gaston Darboux to this
theory is very big [1]. The concept of moving frames was adapted to the curves on surfaces by
Darboux. He introduced a moving frame for surface curves which is well known today as
Darboux frame by everyone. Darboux frame can be defined everywhere for the curves lying
on a regular surface since regular surfaces do not have any umbilic points [2, 3]. Many
researchers have used the Darboux frame as a useful tool to study many different and
interesting topics in the theory of surfaces up to the present. One can find some of these
interesting works in [4-8].

Recently, by making use of Darboux frame, Ozen and Tosun have presented a new
moving frame on regular surfaces in Euclidean 3-space for the trajectories having non-
vanishing angular momentum [9] by inspring the study [10]. They have called this frame
PAFORS shortly. The main purpose of this frame is to enable the researchers to study
kinematics and inverse kinematics more convenient observation environment in the future.
Also, in the study [11], some characterizations on asymptotic, geodesic, and slant helical
trajectories are given by Ozen and Tosun according to PAFORS. Then, PAFORS is extended
to the 3-dimensional Minkowski space by Gurbiiz in the study [12]. This study discusses the
evolution of an electric field concerning PAFORS in Minkowski 3-space.

Another topic of this study is spinors. Spinors are physical concepts having an
important role in various areas such as quantum mechanics, the theory of relativity, and
physics. The term “spinor” is used first by Paul Ehrenfest in quantum physics in the 1920s
[13]. On the other hand, the first mathematician who tackled the spinors in a geometrical
sense was the famous French mathematician Elie Cartan [14]. When Cartan was examining
the representation of groups, he found the mathematical forms of spinors in 1913. By Cartan,
it was specified that spinors satisfy a linear representation of the groups of rotations of a space
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of any dimension. Because of that spinors are directly concerned with geometry in addition to
their relationship with physics [15]. In light of the study [14], we know that the set of
isotropic vectors of the vector space [J ® constructs a two-dimensional surface in the space [ °.
On the contrary, these vectors in [] “represent the same isotropic vectors. Cartan expressed
that these vectors are complex as two-dimensional in space [1° [14, 16]. On the other hand,
the triads of unit vectors which are orthogonal by twos were expressed in terms of a single
vector that has two complex components, which is called a spinor [14, 17, 18]. On the other
hand, Pauli matrices which explain the electron spin in quantum theory were introduced by
W. Pauli in [19]. By Pauli, it was stated that the wave function of an electron can be
represented by a vector with two complex components in 1927, and also this vector is called a
spinor [15].

Another thing that can be of importance is the spinor equations of the moving frames.
The paper [18] performed by del Castillo and Barrales was a milestone for many researchers.
In this paper, the spinor equations of the Serret-Frenet frame were introduced by these
authors. After this paper, many studies similar to it were performed by many authors on this
topic. For example, spinor representations of Darboux frame, Sabban frame, and Bishop
frame were investigated in the studies [20-22], respectively. Then, the spinor equations of
involute evolute curves [23], Bertrand curves [16], and successor curves [24] were
investigated. Moreover, spinor representations of framed Bertrand and framed Mannheim
curves were determined in [25] and [26], respectively. Then, spinor representations of framed
curves in the 3-dimensional Lie groups were determined [27]. Also, spinor representations of
positional adapted frame were introduced in [28]. Additionally, the hyperbolic spinors were
examined and combined with the different frames [29-31].

This article is organized as follows. In Section 2, we present the required information
concerning the spinors and PAFORS to be understood in the following sections. In Section 3,
the spinor representations of PAFORS in the Euclidean 3-space are given. Also, the relations
between spinor representations of PAFORS and the Darboux frame are obtained. In Section 4,
a numerical example which comprises an illustrative figure is provided. Then, we give
conclusions in Section 5.

2. PRELIMINARIES

In this section, we review some necessary information concerning PAFORS and
spinors.

