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Abstract. The aim of this paper is primarily to introduce the quadra Mersenne-
Jacobsthal and quadra Mersenne-Pell sequences. Then, the Binet formulas and generating
functions for these sequences are obtained. Moreover, quadra Mersenne-Jacobsthal and
quadra Mersenne-Pell quaternions were defined and Binet formulas, generating functions,
some quaternion sums and relations were obtained for these quaternions.
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1. INTRODUCTION

There have been many studies on special integer sequences for a long time. Inspired
by the most famous integer sequence, the Fibonacci sequence, many studies examine
recurrence relations and other integer sequences with different initial conditions [1-3].
Jacobsthal, Pell, and Mersenne sequences [4-9] are defined as follows:

Jacobsthal sequence is defined for n = 0,

Jnsz = Jns1 + 2/n, Jo=0, Ji=1

and the first few terms of the Jacobsthal sequence are {0,1,1,3,5,11, 21, 43,85,171, ... }.
Pell sequence is defined for n > 0,

Ppiz =2Ppit By P=0, P =1

and the first few terms of the Pell sequence are {1, 2, 5, 12, 29, 70, 169, 408, 985, ... }.
The Mersenne sequence can be defined recursively for n > 0,

Mpy2 = 3Mpiq — 2My, M, =0, My =1
and the first few terms of the Mersenne sequence are {0,1,3,7,15,3,63,127}.

In addition, the Binet formula and generating functions of these sequences are given in
Table 1.
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Table 1. Binet Formulas and Generating Functions of the Jacobsthal, Pell and Mersenne Sequences

Jacobsthal Sequence Pell Sequence Mersenne Sequence
' A — 'un yn —&n
Binet Formula ]n = 11— 0 Pn = )/T Mn =aq" — ,Bn
. . X ve X
Genetating Function T—x—2x Toor—x? | T-3x+2s?

Wenotethat A =2, u=—-1,y=14++2,8 =1—+2, a = 2, and f = 1. There are
some studies about the quadra integer sequences in the literature. Tasc1 defined the quadrapell
numbers and obtained the generating function, Binet-like formula and some formulas for
sums of the quadrapell numbers in [10]. Then, Ozkog [11] introduced the quadra Fibona-Pell
numbers and gave some properties of quadra Fibona-Pell sequences. In [12], Kizilates defined
quadra Lucas-Jacobsthal numbers and obtained some properties of these sequences.

For unitary imaginary elements i, j and k defined by operations of the form i? = j2 =
k? =ijk=—-1,ij= k=—ji,jk=i=—kjand ki= j= —iktheset H={p = a+ bi +
cj+ dk: a,b,c,d € R}is called the set of real quaternions. By using the above definition,
the n™ Fibonacci quaternion was defined by Horadam [13] as follows:

Qn = Fn+Fn+1i+Fn+2j+Fn+3k

Polath [14] introduced quadrapell quaternion and provided some of their properties.

In light of the above information, we first introduce the quadra Mersenne-Jacobsthal
and quadra Mersenne-Pell sequences. We then present these sequences’ Binet formula and
generating functions. In addition, we define quadra Mersenne-Jacobsthal and quadra
Mersenne-Pell quaternions and obtain Binet formulas, generating functions, some quaternion
sums and relations for these quaternions.

2. THE QUADRA MERSENNE-JACOBSTHAL AND QUADRA MERSENNE-PELL
SEQUENCES

This section introduces the quadra Mersenne-Jacobsthal and quadra Mersenne-Pell
sequences. The section then provides the Binet formulas and generating functions for these
sequences.

Definition 2.1. The quadra Mersenne-Jacobsthal sequence {MJ,,} 5,50 is defined as a fourth-
order recurrence

MIpia = 4MIn+3 = 3MIn+2 — AMIns1 + 4MJn
where
MIJo=0,MJy =2,MJ, =4,MJ3 =10, MJ, = 20.
The characteristic equation of quadra Mersenne-Jacobsthal recurrence relation is
x*—4x3+3x2+4x—4=0

Theorem 2.2. The generating function for M7, is

2x — 4x?
—4x* +4x3 +3x2 —4x+ 1

MJ(x) =
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Proof: The generating function MJ(x) has the form
MIE) = ) MIpx™ = Mo+ MIsx + MIpx? + MIyxd + -+ MIpx™ + -

