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Abstract. In this study, we describe a linear space     ( )
   (  ) of functions   

  
 (  ) whose fractional Fourier transforms     belong to   

 ( )(  ) for     . We show 

that     ( )
   (  ) becomes a Banach algebra with the sum norm ‖ ‖    ( )

    ‖ ‖    

‖   ‖ ( )   and under   (fractional convolution) convolution operation. Besides, we indicate 

that the space     ( )
   (  ) is an abstract Segal algebra, where   is weight function of regular 

growth. Moreover, we find an approximate identity for     ( )
   (  ). We also discuss some 

other properties of     ( )
   (  ). Finally, we investigate some inclusions of this space. 

Keywords: Fractional Fourier transform; weighted variable exponent Lebesgue 

space; convolution. 

 

 

1. INTRODUCTION 

 

 

In this work, we study on   . Let   be any function from    into  . Then the 

translation and character (modulation) operators are defined by    ( )   (   ) and 

   ( )       ( ) for all       , respectively, see [1].   ( 
 ) indicates the space of 

continuous complex-valued functions on    whose support is compact, see [2]. Also, we note 

the Lebesgue space (  (  ) ‖ ‖ ), for      . For    ,   (  ) is the class of 

complex-valued measurable and essentially bounded functions (equivalence classes). The 

space   (  ) is a Banach space with norm ‖ ‖  defined by  

 

 ‖ ‖        
    

| ( )| 

 

for all     (  ). If   is a measurable and locally bounded function on    which satisfies 

 ( )    and  (   )   ( ) ( ) (i.e, submultiplicative, see [3]) for all       , then 

it is called weight function (Beurling weight). During this paper, we take the Beurling 

weights. A weight function   is weight function of regular growth if  (
 

 
)   ( ) (   ) 

and there are constants     and      such that  (  )      ( ) (   ) for all     . 

We denote the weighted Lebesgue space   
 (  ) as  

 

   
 (  )  { |     (  )}  
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for        It is known that   
 (  ) is a Banach space under the norm ‖ ‖    ‖  ‖ . 

The dual space of   
 (  ) is   

 (  ) that consists of complex-valued measurable functions 

(equivalence classes)   on    such that 
 

 
   (  ). The space   

 (  ) is a Banach space 

under the norm ‖ ‖    ‖
 

 
‖

 
, see [4]. 

Let    and    are two weight functions. We say that       if there exists    , 

such that   ( )     ( ) for all     , see [4, 5]. 

We denote the set of all measurable functions  ( ) from    into [    ) by the 

symbol  (  ). Let  

          
    

 ( )                      
    

 ( ) 

 

for  ( )   (  ). We define the function 

  

   ( )  ∫  
  | ( )| ( )   

 

for every measurable functions   on   . The function   ( ) is convex modular (see [6]). The 

generalized Lebesgue space (or the variable exponent Lebesgue space)   ( )(  ) is the set of 

all measurable functions (equivalence classes)   such that   ( )(  )    for some    . 

This space is normed space if it is endowed with the Luxemburg norm  

 

 ‖ ‖ ( )     {      ( ) (
 

 
)   }  

 

Let     . Then     ( )(  ) if and only if   ( )( )   . The space   ( )(  ) is a 

Banach space under the Luxemburg norm ‖ ‖ ( ). If  ( )    is a constant function, then the 

Luxemburg norm ‖ ‖ ( ) corresponds to the Lebesgue norm ‖ ‖ , see [7]. The weighted 

variable exponent Lebesgue space   
 ( )(  ) is the set of all measurable functions 

(equivalence classes)   , where  

 ‖ ‖ ( )   ‖  ‖ ( )     

 

The space   
 ( )(  ) is a Banach space with the norm ‖ ‖ ( )  , see [8, 9]. 

The Fourier transform  ̂ (or   ) of     ( ) is given by  

 

  ̂( )  
 

√  
∫  
  

  
 ( )         

 

The fractional Fourier transform is a generalization of the Fourier transform with a 

parameter   and can be interpreted as a rotation by an angle   in the time-frequency plane. 

Let   be Dirac delta function. The fractional Fourier transform with angle   of a function 

    ( ) is defined by  

    ( )  ∫  
  

  
  (   ) ( )    

where,  

   (   )  

{
 

 √
       

  
 
 (

     

 
)              

                          

 (   )                                                      
 (   )                                               (    )      
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The fractional Fourier transform with   
 

 
 corresponds to the Fourier transform, see 

[10, 11, 12, 13, 14]. 