2.1. PAFORS

Let Euclidean 3-space E® be considered with the standard inner product which is
defined as (M, N') =mn, +m,n, + myn, where M= (m;,m,,m,), N =(n,n,,n,) are arbitrary
vectors of E°. The norm of the vector M is given by |M]|=/{M,M). Based on this
definition, a differentiable curve o=« (s):I < —»E® is called a unit speed curve if the

condition |[de/ds|=1 is satisfied for every se | . If the derivative of a differentiable curve

never equals zero, this curve is said to be a regular curve. These kinds of curves have always a
unit speed parameterization [32]. During the study, we will denote the differentiation
concerning the parameter of the curve by a prime.
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Suppose that a point particle moves on the unit speed trajectory «:l cR —>M c E®
lying on a regular surface M . As it is well known, a regular surface curve has well defined
Darboux frame denoted by {T(s),Y(s),U(s)}. So, the Darboux frame {T(s),Y (s),U(s)}

is exist along « = a(s) whereU(s)is the unit normal vector of M restricted to o and T(s)
is the unit tangent vector of « . Moreover, since {T(s),Y(s), U(s)} is an orthonormal vector

system, the remaining basis vector Y(s) is calculated as Y (s)=U(s)xT(s).

On the other hand, the derivative formulas of the Darboux frame are given in the
following equation:

here, 7,(s), k,(s),and k, (s) indicate the geodesic torsion, geodesic curvature, and normal

curvature of the curve « , respectively [2, 4].
Let the angular momentum vector of the aforesaid particle about the origin not be

equal to zero during the motion of this particle. In such a case, PAFORS {T(s),G(s), H(s)} is

well-defined for the motion of this particle. The first basis vector T(S) is a unit tangent vector
and it is common with the Darboux frame, while the other ones are calculated as follows [9]:

H(s) = (—a(s),Y(s)) Y(s)+ (a(s),U(s)) u(s).
J@(©),YE)Y +(a(s),Us) @), YE)Y +(a(s),Us))

G(s) = (a(s),U(s)) Y(9)+ (a(s),Y(s)) U(s).
H@(©),YE)Y +(a(s),Us) @), YE)Y +(a(s),U(s))

There is a relation between PAFORS and Darboux frame as in the following:

T(s)) (1 0 0 T(s)
G(s) [=| 0 cosQ(s) —sinQ(s) || Y(s) |, 1)
H(s) 0 sinQ(s) cosQ(s) J\ U(s)

where Q(s) is the angle between the vectors Y(s) and G(s) which is positively oriented
from Y(s) to G(S). For PAFORS, the derivative formulas are given by

T'(s) 0 ki(s)  ky(s))( T(s)
G'(s) |=| —ki(s) 0 Kky(s) || G(s) |, 2
H,(S) _kz (S) _ka (S) 0 H(S)
where
k,(s) =k, (s)cos€(s) —k, (s)sin€(s),
k, () =k, (s)sin Q(s) +k, (s) cos €(s), (3)
ky(s) =17,(8) —€'(8).
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268 Spinor representations of PAFORS in E* Zehra Isbilir et al.

The rotation angle €(s) is specified as

arctan (—%j, if (a(s),U(s))>0,

arctan(—%}m if (a(s),U(s)) <0,

Q(s) =

_% if {a(s),U(s))=0, {a(s) Y(s))>0,

%if (a(s),U(s)) =0, (a(s),Y(s))<O.

Additionally, any element of the set {T(s),G(s), H(s),k;(s), k,(s).ks(s)} Is said to be
the PAFORS apparatus of the trajectory o =« (s) [9].

