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Abstract. In this paper, we introduce the weighted variable exponent Lebesgue spaces
defined on a probability space and give some information about the martingale theory of
these spaces. We first prove several basic inequalities for expectation operators and obtain
several norm convergence conditions for martingales in weighted variable exponent Lebesgue
spaces. We discuss the Holder inequality and embedding properties in these spaces. Finally,
under some conditions we investigate Doob’s maximal function.
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1. INTRODUCTION

In recent years, martingale function spaces have attracted more attention. For example,
we know the martingale Lorentz spaces from [1-3]. Its extension on the martingale function
spaces built on Lorentz-Karamata is studied in [4-5]. The study of martingale Hardy spaces
generated by Orlicz spaces is given in [6]. The family of martingale function spaces had been
generalized to Lebesgue spaces with variable exponents [7-9] and Morrey spaces [10-11]. For
martingales in variable exponent spaces we use more some different methods than classical
martingale spaces. A lot of effective techniques for the classical case may not be used in the
variable exponent case.

Inspired by the above results, in the present paper, our aim is to define the weighted

variable exponent Lebesgue spaces Lf_Z,(')(Q) defined on a probability space. In addition, we

show some basic properties of Lg(') (Q) by definition of expectation operator. Especially, we
obtain more general results than [9]. Finally, we study Doob’s maximal function in martingale
Lebesgue space with a variable exponent.

2. DEFINITION AND PRELIMINARY RESULTS

Let (Q, F,P) be a probability space. Then a function X:Q — R is called a random
variable, if the event

X‘l((—OO, a]) ={fweQuXw)<a}€eF

for a € R, i.e., a random variable is a real valued F-measurable function on a probability
space (Q, F, P) ('see [12]).
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Remark 1. Let Y be an R-valued random variable in (Q, F, P) with Y € L'(Q2). We denote its
expected value by

E(Y)= [, Y(W)dP(W) = [ yduy(»),

where py is the distribution measure for Y, defined on the Borel set B of R; given by uy(B) =
P(X~1(B)) [13]. If py is absolutely continuous with respect to the Lebesgue measure then
there exists a density function ¢: R — [0, o) such that

E(Y) = [ yoe(y)dy.

Definition 2. For a measurable function p: Q — [1, ) (called a variable exponent or random
variable on Q), we put

p~ = essinfpyeaWw), p* = esssuppyea(w).

The variable exponent Lebesgue spaces LPO)(Q) consist of all random variables X
such that p,,y(1X) < oo for some A > 0, equipped with the Luxemburg norm

; X
”X”p(.) = inf {/‘l > 0:pp( (I) < 1},
where
Py (X) = E[IX[PO] = [ |X(wW)[P™dP(w).

If p* < oo, then X € LPO(Q) if and only if p,,(X) = E[|X[PV] < 0. The space
(LPO(Q), lIXl,¢ ) is a Banach space. If p(-) = p is a constant function, then the norm
IX1l,¢) coincides with the usual Lebesgue norm || X||,, [14-16]. In this paper we assume that
1<p =p()<p* <o

Let (4, [|X]l,) and (B, ||X|lgz) be normed spaces. We write A< B if A is
continuously embedded in B, i.e., if A € B and the inclusion map I is continuous.

Let p and g be random variables on Q. Then it is well known that p(w) < q(w) for
a.e.w € Q ifand only if L10(Q) & LPO(Q) due to P(Q) = 1 (see Theorem 2.8 in [16]). So
we can write LPO(Q) o L1(Q).

A positive, measurable and locally integrable function 9:Q — (0,) is called a
weight function. The weighted modular is defined by

Do) = E[IXPO9] = [ [XW)P0(w)dP(w).