—4x* M (x) = _42 Mg 2+
= 4m’§7=0°x4 — AMJ1x5 — AMJyx® — AMJax” — oo — AM Jx Tt — -

4x3M I (x) = 42 M, X3

_ 4MJox AMI X" + AM x5 + AMTx6 + o + AM I x ™3 + oo
3x2MJ(x) = 323\/[‘7 2

= 3Mﬂox + 3MJ x3 + 3MJx* + 3MJ3x> + -+ + 3MJ,x™ 2 + -
—4xMJ (x) = _42 M,

= —4MJ0x — 4AM Iy X% — AM I, X3 — 4M Izt — o — AM Ty x™ L + -

MJ(x) = Z MIpx™ = MJg + MJ1x + MJ,x2% + MJ3x3 + -+ + MJpx™ + -+
n=0

If the above expressions are summed up side by side and written instead of the initial

conditions, we have
(—4x* + 4x3 + 3x%2 —4x + DM I(x) = 2x — 4x?
Thus, we obtain
2x — 4x?

—4x* +4x3 +3x2 —4x + 1

MJ(x) =

Lemma 2.3. Forn >0,

n_ ,mn
M3, = (@™~ B") +AAIZ
Proof: 1t is seen by induction.
Theorem 2.4. For n > 0, the Binet formula for M7, is
M3I, = fa - p" —l,u”
3 3

Proof: We consider M7, = a;a™ + b, ™" + c; A" + du". If wetaken =0,n = 1,n =
2,n = 3, we get

MTo = a;a® + by + ¢, A% + dyu°
MJ, = ajat + byt + c; At +dyut
MJ, = aja? + b f? + ¢, A% + dyp?
MJ; = ajad + b3+ c A3 +dy
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Ifa=2=1 1= 2,u=—1and initial conditions are written above, we have

0O=a,+by+c,+d;

2=2a;+by+2c;—dy
4 =4a,+ by +4c; +d;
10 = 8a; + by + 8¢, — d;

If the coefficients matrix is created and the values a4, b1, ¢;,d; are found, we obtain

4 n n 1 n
MJn = 50" =" —zu

Definition 2.5. The quadra Mersenne-Pell sequence {MP, } ,,5( is defined by the following
recurrence relation,

MPpig = SMPpiz3 — TMPpyy + MPpiq + 2MP,
with the initial values
MPy=0,MP; =0, MP, =1, MP; = 4,MP, =12
The characteristic equation of quadra Mersenne-Pell recurrence relation is
x*=5x34+7x>—x—-2=0
Theorem 2.6. The generating function for M'P, is

x2

MP(x) =
) —2x*+x3+4x%2 —4x +1

Proof: The generating function M'P (x) is a function whose formal power series expansion at
x = 0 has the form

MP(x) = Z MP,x™ = MPy + MPix + MPyx? + MP3x3 + -« + MPpx™ + -+

n=0

—2x*MP(x) = -2 Z MP, x4
n=0

= —2MPox*—2MPy x5 —2MPox® — 2MPyx” + - — 2M P x™* 4 ...

xX3MP(x) = z MPx™*3 = x3MPy+x*MP; +x>MP,+x°MP; + -+ + MP,x"*3 + .

n=0 _
4x2MP(x) = 4 z MP,x™t?

= 47\75)30%% + AMPx3 + AMP,x* + AMP3x5 + - + AMP,x"+2 + ..
—4xMP(x) = —4 Z MP,x"t1

n=0
= —4MPyx — AMPx? — AMPyx3 — AMPyx* — -+ — AM P x™1 + -

WWW.josa.ro Mathematics Section



On the Quadra Mersenne-Jacobsthal ... Gul Ozkan Kizilirmak and Senanur Cakaci 9

MP(x) = Z MP,x™ = MPy + MPyx + MP,x2 + MPyx3 + -+ MP,x™ + -

n=0

If we add all of these expressions and the initial conditions are written, we get
(=2x* 4+ x3 4+ 4x% — 4x + DOMP(x) = x?

hence, we have
x2
—2x%+x3+4x2—4x+1"

MP(x) =

Lemma 2.7. Forn> 0,

yn —5n
MP, = (@ = p") ———
Proof: 1t is seen by induction.
Theorem 2.8. For n > 0, the Binet formula for MP, is
2+2 2-+2
MP, = —a™ + 2 y*+ 2 o