2.2. SPINORS

A spinor is expressed as two-dimensional complex vectors and represented as:
H=
Hy

u+iv=u'ou,
w=—/1'ou.

using the vectors u,v,w e ® such that

(4)

Here “t” indicates the transposition, £ indicates the conjugation [14] (mate [17]) of
u, u indicates the complex conjugation of . . In addition to these, we must emphasize that
u+iv is an isotropic vector and w is a real vector. The following can be presented [18]:

i D=, A7)

Also, the following 2x2 matrices which are Cartesian components for the vector
o =(o,,0,,0;) can be given as follows [18]:

(10 (i 0y (0 -
01_(0 —J’ 02_(0 ij’ aS_(—l o}' ©
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Let p=(p,, p,,p;) €1 ® be an isotropic vector (that is (p, p) =0) where [1° denotes
the three-dimensional complex vector space. The set of these kinds of vectors of [ ° generates
a two-dimensional surface in [1 2. If the surface is parameterized through s and g, in that
case

2 2 H 2 2
Po=ty iy, P =i + 1), Py =21,
and

i pl_lpz lLlZ:i

—p—ip, 6
5y (6)

= 5

can be written [14]. Due to the equations (4) and (5), the followings can be given

po=pop=1 =1y, py=pou=i(u + 1), py=pogu=—2uu,,
and
U+iv= (g = 13,118+ 185), -2 411,

o 2 | p (7)
W= iy + Bt i~ Bt || =] ).

Since u+ivell® is an isotropic vector, u,v,w are mutually orthogonal, and in this
case |u|=|v|=|w|=z'x and (uAv,w)=det(u,v,w)>0. On the other hand, if u,v,w are
mutually orthogonal vectors of the same magnitude in [° (det(u,v,w)>0), in that case,

there is a spinor which is defined as indicated in equation (4) [14, 17, 18].
Let 2 and ¢ be two spinors. In this case, the equations

Hog=¢ou, (8)
pop=—ilcg, 9)
(au+0,8) =01+ 2,0, (10)
f=—p, (11)

hold where g,,0, €[] [18]. Another thing that can be of importance is that equation (8) is
satisfied, since the matrices o,,0,,0, in the equation (5) are symmetric. Also, since the
spinors x and —u correspond to the same ordered orthogonal basis {u,v,w} with
lu|=|v|=|w| and det(u,v,w)>0, the correspondence between the spinors and orthogonal

bases given in equation (4) is two-to-one. We must emphasize that the ordered triads
{u,v,w},{v,w,u},{w,u,v} correspond to different spinors. Moreover, if x#0, in this case,
the set {u, 1} is linearly independent [14, 17, 18].

Finally, we must emphasize the study [20] which has an important place for the
present paper. In [20], Kisi and Tosun investigated the spinor representations of the Darboux
frame and obtained a spinor ¢ which satisfies the following:

Y+iU=d'cg, (12)
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270 Spinor representations of PAFORS in E* Zehra Isbilir et al.

T=-¢'og, (13)
where ¢'¢=1 and the spinor ¢ corresponds to the triad {Y,U,T}. Then, the derivative
formulas of Darboux frame are equivalent to the following single spinor equation [20]:

d 1r . oA
d—fza[—lrg¢+(kg +|kn)¢}. (14)

For more details on the concept of spinors, the readers are referred to the works [13,
14,17, 18, 33-35].

3. THE SPINOR REPRESENTATIONS OF PAFORS

In this section, we introduce the spinor formulas of each PAFORS vectors {G, H,T}

of a trajectory « which is a unit-speed curve, separately. Moreover, we give the relations
between the spinor representations of PAFORS and the Darboux frame. Also, we obtain some
geometric properties and results concerning them. Afterward, a numerical example
comprising an illustrative figure is constructed related to the spinor representations of
PAFORS.

Definition 3.1. Let P be the moving point particle of constant mass that moves on the regular
surface M and along the unit speed trajectory o =« (s). Let the PAFORS triad {G,H, T} of

this trajectory be given and the spinor . corresponds to the triad. Then, the following spinor
representations of PAFORS vectors can be given:

G+iH=/dopu, (15)

T=-iopu, (16)
where ' y=1.