The fractional Fourier transform is defined for higher dimensions as in [15]: 

  

 (          
 )( )  ∫  

  

  
   ∫  

  

  
          

(                   ) (         )           

 

or briefly  

    ( )  ∫  
  

  
   ∫  

  

  
  (   ) ( )    

such that  

 

   (   )            
(                   )     

(     )   
(     )      

(     )  

 

Throughout this study, unless otherwise indicated, we get   (            ), where 

      for             and    . Let   (                     ) for all   
(         )    . The   convolution operation is  

 

 (   )( )  ∫  
   ( ) (   ) ∑   

      (     )        (1) 

                    ∫  
   ( )     ( )   

 

for all       (  ), see [16, 17]. 

Let   and   be commutative Banach algebras and    . Then the space   is a 

Banach ideal of   if      and the inequalities ‖ ‖  ‖ ‖ , ‖  ‖  ‖ ‖ ‖ ‖  holds 

for all    ,    , see [18]. A normed space (  ‖ ‖ ) of measurable function is called 

solid, if for any measurable function   and every    ,     and ‖ ‖  ‖ ‖  hold when 
| ( )|  | ( )| almost everywhere, see [19]. 

(  ‖ ‖ ) is called an abstract Segal algebra with respect to a Banach algebra 
(  ‖ ‖ ) if it ensures the following properties (see [20]): 

    1.     is a Banach algebra under the norm ‖ ‖  and   is a dense ideal in  . 

    2.  There exists     such that ‖ ‖   ‖ ‖  for all    . 

    3.  There exists     such that ‖  ‖   ‖ ‖ ‖ ‖  for all      .  

Let   be a weight function on   . The space   (  ) is subalgebra of   
 (  ) 

satisfying the following properties (see [21]): 

    1.   The space   (  ) is dense in   
 (  ). 

    2.  The subalgebra   (  ) is a Banach algebra under some norm ‖ ‖   and the 

inequality ‖ ‖    ‖ ‖   holds for all     (  ). 

    3.    (  ) is translation invariant and for each     (  ) and all     , the 

inequality ‖   ‖  
  ( )‖ ‖   holds. 

    4.  The function       from    into   (  ) is continuous.  

Let   and   be Banach spaces and    . If the identity operator   from   into   is 

bounded i.e, there exist some constant   where  

 

 ‖ ( )‖   ‖ ‖  

for all    , then we write    .  

In this study, we define the function spaces with fractional Fourier transform in the 

weighted variable exponent Lebesgue spaces. Throughout this paper, we use   convolution 

operator as a multiplication operator. Let   (            ). If we choose    
 

 
 for all 
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           , then the   convolution operator and fractional Fourier transform coincide with 

the ordinary convolution and Fourier transform, respectively. Therefore we extend the results 

of [22] to the fractional Fourier transform. Since weighted variable exponent Lebesgue spaces 

  
 ( )(  ) corresponds to weighted Lebesgue spaces   

 (  ), where  ( )    is a constant 

function, then we also extend the results of [17]. Moreover, this work correlates to the results 

from studies [5] and [23]. 

 

 

2. THE SPACE     ( )
   (  ) 

 

 

Definition 1. Let   and   be weight functions on    and     . The space     ( )
   (  ) 

consists of all     
 (  ) such that       

 ( )
(  ). The norm on vector space     ( )

   (  ) is  

 

 ‖ ‖    ( )
    ‖ ‖    ‖   ‖ ( )    

 

Theorem 2. Let     . (    ( )
   (  ) ‖ ‖    ( )

   ) is a Banach space.  

 

Proof: Let (  )    be a Cauchy sequence in     ( )
   (  ). Therefore (  )    and (    )    

are Cauchy sequences in   
 (  ) and   

 ( )(  ), respectively. Since   
 (  ) and   

 ( )(  ) 

are Banach spaces, then there exist     
 (  ) and     

 ( )(  ) such that ‖    ‖    
 , ‖      ‖ ( )    . By using Proposition 2.3 (i) in [8], we have ‖    ‖    and 

‖      ‖ ( )   . Since ‖      ‖ ( )   , then the sequence (    )    converges to   

in measure and hence has a subsequence (     
)
    

 that converges pointwise to   almost 

everywhere, see [7]. Also it is quite obvious that ‖   
  ‖

 
  . Then we have 

 

 |   ( )   ( )|  |  (   
  )( )|  |     

( )   ( )| 

                               ∏   
   |√

        

  
| 

                               ∫  
  |(   

  )( )| | 
∑   

   (
 

 
(  

    
 )                  )|    

                               |     
( )   ( )| 

                                ∏   
   |√

        

  
| ‖   

  ‖
 
 |     

( )   ( )| 

 

By using this inequality, we get       almost everywhere. Then ‖    ‖    ( )
    

  and        ( )
   (  ). Hence (    ( )

   (  ) ‖ ‖    ( )
   ) is a Banach space.  