The weighted variable exponent Lebesgue space Lg(')(ﬂ) consists of all random
p()

1
< oo if and only if E[ Y9rO

1
variables Y on Q for which ||Y|[ ;)9 = ”Yﬁﬁ < oo, It

p()
) < 1 is satisfied [9-13]. Moreover, if 0 < C <

is well known that the property Pp»),09 (” x|l
r()9

9, then we have Lf;(') (Q) & LPO(Q), since one easily sees that

C [y IYWIPMdPw) < [, [Y (W) P9 (w)dP (w)
and C1Yllpc) < 1Y llpe0 [17-18].
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Theorem 3. Let ? + ? = 1. Then we have XY € L1(Q) and the inequality

E[IXYI] < CXlpe,0llY lge,0°

1
holds for every X € Lp()(ﬂ) andY € Lq()(ﬂ), where 9* = 91790 = 9190,

Proof 1: By the Holder inequality for variable exponent Lebesgue spaces (see [16]), we get

ENXY[] = J, X@w)Y w)IdP(w) = f, IX(w)Y (w)k9 (w7 7dP (w)

1 1
<(1+=-2) ||X19m Y9 70
p P 140) aC)

= ClIX|lpey,0llY lgey07s
where C =1+ pi_ — pé > (. That is the desired result.
Proof 2: By the Young inequality, we have

1 1 1 r() 1 qa®)
|XY| _ PO POlY] _ 1 ([ 9POIX] 1 (9 POy|

= < +
X100 Y Igey,0e X Npo0llY g0 — PO\ X Ipey,0 g\ Y llg0),00

If we take the integral of the above inequality, we obtain

[ 1 p() 1 q()]
|XY| 1 [ 9p0O)|x| 1 [ 9 POy|
E|l——— | <E|—| ———— —_— | —
”X”p(-),ﬁllyllq(-),ﬁ*:l I 146 (”X”p(-);ﬁ) + q() <”Y”q(-),19*>
i L 1 -Q()
gl L 1 90| ﬁ pO)|y|
P() ||X||p()19 Q() ||Y||q(-),19*

) 1 qa(®)
() ©)
SL_E 9PV |X| 1——)E 9 PU|y|
p X1y, p* Y ll gy o+
1

<1+__p_+

1 1
for X970 € LPO(Q) and Y9 ?0 € LIO(Q). This completes the proof.
1
Theorem 4. Let 91-r0 € L1(). Then Lg(') (Q) is a Banach space with respect to [|]| 5 -

Proof: Let (X,,) be a Cauchy sequence in Lf;(') (Q). Then, by Theorem 3,

fo 1) = X W)IAP(w) = [ 1% () = X, (w) 8w )P TGP ()

1 1
<c ”(Xn — X)) 070 |19‘%

r() | q(-)'

It is clear that
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1
‘ m)9P0) = [X5, — Ximllpy0
p()
and
) P(w)
) |,9_W p(w)-1
”ﬁ‘ﬁ = inf%l >0: [, — dP(w) <1 $
q()

( )
= inf {/1 >0: [, T2 dP(w) < 1}
Ap(w)-1
-1

< max (f 91- P(W)dP(W)) (f 91- P(W)dP(W)) < oo,

Hence (X,,) is a Cauchy sequence in L!'(€). Due to the fact that L'(Q) is a Banach
space, then (X,,) converges in L'(Q). Assume that X,, - X in L'(Q). So we have X, (w) -
X(w) a.e. in L*(Q) (subtracting a subsequence if necessary). For any £ > 0, there exists n,
such that ||X;, — X |l pc,9 < € for n,m > n,. By using Fatou Lemma, we have

|Xn Xl

E[ an Xl 19] < lim 1nfm_)ooE[ 19] <1

Thus, [1X,, — Xl < eforn>mnyand X € Lg(')(ﬂ).

Remark 5. The space L ()(Q) is a reflexive Banach space with respect to ||- ||p(),9 Moreover,

the dual space of L”()(Q) is isometrically isomorphic to Lq()(ﬂ) where T+T =1 and

9* = 91790 (see [18-20]). The relations between the modular Ppy,9() and |||, 9 are given
in the following theorem (see [19, 21-22]).