Theorem 3.1. Let « be the unit speed trajectory equipped with PAFORS which lies on the
regular surface M and the spinor x corresponds to the triad {G,H,T}. The PAFORS

equations are equivalent to the following single spinor equation:
du

1 . . .
—S:E[—|k3y+(k1+|k2)y]. (17)

Proof: If we differentiate the equation (15) with respect to the parameter s, then we have:

dG+4dH_(gﬁ

t
du
— ti—= ‘o L. 18
ds ds ds}aﬂﬂla (18)

ds

Since {u, i} is a basis for spinors, we obtain:

du .
ds Cu+y, (19)
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where & and y are complex-valued functions. With the help of the equations (2), (8), (17)
and (18), we have:
K T+K,Y +i(—k,T—k,M) =21 op+ 2yt op.

With the aid of the equations (15) and (16), we can write:
—iky (M+iY) = (k +ik,) T =2¢(M+iY)-2yT.
Therefore, we have ¢ =—ik,/2 and y=(k +ik,)/2. If the functions { and y are
substituted in the equation (19), we find the equation (17).

Theorem 3.2. Let « be the unit speed trajectory equipped with PAFORS which lies on the
regular surface M and the spinor x corresponds to the triad {G,H,T}. Then, the spinor

equations of the PAFORS vectors are given as follows:

T=—/fl'oy, (20)
1 At
G= E(ﬂ‘ﬁﬂ - o), (21)
[ At
H :—E(ytoy+yto;u). (22)

Proof: Let the spinor 4 corresponds to the triad {G,H, T} of the trajectory « on the regular

surface M . With the help of the equation (15), we can derive the equalities G = Re(u/'c )

and H=Im(x'c 1). We have already T=-4'cu from the equation (16). Thus, we can
write:

G= %(,u%zu+,u‘qu),

2

H= (/Jto'ﬂ—ﬂto'ﬂ),

1 _ . 1 _
where we utilize the properties of complex numbers: Re(e) ZE(HG) and ilm(e) =E(e—e)

for all e (] . Then, by using the last two equations and (9), we have:

This finishes the proof.

Corollary 3.1 Let « be the unit speed trajectory equipped with PAFORS which lies on the
regular surface M and the spinor 4 corresponds to the triad {G,H,T}. Then, the spinor

components of PAFORS vectors are written as follows:

T:(/Ulﬁz+:L_ﬁﬂ2’i(ﬂ1ﬁz_ﬁ1,uz)v|/vﬁ|2 — Iz)’
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1 Y L, __
G = (4 —aty + = V(4] + 4 = 1 = 1) =2 (st + L)),
i

2

H=— (i~ ~ I + i (i + 18 + B+ 1) 2Bty — sy ) )

Proof: According to the equation (20)-(22), we have the followings:
e For spinor equation x'c ., we obtain:

t 1 O /'ll 2 2
Hop=(m ﬂz)[o _J[ J=ﬂ1—ﬂz,
i 0
Hou=(m ﬂz)[l .j{;ﬁ]ﬂ(/ﬁwi% (22)

0 -1\ u
Moo= (14 ﬂz)[_l 0]( lj:_zﬂlﬂz'

e Also, for the spinor equation /'c i, we have:

At oA — (1 0 _:L_‘z _ =2 =2
/’lo_lu_(_ltlZ ILL.L) 0 _1 /l_l _ﬂZ_M’
i 0\ -z
itoyit=(-1, @)(g ,J[ gz}i(ﬁ%ﬁf)’ (24)

doi=(-m &) | |-2ma
-1 o\ &

e Also, for the spinor equation /'c u, we get:

At — — 1 0 /u2 — —
pou=(-m, ) 0 = — Ty 1 — Ty [,
i
0w ., _ _
=i(— + :

0 J{ﬂzj ( Hoth :ulluz) (25)
0 -1\ — 2 1= 2
=— + .
1 Oj[ﬂzj |+ |

Substituting the equations (23), (24) and (25) in the equations (20), (21), (22), the
proof is finished. In the following theorem, we present the spinor relations between the
PAFORS and Darboux frame.

flou=(—, Iﬁ)(
ﬁl)(

fou= (_/72

Theorem 3.3. Let the spinors 4 and ¢ corresponds to the triads {G,H,T} and {Y,U,T}
related to « , respectively. Then, the following relations are satisfied:

pou=e(gog),
T=T, (26)
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where the angle Q is the Euclidean angle between the vector U and the vector H.