 

Theorem 3. Let     . (    ( )
   (  ) ‖ ‖    ( )

   ) is a Banach algebra under   convolution 

operation.  
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Proof: It is shown that     ( )
   (  ) is a Banach space by Theorem 2. Let         ( )

   (  ). 

Then       
 (  ) and           

 ( )(  ). It is known that the space   
 (  ) is a 

Banach algebra under   convolution operation, see [17]. Thus we have 

 

 ‖   ‖    ‖ ‖   ‖ ‖     (2) 

 

By using Theorem 7 in [17], we get 

 

 |  (   )( )|  |∏   
   √

  

        
| | ∑   

    
 

 
  
      | |   ( )||   ( )| (3) 

                           |   ( )| ∫  
  | ( )|   

                           |   ( )|‖ ‖     
 

Since   (   ) is continuous, then it is measurable. Also, it is well known that 

  
 ( )(  ) is a solid space by Lemma 2.1 (b) in [22]. Since   

 ( )(  ) is a solid space, by using 

(3) we obtain   (   )    
 ( )(  ) and 

 

 ‖  (   )‖ ( )   ‖   ‖ ‖   ‖
 ( )  

 ‖   ‖ ( )  ‖ ‖     (4) 

 

By using (2) and (4) we get 

 

 ‖   ‖    ( )
    ‖   ‖    ‖  (   )‖ ( )   (5) 

                       ‖ ‖   ‖ ‖    ‖   ‖ ( )  ‖ ‖    

                       ‖ ‖   ‖ ‖    ( )
    

                       ‖ ‖    ( )
   ‖ ‖    ( )

     

 

It is easy to show that the other properties of Banach algebra are satisfied.  

The following theorem is obvious from the inequality (5). 

 

Theorem 4. Let     . (    ( )
   (  ) ‖ ‖    ( )

   ) is a Banach ideal on   
 (  ) under   

convolution operation.  

 

Proposition 5 Let      and   be a weight function of regular growth on   . Then 

    ( )
   (  ) is dense in   

 (  ).  

 

Proof: Let   be a weight function of regular growth on   . Let us take the set     
 (  )  

{    
 (  )|      ( 

 )}. Thus     
 (  ) is dense in   

 (  ) by Corollary 2.4 in [24]. 

Since   ( 
 )    

 ( )(  ) by Proposition 2.3 in [8], then we may write 

 

     
 (  )      ( )

   (  )    
 (  ) 

 

by the definition of the space     ( )
   (  ). By this inclusion, it is clear that     ( )

   (  ) is 

dense in   
 (  ).  
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Proposition 6. Let      and   be a weight function of regular growth on   . Then 

    ( )
   (  ) is an abstract Segal algebra with respect to   

 (  ).  

 

Proof: Let   be a weight function of regular growth on   . It is shown that     ( )
   (  ) is a 

Banach algebra and is a Banach ideal on   
 (  ), also the inequality ‖   ‖    ( )

    

‖ ‖    ( )
   ‖ ‖    holds for all         ( )

   (  ) by Theorem 3 and Theorem 4. Besides, by 

the definition of the norm ‖ ‖    ( )
   , we have ‖ ‖    ‖ ‖    ( )

   . Furthermore,     ( )
   (  ) is 

dense in   
 (  ) by Proposition 5. Therefore,     ( )

   (  ) is an abstract Segal algebra with 

respect to   
 (  ).  

To working on function spaces for which the fractional Fourier transform is defined, 

we take the   convolution operation as the multiplication operator. If the definition of   

convolution operation is examined as (1), we see that the translation operator in the ordinary 

convolution operation is replaced by the operator         from     into   (  ) for all 

    (  ) and   (                     ) for all   (         )    . Therefore, the 

following theorem is very important for us. 

 

Theorem 7. Let      and   (                     ) for all   (         )    . 

  

    1.             ( )
   (  ) and  

 ‖     ‖    ( )
     ( )‖ ‖    ( )

    

for all        ( )
   (  ). 