Theorem 6. Suppose that p(+) satisfies1 < p~ <p() <p".If X, X € L’é(')(ﬂ), then
(D) 1 1Xllpcy0 > L. then XI5, < ppc o () < X7y o

@) 1 1XIlpe0 < 1, then X120, 5 < Pp,0 0 < X120, 5.

() limy ol Xkllpyo = 0 if and only if limy_e ppey9(Xx) = 0; ie., the norm
topology is equivalent modular topology,

(4) limy, o0 | X |l py,0 = o0 if and only if limy_, 0 ppy,9(Xx) = o0.

Proof:
(1) By lIXIl5),9 = 1 and the definition of the norm,

%) p()
E [ 'X";fl <E [(ﬁ) 19] <1
||X”p('),19 p(),9

Hence, pp(9(X) < ||X||7"()19 Since ||X||” X110, then we obtain

()19_|
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p()

X

p(C)
X120

and ||X||§E_)‘19 < Pp(),9(X). This completes the proof. (2)-(4) can be proved by using similar
methods.

By the Theorem 6, it is easy to see that a subset B in L’é(') (Q2) is bounded in the norm,
i.e., supyepllull,ycys < oo iff it is bounded in the modular, i.e., sup,ezE[|ulPO9] < .

Now we discuss the embedding properties of the spaces Lg(') () with respect to 9 and
p(+) under suitable assumptions. We say that 9; < ¥, if and only if there exists a C > 0 such
that 9, (w) < C9,(w) for all w € Q. Two weight functions are called equivalent and written
9, = 0,, 1f9; <Y, and 9, < U;.

Proposition 7. Let 9; and 9, be weight functions on Q. If 9; < 9,, then the embedding
152(Q) o 15°(Q) holds.

Proof: Since 9; < 9,, then there exists a € > 0 such that 9,(w) < C9,(w) for all w € Q.
Hence we have

E[1X|PO9;] < CE[1X[PO9,]
and L5 () & 157(Q) for X € 15 (Q).
Corollary 8. If 9; = 19,, then L’;;g) Q) = ng)(ﬂ).

Theorem 9. Let p;(-), p,(+) be variable exponents satisfying 1 < p; < p,(*) < p;() <

pF < o and | g— < 0. Then the embedding L% () & 152% () holds.
1

p10)
210-p20"

Proof: Suppose that f eLf;ll(')(Q). It is known that Lﬁll(')(ﬂ)QLf;z(')(ﬂ) with

% < oo (Theorem 5.1 in [23]).
1

r10)
210-p200"°

Theorem 10. Let p(-), q(-) be random variables on Q. If the inclusion L%?(Q) (- L%E')(Q)
holds for the weights 9, and 19, if and only if the embedding L’;g') Q) o L‘ég) (Q) is satisfied.

Proof: The sufficient condition of the theorem is clear by the definition of continuous
embedding. Now, assume that the inclusion L’ég’) Q) c L‘ég)(ﬂ) is valid. Moreover, we define
the sum norm [l = ll-lcy,0, + 1 llgcy.0,- 1t is easy to see that (L5 (@), II-l) is a Banach
space. If we define the unit function I from (Lfg(l') Q), ||-||) into (Lfg(l') Q), ||'||p(.),,91), then the
function I is continuous. Because we can obtain the inequality |[I(X)|ly¢)0, = IXllpc)0, <
[|X]|| for any X € Lf;g)(ﬂ). By Banach’s theorem I is a homeomorphism, see [24]. So the

norms ||-|| and ||-|l,.,s, are equivalent. Thus, for every X € L’I;E')(Q) there exists a k > 0 such
that
X < kllXl50),9,-
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By the definition of the norm ||| we have
1XI[g,0, < XN < KllXlpe,0,-
Hence the continuous embedding ng') Q) - L‘ég) (Q) is obtained.