Proof: With the help of the equation (1), we get:

G+iH =cosQY —sinQU +i(sinQY +cosQU)
=(Y +iU)(cosQ+isinQ) (27)
=(Y +iU)e".

According to the equations (1), (12) and (13), we have the desired results.

Theorem 3.4. Let the spinors x and ¢ correspond to the triads {G,H, T} and {Y,U,T}
related to « , respectively. Then, the following relation can be given:

iQ

u=te?¢. (28)

Proof: According to the equation (26) and (27), we can say that the angle between the vectors
Y +iU and G+iHis Q. By using the equations (26) and (7), we have

plow = = 1,118 + 42 ), 218, ),
pop=(8 4 1(# +42).~204, ).

.Q .Q
Then, we get 12 =e'¢? and 1 =e“’¢?. Therefore, the equalities 1, =€ 2@ and u, =€ 24,
can be given. Because the spinors x and —u correspond to the same ordered orthonormal
basis, the spinor « and —u correspond to the vector G+iH, and the spinor ¢ and —¢
iQ

correspond to the vector Y +iU. Consequently, we have y=+e?¢.

Corollary 3.2. Let the spinors x and ¢ correspond to the triads {G,H, T} and {Y,U,T}
related to « , respectively. Then the angle between the spinors , and ¢ is Q/2.

Theorem 3.5. Let the spinors x and ¢ correspond to the triads {G,H, T} and {Y,U,T}
related to « , respectively. In that case, the following relation is satisfied:

i
2

J (29)

[=*e

Q
Proof: Taking the conjugate of both sides of the equality (28), we get: = +e 24. By (10), we

Q

-~ A

find the equation a=+e 24.

Corollary 3.3. Let the spinors x and ¢ represent the triads {G,H,T} and {Y,U, T} related
to o, respectively. While z makes a rotation angle as Q/2 with ¢, £ makes the same
rotation angle in the opposite direction with ¢3
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Theorem 3.6. Let the spinors x and ¢ correspond to the triads {G,H, T} and {Y,U,T}
related to « , respectively. The derivative of the spinor x can be written with the help of the
curvatures of the Darboux frame k,k, and 7, as follows:

%—g:%[—i(rg Q)+ (K, ik, ) | (30)

Proof: By using the equations (3) and (17), we get:

)+ (K, cosQ -k, sinQ)+(k, sinQ+kncosQ)J/j}

9

ik, ) f
[
p+[ Ky (cosQ+isinQ)+ik, (cosQ+isinQ) | |
(
(

Corollary 3.4. Let the spinors . and ¢ correspond to the triads {G,H, T} and {Y,U,T}
related to « , respectively. The angle between d/ds and & is Q if 7, =Q).

Theorem 3.7. Let the spinors 4 and ¢ correspond to the triads {G,H, T} and {Y,U, T}
related to « , respectively. Then, the following equation yields:

d 1ior . : L\ 2
d_“=i2e [-i(r, — Q) p+ (K, +ik, )@ |

Proof: Using the equations (28), (29) and (30) gives us the desired result:
A= by i )]
{ i(r,—Q) +e 2¢] (k, +ik, e (ie_igéﬂ
1 : , N
3 [—I(TQ—Q)¢+(kg+Ikn)¢].

Corollary 3.5 Let the spinors x and ¢ represent the triads {G,H,T} and {Y,U,T},
respectively. The angle between d/ds and ¢ is Q/2 on condition that Q =7 .

4. APPLICATION
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In this section, we give a numerical example in order to support constructed theorems
and results with respect to the spinor representations of PAFORS in Euclidean 3-space.

Example 4.1 Let us consider a right-handed circular helix that lies on the cylinder
M ={(x,y,2):x*+y*=R? z>0}.

Suppose that an electron (with an electrical charge —e and mass m) under a constant
magnetic field (0,0, B) along the z -axis moves on the aforementioned helix. In Cartesian

coordinates, the position vector of the electron is written as the following:

x = (Rcos(at), Rsin(at),v,t).

eB
Note that v, and W= " are positive constants.