Proof: Ifn =0,n=1,n = 2,n = 3 are taken in MP,, = qa™ + b ™ + c;y"™ + d, 6™, we
have

MPy = aa® + b p° + cyy° + d 6°

MP; = ajar + bt + c;yt + d 6t

MP, = a;a? + by f? + c;y? + d 52

MP; = aa® + b3 + c1y3 + dy 63

Ifwetake « =2, =1,y =1++/2,8 = 1 —+/2 and write initial conditions, we
get

0=a,+by+c+d;y
0=2a,+b +(1+V2)c, + (1 —V2).d;
1=4a; + by + (3+2V2)c; + (3 —2V2)d,
4 =8a; + by, + (7 +5V2)c; + (7 — 5v2)d,

If a4, by, cq,dq values are found here, we obtain the Binet formula for MP, as

2+2 2—2
MP, = —a™ + 2 Y+ 2 s"

3. THE QUADRA MERSENNE-JACOBSTHAL AND QUADRA MERSENNE-PELL
QUATERNIONS

Definition 3.1. For n > 0, the " quadra Mersenne-Jacobsthal quaternion is defined by

QMI, = M, + iMT, 41 + jMIy sy + kM, 5
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where M7, is the n™ quadra Mersenne-Jacobsthal number.
The expression (QM7,)* = (M, — iMTpy1 — jMIyiy — kMT,45) is also called
the conjugate of the n® quadra Mersenne-Jacobsthal quaternion.

Theorem 3.2. For n > 0, the Binet formula for the quadra Mersenne-Jacobsthal quaternion
sequence is
A"A— putu
QMJy = a"a=p + (T‘)
where
a=1+ia+ja*+ka?)
B=Q+iB+jp*+kp>)
A= (1 +il+ A%+ kA3
p=~0+iu + jAu? + kud).

Proof: Since MJ, = (a™ - ") + % and A = 2,u = —1, we get

At —pt (@ — p") + (A" —pu™)

Mjnz(dn—ﬁn)+2_—(_1)= 3

hence, we have

Qe =t - ) + M—Tu)] y l(anﬂ gy
(An+2 _ Mn+2)
3

=a™(1+ia+ja?+ka3)— (1 +if +jB% + kp3) +§(1 + il +jA% + kA3) —
‘;—n(l +iu+ jAu? + kud).

(An+1 _ un+1)
3

+] (an+2 _ﬁn+2) +

l_l_ k (an+3 _ﬁn+3) +

(An+3 _ ‘un+3)
—

By using the definitions of a, B, A, and u, we obtain

A"A-u"
QMJy = a"a - BB + (—5—).
Theorem 3.3. The generating function for QMJ,, is

A+ iB + jC + kD
(t* —4t3 +3t?2 + 4t —4)

QM Jn(t) =

where
A = (-8t —8t2 —12t3)
B =(—8—8t—18t% — 36t3)
C = (16 — 24t — 28t? — 114t3)
D = (—40 — 40t + 98t% — 196¢3).

Proof: The generating function QM J,,(t) has the form

QMIn(t) = 2 QM Int"™ = QMo + QMI1t + QMIot? + -+ + QM Int™ + -+

n=0
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tHQM (L) = Z QM T, tm+

= QJV[JOt“' + QJ\/[JltS + QM J,t + QM Ist7 + QM I, t8 +
+ QMFnt™ -

—463QM, (1) = —42 QM J,, 73

= —4Q]V[Jot3 A4QM I t* — 4QM J,t> — 4QM I5t® — 4QM I, t7 +
. — 4QMJ t3 + -

32QMIn(0) =3 ) @Myt
n=0
= 30QMJ,t? + 3QMJ,t3 + 3QM],t* + 3QMJ3t> + 3QMJ,t° +
+ 3QM It + -

4QMIy () =4 ) QM

= 4Z)M<jot +4QM J t? + 4QM Jot3 + 4QM Jst* + 4QM J4t5 +
+4QMJ, (A Y

—4QMJ (1) = —42 QM Tt

= —4QM]o — 4QM]it — 4QM],t? — 4QM]5t® — 4QM]yt* + -+ — 4QM Iyt
+ .-

If we add all of these equations and use initial conditions, we get

QM Jn(t)
—8t — 8t%2 — 12t3 + i(—8 — 8t — 18t%2 — 36t3) + j(16 — 24t — 28t — 114t3)
+k(—40 — 40t + 98t% — 196t3)
(t* —4t3 + 3t2 + 4t — 4)

hence we obtain

A+ iB + jC + kD
(t* —4t3 +3t?2 + 4t —4)