Theorem 11. Assume that 9 € L1(Q). Let g(w) < p(w) for a.e. w € Q. Then we have
P0@) - 119(Q).

Proof 1: Let r(*) = and s() = (T§)1 Then 71) + % = 1. By the Holder inequality we
have

E[IX1709] = [ 1XW)|9™9(w)dP(w)
= [ X199 (w) 0 50 dP (w)

1 1
<C H|X(-)|q('>19m 90| < oo
() s()
O ES 1350
for X € Lg (). Because it is well known that [|9s0 < oo if and only if E l(ﬁs(-)> <
s()
o, Hence, we write
1 s() 1 s(w)
E I(ﬁso) l = [y (ﬁ(w)s(w)> dP(w)
= [ 9W)dP(w) = [[9]l; < oo.
Proof 2: If X € Lf;(')(ﬂ), then there exists a y > 0 such that
0
[ <1
Moreover, we get
£ 1x1909 X(w) q(w )19 P X(w) qw )19 dp
| = fven |X(w)|<y}| | IWIAP) + e |X(w)|>y}| | 9w)dPw)
X(w) p(w)
< 19(w)dP(w) + fovea |X(w)|>y}| | I(w)dP(w)

| x|

<9ll, +E | ]S||19||1+1<oo

which implies that
O :
E ['X'qu’] < ooand X € 10(q).

Therefore, by Banach’s Theorem we have Lf;(')(ﬂ) c L%(')(Q) and Lf;(')(ﬂ) S
9 (Q).

1
Theorem 12. Let 91-70 € L1(). Then we have Lf;(')(ﬂ) o M),

WWW.josa.ro Mathematics Section
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Proof: Using Holder’s inequality in Theorem 3, we have

IX1l, = E[XI] = f, IXIdP(w) = [, IXI9w)770(w) FdP(w)

11 N _1
- = © ©
< (e -] |

p() | [Q]
11 — a
< (142 = 2) IXllors (fn STPWAP (W) + 1) < oo
for x € I30(q).
Theorem 13. Let 9(w) > C fora.e. w € Q and some € > 0. If X,,,X € Lfg(')(ﬂ) and X,, » X
: P -
in L%()(Q), then X,, » X in probability (measure).

Proof: Suppose that there exists § > 0 and 8 € (0,1) such that
P{w € Q: | X,(w) —X(w)| =6} >p

foranyn e Nand X,, » X in L’;(') (Q). There exists ng such that ||X;, — X ||, < 1 for any
n > n,. Hence we have

1 Xn—-X

p(w)
E[lX, = X [PO9] < [, Iw)dP(w) <1

IXn=X llpey,0 1Xn=X llpcy,0

and
1Xn — X llpey0 = E[1Xn — X POY]
= -[{WEQ:|Xn(W)—X(W)|29}|Xn(W) - X(W)lp()ﬁ(W)dP(W)
> BCor”.

We observe that {X,,} can not converge to X in Lg(') Q).

Theorem 14. Suppose that X,,, X € Lf;(') (Q) and X,, » X in Lg(')(ﬂ).

(1) Let9 € L1(Q). If g(w) < p(w) fora.e.w € Q, then X,, - X in L%(')(Q) forn - oo,

) If X, - X and Y, - Y in I3 (Q), then X,, + Y,, - X + Y in L5 ().

(3) Let % + % =1and 9* =990 If X, - X in Lf;(')(ﬂ) and Y, » Y in L%@(Q), then
X,Y, = XY in L1(Q) for n — oo.

(4) Let 9 € L1 (Q). If X,, » X uniformly in Q, then X,, —» X in Lﬁ’?(')(ﬂ).

