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Abstract. In the present paper the Parseval-Goldstein type theorems, involving the
fractional Hankel, fractional Fourier, and fractional Laplace transform are given. The
identities proven in this paper can used to evaluate infinite integral of some special functions.
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1. INTRODUCTION

Victor Namias [5] introduced and developed the theory of fractional Fourier transform
and opened the vast field of fractional integral transform to the researchers. Fractional Fourier
transform as defined by him is,
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In 1980, Namias [6] had further studied fractional Hankel transform which is given by
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Noting the limitations of the domain for the above definition by Namias, Kerr F. H.
[4], further defined it for the wider domain as,
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where A = sm%‘ Ze[2 2] :

Moreover this fractional Hankel transform is the generalization of Hankel transform
given by Zemanian in [13],

H[ f (x)](y):fowﬁf (x)J, (xy)dx (1.4)
g

We have studied some properties of fractional Hankel transform given by (1.3), in [9 -
12]. Fractional Laplace transform which is defined by Sharma K.K. [8] in 2010 as a special
case of complex linear canonical transform is given by,
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will be required in our investigation. "

In this paper we have studied different identities involving fractional Hankel
transform, as proved by Dernek et al in [1] for Hankel transform.

The paper is organized as follows.

In section I, we find some identities for fractional Hankel transform, these identities
are used to prove Parseval Goldstein type theorem, where as in section Il illustrative example
Is given. Last section concludes the paper.

f(x)d (1.5)

2. IDENTITIES FOR FRACTIONAL HANKEL TRANSFORM:-

First we find Goldstein type exchange identity for the fractional Hankel transform.

Theorem 1. If ReV > -1, then
_[:Hv"‘[f (x): y]g(y)dy :'[:Hj’[g(y):x] f (x)dx.
Proof: By the definition (1.3) of fractional Hankel transform, we have,
Y|t (x)dx pdy
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by changing the order of integration,

WWW.josa.ro Mathematics Section



Identities for the fractional ... Alka S. Gudadhe et al. 233

“Hel £ (x): dy=A [ f el | Xy dy Ldx =
-[O v I: (X) y]g(y) y= A\/,(ZJ.O (X) Al,a'[o € Ca v ] g(y) y rOX =
sz sin—

:jowa[g(y) ; x] f (x)dx

Now to prove the main Parseval-Goldstein type theorem, we required following
Lemma.

Lemma 1: The identity,

1l « a 1 i[l—4c052%) a . a
Hva{u 2|2 [e 2 f (x):u}:y}:ca y 2g 2sna yZF{e g (x): y} (2.1)
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where C, = ——, hold true provided that ReV >-1 and each member of
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2
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above equation exists.

Proof: Using the definition (1.3) of the fractional Hankel transform and (1.5) of the
fractional Laplace transform, we have

1l «a a
Hva {UHZLZ |:eUXCSCZf (X) : U:|: y} =

(2.2)

Changing the order of integration in equation (2.2), we have,
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Using the definition (1.1) of the fractional Fourier transform, we have
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Theorem 2. The following Parseval-Goldstein type identities hold true,
0 i v+i uycscg
IO H [f(x):y]{Lz[y 2¢ 2g(u):y}}dy:
s \H.l i[lcsca—cotg)x2 _ ixucscZ
:Cajo f(x)x 2e? ) F Z[e 2g(u):x} dx

WWW.josa.ro Mathematics Section



Identities for the fractional ... Alka S. Gudadhe et al. 235

. T v+1 ~
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where C, = — provided that ReV >-1 and the integrals converge

a v+l—
sin—2""cos 2

absolutely.

Proof: Using definition (1.3) and (1.5), we have,

Jo R f(0): y]{LZ [ywéewgg (u): y}}dy _

a = - 3

Changing the order of integration which is permissible under the assumptions of the
theorem.

Jo RO LF(0): y]{LZ [ywiewzg (u): y}}dy _

a 1
sina‘

0 o @ v+l uycscf
:IO f(X)H, {L{y e 2g(u): y} x}dx
using result (2.1) of Lemma 1, we have,
0 @ v+l uycscg
jo H [f(x):y]{L{y 2e Zg(u):yﬂdy:
i[l_“OSZZ
1 2sina

= [, F(x){C.x 2

_C J» { XV+§e csca cotz} F_”2‘|:g(u)eixucscazl:x:|}dx

hence proved.
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Lemma 2. The identity

vt 2 iuxese vil iyz(ltangﬂ:otg] 21 _xyesc?
H{u 2F2|e 2f(x):uf:yp=B,qy % \* 2 FL2le " 2f(x):y (2.3)
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where B, = “e [2 2 2}e (4 4j, hold true provided that ReV >-1 and each
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member of the above assertion exists.

Proof: Using definition (1.1) and (1.3), we have,
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Changing the order of integration,

1 «a - a
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Using the result (12), page no. 30 of [2], we have
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using definition (1.5), we have,

Vel —iuxcseZ vt iyz(ltangﬂotgj 21 _xyesc®
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\
hence proved .

N[

Theorem 3. The following Parseval-Goldstein type identities hold true,

a

2 V+1 —iuy csc—
IowHi‘[f(X):y]{F{y 26 zQ(U):yﬂdy:
" "2 ixz(ltang%mg) 21 —xucscZ
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where B, =sin% “e [2 ? 2}e (4 4j, hold true provided that ReV >-1 and each

member of the above assertion exists.

Proof: Using definition (1.1), (1.3) we have,

Jo R f(0): y]{Fz{yw;e_myng(u): y}}dy _

a 1. a (2 v ) cot
_ A/’aj: Fz{ywze—luycsczg (U)Z y}jje_z(x y’) tZJV

Changing the order of integration which is permissible under the assumptions of the
theorem,
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IfH:’[f(xry]{F?{y“ie‘“““?gw);y}}dy:

a 1 . a i 2,02\ ot
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0 o a v+E —iuycscg . .
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Using result (2.3) of Lemma 2, we have,
o a v+l —iuycscg
IO Hy [ f(x): y]{FZ {y 26 2g(u): y}}dy:
® \,J% ixz[%tan%wot%j ,% —xucsc% -
=Iof(x) B x 2 L2e g(u):x |pdx =
. vl ixz[itangwotg) 2 _yucesc?
=Bajof(x)x e V2 P zle 2g(u)ix|pdx
hence the proof.
3. ILLUSTRATIVE EXAMPLE
Using results of the last section, we present an interesting illustration for the identity

of Lemma 2,

Example:
We show that,

a

2
L% l:e—xzze(l—i)xycscz ] y:l _c e%[csczg—itan%—zmot%)

2

Proof: We put f (x)= e”“2¢ 2 in LH.S. of Result (2.3) of Lemma 2, we have,
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1 «a . a
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Using Result (2) of [5], we have,

1 a X 1 P
Hv‘l{u 2F{e 2 :u}:y}—Hf’{u e 2 :y}

Using Result (2) of [11], we have
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CONCLUSIONS

The theory of fractional integral transform has many applications in signal processing
[7], quantum mechanics [5], optics [3, 7]. Hence it is important and interesting to study them.
Here we have proved some identities for fractional Hankel transform with fractional Fourier
transform and fractional Laplace transform. Parseval Goldstein type identities and some
Goldstein exchange formulae are developed. Using these identities some integrals are solved.

The method can also be applied to other fractional integral transform and these
identities will be useful to solve some infinite integrals.
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