Figure 1. The trajectory of the electron P under the constant magnetic field

It should be noted that Figure 1 is drawn with the help of the website Wolfram
Mathematica (Wolfram Cloud). The unit speed parametrization of the curve traced out by the
aforementioned electron is found as follows:

y(s):(Rcos%s,Rsin%s,%j (31)

by Ozen et al. [36] where s =s(t) = 8t and S =+/R*®»" +V> . By straightforward calculations,
we have the following Darboux apparatus:
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i . WS . S
T(s) :(—sm asm—,smacos—,cow},
p B

and

U(s)=(cosw—s,sinw—s,oj,
B B

. WS @S .
Y(s) :(cowsm?,—cowcos?,sma}

k,(5)=0,

kn(s)=—%sina,

7,(8)= %cos a.

Here the helix axis is z -axis and « is the helix angle calculated by tan« -"? Via
v

the equation (6), we get:

z

- @S

¢ = J_r\/%(cowwl)e “
With the help of equation (14), we obtain:

d¢ o .
G :—ﬁ(cowqﬂsm a¢).

and

Since (7(s),Y) =\%5sina

Q(s) = arctan (— j . Then, we have:

A —+\/2(C03a ~1)e”

(r(s),U) =

. S

(32)

R>0, we have

. . @S . @S
T(s)= (—sm o sin—,sin @ c0S—, COS aj,
B B

VAS . @S . A
cos(arctan[— . Dcoswsm——sm[arctan[— .
BR p BR
s . VAS
G(s)= —cos(arctan( Dcosacos——sm(arctan(— z
B BR
cos[arctan( Dsm a
sin[arctan sma }c05a3m—+cos[arctan[
H(s) = —sin[arctan(— Y3 Sina JCOSacosw—ercos[arctan(—
PR p
. V.S . .
sin| arctan| ——= sina
( ( BR D
and
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k,(s) = Zsin asin(arctan (— YeS gin aD,
B PR

k,(s) = ~Zsinacos {arctan (— Y25 in aj],
B PR

v, fRsina
BPR*+Vis%sin’a

w
k3(s):Ec03a+

Using the equation (6) gives us the following:

= i\/ %(cos a+1) e‘[““a"(-ﬁésina]—ﬂ |

S

U, = i\/ % (cosa—1) ei(mn[_vﬂzéSin(lj+ﬂJ .

Finally, using the equation (17) yields:

d i V. BRsin . iarctan| —Y2% sine )
S Zeosa+ - ;’B = = 5 g+ Zsinae [ AR jy
ds 21\ B PR +vis™sin" o /]

One can easily check the last equation with the help of the equation (30) if desired.
4. CONCLUSIONS

The purpose of this study is to investigate the spinor representations of PAFORS for

the trajectories equipped with PAFORS on regular surfaces in E*. For this purpose, we found
the spinor formulas of PAFORS vectors and also, presented some geometric interpretations.
Also, we gave the relations between spinor representations of PAFORS and the Darboux
frame. Additionally, we presented an illustrative example concerned with the spinor
representation of PAFORS.

Acknowledgments: The authors would like to thank editors and anonymous referees for their
valuable comments and careful reading. We would like to express our endless respect and
thanks to our deceased co-author Mehmet Giner for all his contributions to science,
education, and his students.

REFERENCES
[1] Darboux, G., Legons sur la théorie générale des surfaces I-11-111-1V, Gauthier-Villars,
Pris, 1896.

[2] O’Neil, B., Elemantary differential geometry, Academic Press, New York, United
States, 1966.

ISSN: 1844 — 9581 Mathematics Section



278

Spinor representations of PAFORS in E* Zehra Isbilir et al.

[3]
[4]
[5]
[6]

[7]
[8]

[9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

[28]
[29]

[30]
[31]

[32]

[33]
[34]

[35]
[36]

Radzevich, S. P., Geometry of surfaces: A practical guide for mechanical engineers,
Wiley, New York, United States 2013.