Proof:
(1) By Theorem 11, there exists a C > 0 such that

E[1X, — X |709] < CE[IX, — X [PO9] - 0.
This completes the proof.
(2) Using the following inequality

(a + b)PO < 2p+—1(ap(-) + bP0O)
fora,b = 0, we have
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E[|(X, + Y) — (X +Y) [PO9] < 2P"-1(E[1X,, — X |PO9] + E[|Y,, — Y |[PO9]) - 0
asn — oo,
(3) By Theorem 3, we obtain

EllXnYy = XY |] = E[|(X,Y, — X, Y) + (X, Y — XY) []
< E[1X, 1Y, =Y |1 + E[1X, = X |V |]
< GllXn oo Y =Y llge0r + CollXn = X llpy,0 1Y llgey,00 =0

asn — oo for some C;, C, > 0.

(4) Foreach1 > e >0,

E[|X, = X |PO9] < [, e"O9(w)dP(w)
<& |9 [l; - 0.
Let (Q,F,P) be a complete probability space and (F,),s, be a non-decreasing
sequence of sub-g-algebras of F with F = a(U,sF,). The conditional expectation operator
related to F, is denoted by E,;; that is, E(f|F,) = E,(f). A sequence of measurable functions

f = (fiDnso © LY(Q, F, P) is called a martingale with respect to (E,),,s0 if En(fre1) = f;, for
every n > 0. Let M be the set of all martingale f = (f,)ns0 relative to (F,),s¢ such that

fo = 0. 1f in addition £, € L7 (@), f is called an L% ()-martingale with respect to (F,)zo.
In this case we set
If lpcr0 = supllfullpe),s-
n=0

If |If llp)0 < oo, f is called a bounded L%(')(Q)-martingale and denoted by f €
Lg(') (Q2). As usual, we denote f’s pointwise limit and Doob’s maximal function as follows:

foo =lim,, o f, a.6., Mf = f* = supl|f;, |.

nz=0
A non-empty family B of random variables is said to be uniformly integrable (UI) if

limg_ e (iléEE [|X|X{|X|2K} D = lim (ilég f{|X|2K}|X(W) IdP(W)> =0,

K—oo

and that B is uniformly integrable iff B is L'() bounded and their integrals have equi-
absolute continuity [5, 9, 25].

1
Lemma 15. Let X = (X,,) 50 be a martingale and 91-70 € L*(Q). Then;
Q) If suglIXnIIp(.),ﬁ < oo, then (X,,) converges a.e. to a function X, € Lf;(')(ﬂ).
nz

(2) Let k>0 and I(w) >k for ae. w € Q. If sup||Xy |y < oo, then (X;) is
nz0
uniformly integrable and

X, = E[X.,|F,],n = 0.

3) Ifx*e Lf;(')(ﬂ), then ||X;, — X* |lpy9 = 0as n — oo.
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Proof:
(1) By Theorem 12, we obtain that

sup||Xy|l; < Csulglan”p(-),ﬁ <

n=0 n

for some C > 0. From Doob’s convergence theorem for martingales, X, = X, a.e., and
1X,,1PO - | X, [PO. Now, we obtain

E[|X. [PO9] = E [lim inf|X,, |P<')19]
n
< liminf E[|X, [POY]
n
< supE[|X, [POY] < o

nz=0
by Fatou’s Lemma.

(2) Since p~ > 1, then

supllXull,- < ksupllXyllpy < supllXyllpeo < o
n=0 n=0 n=0
Thus (X,,) is uniformly integrable. The conclusion is a classical result.
(3) From supllXpllpey.e < 1X*llp¢)0 < and (1) above, we have that |X,|P® —
nz=0

|X. PO ae. Since |X,|PO9() < |Xo|[POI() € L'(Q)), by Lebesgue’s dominated
convergence theorem, we have p,)9(Xn) = pp)9(Xe). Using Theorem 1.3 in [26], we
obtain that [|X;, — Xo|l,(y9 = 0 asn — oo,

The proof of following the theorem is similar to Theorem 4.2 in [9].

