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Abstract. In this paper we introduce the FugledePutnum theorem for (n,m) power 

normal operators on a complex Hilbert space H. We give some basic properties.All operators 

are assumed to be bounded. 
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1. INTRODUCTION  
 

 

A bounded linear operator T on a complex Hilbert space is said to be normal if 

          is n-normal if            . We said that   is unitary if     = 

          isometry if       , co-isometry if        , hyponormal if      
    , n-hyponormal if            . An operator T is said to be (n, m) power 

hyponormal if                  . 
An operator T is said to be (A; n)-power-hyponormal operator for a positive integer n, 

if  

                  
 

 

2. BASIC DEFINITIONS 
 

 

Definition 2.1. [1] A bounded linear operator T on a complex Hilbert space is said to be 

- normal if           

- n-normal if             
- (n; m)-power-normal if                   

 

Theorem2.2.[2] If   is an        power hyponormal operator then: 

(1) T is       power normal operator; 

(2)    
is       power normal operator for      ; 

(3)    is       power normal operator for     ; 

(4) If S, T are unitarily equivalent and if T is (n, m) power-normal operators then so is S. 
 

Proof: 

 We have                ,  
In the same time we have:       =           .  
So         (       )*

=         

Hence   is       power –normal 
 

                                                 

 
1 The Higher School of Economics, 31000 Oran, Algeria. E-mail: chchellali@gmail.com. 
2   University of Chlef, Department of Mathematics, 02180 Chlef, Algeria. E-mail: benali4848@gmail.com. 

mailto:chchellali@gmail.com
mailto:benali4848@gmail.com


 Fuglede’s Theorem for … Cherifa Chellali and Abdelkader Benali 

 

www.josa.ro  Mathematics Section  

974 

                               ⏟          
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= (       )
 k                    

 

Hence    is       power-normal operator for        
 We have  

                              
 

=                                
 

                 
 

Hence    is       power hyponormal 
 

 Let Tbe an (n,m) power-normal operator, sinceSisunitaryequivalent of Tthenthereexists a 

unitaryoperatorUsuchthat       , itiseasly to chekthat        

We have  
 

                                                    
 

                                             
 

Hence,                 then S  is  mn,  power-normal operator. Hence, S is 

      power normal. 
 

 

2. THE SUM AND THE PRODUCT OF TWO (n, m) POWER NORMAL 

OPERATORS  
 

 

The following discusses the conditions for product and sum of two  mn,  power 

normal operators to be  mn,  power normal. 

 

Proposition 2.1.If     are commuting  mn,  powernormal operators such that          

then TS  is  mn,  power normal operator. 

 

Proof: Since      and       , then                 
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Proposition 2.2. Let     are  mn, power normal operators for some positive integers n  and

m such that        ,        and        . Then )( TS   are  mn,  power normal 

operators for some positive integers n  and m . 
 

Proof:  

                                
 

                          
 

                          
 

                                 
 

 

3. DIRECT SUM AND TENSOR PRODUCT 
 

 

In the following theorem we will prove the stability of the class of ),( mn power-

normal operators under the direct sum and tensor product.  
 

Theorem 3.1. Let kTTT ,....,, 21  
be  mn, power normal operators,then 

  kTTT  ....21  is  mn,  power -normal operator  

  kTTT  ....21  is  mn,  power-normal operator. 

 

Proof:  

 The direct sum 
 

            
             

   

    
    

       
     

     
         

    
 

 

   
   

     
   

          
   

   
 

   
    

    
    

        
    

   
 

    
     

         
      

    
        

    
 

                               
    

 

Then  mTTT  ...21  is  mn,  power -normal operator. 

 

 The tensorproduct 
 

              
               

                
 

    
    

        
     

     
         

                 
 

    
   

       
   

           
   

       
 

    
    

      
    

          
    

      
 

    
     

         
   (   

    
        

             )  
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=              
                

               
 

 

4. MAIN RESULT 
 
 

Theorem 4.1.[3] (FugledeTheorem)Let T, S two bounded linear operators on a complex 

Hilbert space, assume that S is normal. If      , then        . The theorem claims that 

commutativity between operators is transitive under the given assumptions. The claim does 

not hold in general if Sis not normal. 
 

Proposition 4.2. If   is  mn,  power normal operators,and S is a normal operator such that 

      then         
 

Proof: If T commutes with S, it has to commute with   where    are pairwise orthogonal 

projections(e.g., using thethe spectral theorem  ∑    ). We used the same proof of 

Fuglede theorem where one of the two operators is normal [3]. 
 

 

5. CONCLUSION 
 

 

It may be concluded that, ifan operator (n,m)power-normal is isometricallyequivalent 

to an operator S, then S is (n,m) power normal operator. We gave also the conditions for 

product and sum of two (n,m) power normal operators to be (n,m) power normal. Finaly, we 

proved the stability of the Fuglede theorem if two commuting operators where one is (n,m) 

power-normal operator and the second is normal . 
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