Dogan, F., Yayli, Y., International Journal of Contemporary Mathematical Sciences, 7,
751, 2012.

Duldul, M., Uyar Duldul, B., Kuruoglu, N., Ozdamar, E., Turkish Journal of
Mathematics, 41, 1628, 2017.

Sprynski, N., Szafran, N., Lacolle, B., Biard, L., Computer-Aided Design, 40, 480,
2008.

Senturk, G. Y., Yuce, S., Kuwait Journal of Science, 42, 14, 2015.

Topbas, E. S. Y., Gok, I, Ekmekci, N., Yayli, Y., Mathematical Sciences and
Applications E-Notes, 4, 121, 2016.

Ozen, K. E., Tosun, M., Ikonion Journal of Mathematics, 3, 20, 2021.

Ozen, K. E., Tosun, M., Journal of Mathematical Sciences and Modelling, 4, 7, 2021.
Ozen, K. E., Tosun, M., Maltepe Journal of Mathematics, 3, 74, 2021.

Gurbuz, N. E., Optik, 250, 168285, 2022.

Vaz Jr, J., da Rocha Jr, R., An introduction to Clifford algebras and spinors, Oxford
University Press, Mures, Romania, 2016.

Cartan, E., The theory of spinors, Courier Corporation, 2012.

Hladik, J., Spinors in physics, Springer Science & Business Media, New York, United
States, 1999.

Erisir, T., AIMS Mathematics, 6, 3583, 2021.

del Castillo, G. F. T., 3-d spinors, spin-weighted functions and their applications, Vol.
32, Progress in mathematical physics, Birkhauser Boston, MA, 2003.

del Castillo, G. F. T., Barrales, G. S., Revista Colombiana de Mateméticas, 38, 27, 2004.
Pauli, W., Zeitschrift fr Physik, 43, 601, 1927.

Kisi, I., Tosun, M., Mathematica Moravica, 19, 87, 2015.

Senyurt, S., Caliskan, A., Pure Mathematical Sciences, 4, 37, 2015.

Unal, D., Kisi, I., Tosun, M., Advances in Applied Clifford Algebras, 23, 757, 2013.
Erisir, T., Kardag, N. C., Fundamental Applied Maths, 2, 148, 2019.

Erisir, T., Oztas, H. K., Universal Journal of Mathematics and Applications, 5, 32, 2022.
Isbilir, Z., Dogan Yazici, B., Tosun, M., Filomat, 37, 2831, 2023.

Dogan Yazici, B., Isbilir, Z., Tosun, M., Turkish Journal of Mathematics, 46, 2690, 2022.
Isbilir, Z., Dogan Yazici, B., Tosun, M., Journal of Dynamical Systems & Geometric
Theories, 21, 61, 2023.

Ishilir, Z., Ozen, K. E., Guner, M. International Electronic Journal of Geometry, 16, 62,
2022.

Balci, Y., Erisir, T., Gungor, M. A., Journal of the Chungcheong Mathematical Society,
28, 525, 2015.

Erisir, T., Gungor, M. A., Tosun, M., Advances in Applied Clifford Algebras, 25, 799, 2015.
Ketenci, Z., Erisir, T., Gungor, M. A., Journal of Dynamical Systems and Geometric
Theories, 13, 179, 2015.

Shifrin, T., Differential geometry: a first course in curves and surfaces, University of
Georgia, Preliminary version, 2008.

Brauer, R., Weyl, H., American Journal of Mathematics, 57, 425, 1935.

Lounesto, P., Clifford algebras and spinors, In Clifford algebras and their applications
in mathematical physics, Springer, Dordrecht, pp. 25-37, 1986.

Vivarelli, M. D., Celestial Mechanics, 32, 193, 1984.

Ozen, K. E., Dundar, F.S., Tosun, M., Journal of Theoretical and Applied Mechanics,
57, 435, 2019.

WWW.josa.ro Mathematics Section