1
Theorem 16. Let X = (X,,),,»0 be a martingale and 91-»0 € L1(Q). Then the following
statements are equivalent:

(1) {1X,[PO9(),n = 0} is uniformly integrable;
(@) Pp9Xn) = Pp)9Keo);

) 1 Xullpeyo = IXeollpe),s;

@) 1Xn — Xeollpey9 = 0asn - oo,

4. CONCLUSION

In this study, we mention several basic properties of the weighted variable exponent
Lebesgue spaces defined on a probability. We give also some applications of the Holder
inequality for expectation operators, martingales, convergences and embeddings. We discuss
the Holder inequality and embedding properties in these spaces. Finally, we talk about Doob’s

maximal function in L5 ().
REFERENCES

[1] Yong, J., Lihua, P., Peide, L., Journal of Function Spaces and Applications, 7, 153,
2009.

ISSN: 1844 — 9581 Mathematics Section



986 Weighted variable exponent ... Ismail Aydin and Demet Aydin

[2] Jiao, Y., Wu, L., Yang, A., Yi, R., Transactions of the American Mathematical Society,
369, 537, 2017.

[3] Weisz, F., The Quarterly Journal of Mathematics, 67, 137, 2016.

[4] Ho, K.P., Quarterly Journal of Mathematics, 65, 985, 2014.

[5] Jiao, Y., Xie, G., Zhou, D., The Quarterly Journal of Mathematics, 66, 605, 2015.

[6] Miyamoto, T., Nakai, E., Sadasue, G., Mathematische Nachrichten, 285, 670, 2012.

[7] Aoyama, H., Hiroshima Mathematical Journal, 39, 207, 2009.

[8] Jiao, Y., Zhou, D., Hao, Z., Chen, W., Banach Journal of Mathematical Analysis, 10,
750, 2016.

[9] Liu, P., Acta Mathematica Scientia, 41, 283, 2021.

[10] Nakai, E., Sadasue, G., Journal of Function Spaces and Applications, 2012, 1, 2012.

[11] Nakai, E., Sadasue, G., Sawano, Y., Journal of Function Spaces and Applications,
2013, 1, 2013.

[12] Athreya, K.B., Lahiri, S.N., Measure Theory and Probability Theory, Springer, New
York, 205, 2006.

[13] Babuska, I., Chatzipantelidis, P., Computer Methods in Applied Mechanics and
Engineering, 191, 4093, 2002.

[14] Cruz-Uribe, D. V., Fiorenza, A., Variable Lebesgue Spaces: Foundations and harmonic
analysis, Birkhauser/Springer, Heidelberg, 55, 2013.

[15] Diening, L., Harjulehto, P., Hasto, P., Ruzicka, M., Lebesgue and Sobolev spaces with
variable exponents, Springer, Heidelberg, 76, 2011.

[16] Kovacik, O., Rakosnik, J., Czechoslovak Mathematical Journal, 41, 592, 1991.

[17] Aydin, I., Journal of Function Spaces and Applications, 2012, 1, 2012.

[18] Aydin, I., Unal, C., Collectanea Mathematica, 71, 349, 2020.

[19] Tian, B., Xu, B., Fu, Y., Complex Variables and Elliptic Equations, 59, 133, 2014.

[20] Yonggiang, F., Nonlinear Analysis: Theory, Methods & Applications, 59, 371, 2004.

[21] Tian, B., Fu, Y., Xu, B., Abstract and Applied Analysis, 2011, 1, 2011.

[22] Xu, B., Abstract and Applied Analysis, 2020, 1, 2020.

[23] Edmunds, D. E., Fiorenza, A., Meskhi, A., Acta Mathematica Sinica, 22, 1847, 2006.

[24] Cartan, H., Differential calculus, Hermann, Paris, 1971.

[25] Chen, W., Ho, K. P., Jiao, Y., Zhou, D., Acta Mathematica Hungarica, 157, 408, 2019.

[26] Fan, X., Zhao, D., Journal of Mathematical Analysis and Applications, 263, 424, 2001.

WWW.josa.ro Mathematics Section