QMIn(t) =
Theorem 3.4. For the quadra Mersenne-Jacobsthal quaternions, we have

L QMRQMI)" = Do MI? 4

ii. 2MJ, = QM Jx + QM I)*

iii. (QMJy)?* = 2MI(QM ) — (QM T ) (QM Ji)*
iv. QMJks1 = QMg — 2QM Jx—1 + 2QMy

Proof: 1. By using the definitions of the quadra Mersenne-Jacobsthal quaternion and its
conjugate, we obtain 1, ii and iii easily.

ISSN: 1844 — 9581 Mathematics Section
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i
QM I (QMJy)"
= MIk + iMTg41 + JMIrs2 + kM Iis3)- MIx = iMTir1 = JM I+ 2
— kM Jk43)
= 1V3Uk2 + Miee1” + MJiiz” + Mjjess®

= Z MJsi
i=0

@MJy) + (@M J)"
= (M Iy + iMIks1 + JMIxs2 + kKM Ii43)
+ (M Ik — iMJxs1 — JMITkr2 = kM Tj43)
= ZMJk

ii.

iii.
QMJ)? = MIy + iMTys1 + jMIxrz + kMJiei3) (M I + iM T4 + M iz
+ KM Ty +3)
= 2MJi% + 2iM I M Jir1 + 2UMIMTirz + 2kM T M 13 — My —
MIis1” = MIgs2” — Mkss”
= 2MJ,(QM],) — (@M], ) (QM]i)*

iv. Since MJ, = M + J;, we get
MIk1 = Miyr + Jiewr =3Mye = 2Myy + Jx = 21 = My + Ji = 2(Mp—1 + Ji—1) +
2M,
=Mk = 2MJy-1 + 2M,
If we write this in QM Jx11 = M Tks1, MTks2 M Tk 43, MIJk1+4), We have
QMIis1 = MJy = 2MJy—1 + 2My, MJj1 — 2M g + 2Mycy1, M i1z — 2MJie41
+ 2Mpi2, MJre43 — 2MJreyz + 2Myy3)
= M, MIr+1 MIkr2o Mrr3) = 2M g1, MTje, M Tre41, MJie42)
+ 2(My, My 41, Mycy2, Micy3)
hence we obtain
QMIk+1 = QMIy — 20M -1 + 2QM,.
Definition 3.5. For n > 0, the n quadra Mersenne-Pell quaternion is defined by
QMP, = MP, + iMPyos + jMPryy + kMPyys

where M'P, is the n™ quadra Mersenne-Pell number.

Theorem 3.6. For n > 0, the Binet formula for the quadra Mersenne-Pell quaternion sequence
1s

1
QMP, = = [a"(n - 0) = B"(9 — V)]
where

WWW.josa.ro Mathematics Section
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n=~0+iay +ja?y? + ka3y3)
0=1+iad + ja383 + ka363)
9 = (1+iBy +jB*y* + kB%y?)

v=_>1+4ips+jB363+ kp353).

Proof:Ify =1 —+2, § =1 ++2 are written in MP, = (a™ — ™) y::zn, we have

n n

yt—46
y—206

n n n n

Y _con_ am\Y
Vo) -G+ TR

M, =@ =g (=) = @ - ™)

hence, we get
yn —5n
2

_|_j(an+2 _ ﬁn+2)<

QM®F, = (Ofn—ﬁn)( ——5

> + k(an+3 _ ﬂn+3)<

n+1l _ sn+1
)+i(a"+1—ﬁ”+1)<y 6 )

n+2 _ sn+2

14

yn+3 _ 5n+3
- )

7
= —%[a”(y”(l +iay + ja’y? + ka®y®) — 6™(1 + iad + ja®5°% + ka36%))
= Br (" (L +iBy +jB*y* + kBy?) — 6™(1 +iBS + jB38* + kB5°))]
By using the definitions of 1, 6, 9, and v, we obtain
QMP, = —[a"(n — 6) — (9 — V)]
Theorem 3.7. The generating function for QM'P, is

A+ B+ jC + kD

QMF(6) = (t* =53+ 7t2—t—2)

where
A = (—2t% — 9t3)
B = (=2t — 9t? — 21t3)
C=(—2-9t—21t%> —51t3)
D = (-8 — 28t — 46t% — 115t3).
Proof: The generating function QM P, (t) has the form

QMP, () = Z QMP,t™ = QM Py + QM Pyt + QM Pyt2 + -+ + QM P t™ + -

n=0

ISSN: 1844 — 9581 Mathematics Section
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tHQMP, (1) = Z QM Pt
= QM Pot* + Q]V[SDltS + QM P,t8 + QM Pst7 + -+ QM Pt + -
—5E3QMP, (1) = —52 QMP, "3
= —5QMP,t3 — SQMSDlt“ 5QMP,t> — SMP;t6 + - — 5QMP,t"+3 + .-
TE2QMP,(t) = 72 OMP, t7+2
= 7QM Pot? + 7QJV[SD1t3 + 7QMP,t* + 7TQMP3t> + -+ + - + 7QMP,t"+2 + -
—tQMP,(t) = — Z QM P, "+
n=0
= —QMPot — QMPt? — QMP,t3 — QMPst* + -+ — QM Pt + -

—20MP,(t) = -2 Z QM P, t"
= —20MP, — 2QM:P1t — 20MPyt2 — 2Q0M Pyt + - — 20 M P, t" +

If we add all of these equations and use initial conditions, we get

QMP, (1)

—2t%2 —9t3 +i(—2t — 9t? — 21t3) + j(—2 — 9t — 21t%2 — 51t3) + k(—8 — 28t — 46t% — 115¢t3)
(t*—=5t34+7t2 —t—2)

hence we obtain

A +iB + jC + kD
(t* —5t3+7t2 -t —2)

QM P (1) =

Theorem 3.8. For the quadra Mersenne-Pell quaternions, we have

L. QMPL(QMP)* =T MP?,,

ii. 2MP, = QMP, + (QMP,)*

1il. (QJ\/[?J,().2 = 2MP (QMP;). —(QMP;). (QMP,)*

V. QMPyyy = 6QMPy — 2QMPy_y — 4QMy_1QP — 4QM,QPy_,

Proof: 1. By using the definitions of the quadra Mersenne-Pell quaternion and its conjugate,
we have

QMP(QMPy)" = (MPy + iMPyiq + JM Py + KMPyi3). (MPy — iMPiyq —
JMPyyz — KM Pyy3)

= MP2 + MPri1” + MPiir” + MPy s’
3

=) MP
i=0

WWW.josa.ro Mathematics Section
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1. By using the definitions of the quadra Mersenne-Pell quaternion and its conjugate, we get

(QMPy) + (QMPy)*
= (MPy + iMPyiq + JMPyiz + kMPry3)
+ (MPy — iMPryy — JMPyiz — KM Pyy3)
= ZMP](

iii. If we use the definition of quadra Mersenne Pell quaternion

QMPL)?* = (MPy 4+ iMPyp1 + JMPyyy + kMPyi3) (MPy + iMPyyq + jMPysn
+ kMPy,3)
= ZM:Pk(M:Pk + iM:Pk+1 +jM?k+2 + kM\(Pk+3)
— (MPP + MPpyr® + MPryr” + MPys?)
= 2MP,(QMP,) — (QMPy). (QMPy)"

iv. Since MP,, = M,,P,, we get

MPpiy1 = Mpi1Prya
= (3Mn - 2Mn—1)(2Pn - Pn—l)
= 6MP, +3M,P,_1 —4M,,_1P, — 2MP,_4

If we write this in QM Py 1 = (MPy 1, MPryo, MPii3, M Py 1s), We get

QMPyy1 = 6QMPy — 2Q0MPy_1 — 4QMy_1QP, — 4QMQPy_4
4, CONCLUSION

In this study, quadra Mersenne-Jacobsthal and quadra Mersenne-Pell number
sequences are introduced. Binet formulas and generating functions of these number sequences
were obtained. In addition, quadra Mersenne-Jacobsthal and quadra Mersenne-Pell
quaternions are defined, and some relations are given with Binet formulas and generating
functions for these quaternions. In future studies, new sequence and quaternion definitions
can be introduced, and interesting properties can be obtained using different integer
sequences.
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