 

    2.  The mapping         from     into     ( )
   (  ) is continuous.  

 

 

Proof:  

    1. Let        ( )
   (  ). Then     

 (  ) and       
 ( )(  ). Let   

(                     ) for all   (         )    . It is easy to show that ‖   ‖    
‖ ‖    and       

 (  ). Also it is well known that the space   
 (  ) is translation 

invariant and holds ‖   ‖   
  ( )‖ ‖    for all     , see [25]. Hence we have  

 

 ‖     ‖   
  ( )‖ ‖     (6) 

 

Let   (                         ). By the proof of Theorem 2.17 (1) in [24], 

we may write  

   (     )( )   ∑   
   

 

 
  
           ( )  (7) 

 

Since   
 ( )(  ) is strongly character invariant by Proposition 2.4 in [8], then we get 

 

 ‖  (     )‖ ( )  
 ‖ ∑   

   
 

 
  
           ‖

 ( )  
 (8) 

                                  | ∑   
   

 

 
  
      | ‖     ‖ ( )   (9) 

                                  ‖     ‖ ( )   ‖   ‖ ( )   
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and 

  ∑   
   

 

 
  
              

 ( )(  )  
 

Hence, by using (6) and (8), we obtain 

 

 ‖     ‖    ( )
     ( )‖ ‖    ( )

     

 

    2.  Firstly, we will show continuity at  . Let       ( )
   (  ) and    

   
     for 

any sequence (  )      . Let   (                     ) for all   (         )  
  . Then the mapping         is continuous from    into   

 (  ) by Theorem 2.1 in 

[24]. Let us take the sequences (  )      and (  )     in    where   sequences of 

coordinates               and                . Thus, we have  

 

 ‖   
      ‖

   
   (10) 

as    . By using (7), we obtain  

 

 ‖  (   
      )‖

 ( )  
 ‖  (   

    )     ‖ ( )  
 

                                            ‖ ∑   
   

 

 
   
              ∑   

   
 

 
   
          

                                             ∑   
   

 

 
   
             ‖

 ( )  
 (11) 

                                            | ∑   
   

 

 
   
      | ‖(          )‖ ( )  

 

                                            | ∑   
   

 

 
   
        | ‖   ‖ ( )   

                                            ‖(          )‖ ( )  
 

                                                         | ∑   
   

 

 
   
        | ‖   ‖ ( )    

 

Let   (                         ) for all   (         )    . It is easy to 

show that the mapping     from    into    is continuous. Since the mapping         

from     into   
 ( )(  ) is continuous by Proposition 2.4 in [8], then the composition mapping 

        from     into   
 ( )(  ) is continuous. Therefore we get  

 

 ‖(          )‖ ( )  
   (12) 

 

as    . Let     ∑   
   

 

 
   
         for all    . Since    

   
    , then |  |    as 

   . Thus by combining (10), (11) and (12), we have  

 

 ‖   
      ‖

    ( )
    ‖   

      ‖
   

 ‖  (   
    )     ‖ ( )  

 

                                     ‖   
      ‖

   
 ‖(          )‖ ( )  

 

                                                  |  |‖   ‖ ( )     
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as    . This proves that the mapping         is continuous at  . By using the same 

technique in the proof of Theorem 2.17 (2) in [24], it is easy to show that the mapping 

        is continuous on   .  

 

Definition 8. Let   be a weight function on   . The space     ( 
 ) is subalgebra of 

  
 (  ) under   convolution operation that satisfies the following conditions:  

     1.  The space     ( 
 ) is dense in   

 (  ). 

    2.  The subalgebra     ( 
 ) is a Banach algebra under some norm ‖ ‖    

 and the 

inequality ‖ ‖    ‖ ‖    
 holds for all       ( 

 ). 

    3.  Let   (                     ) for all   (         )    . Then 

           ( 
 ) and the inequality ‖     ‖    

  ( )‖ ‖    
 holds for each   

    ( 
 ). 

    4.  Let   (                     ) for all   (         )     and   
    ( 

 ). Then the mapping         from    into     ( 
 ) is continuous.  

 

Example 9. Let       and   be a weight function on   . The space   
 (  )    

 
(  ) 

with the norm ‖ ‖  
    

  ‖ ‖    ‖ ‖    is a Banach algebra under   convolution 

operation by Example 2.4 in [26]. By the definition of ‖ ‖  
    

 , the inequality ‖ ‖    

‖ ‖  
    

  holds. Since  

   ( 
 )    

 (  )    
 (  )    

 (  )  
 

then   
 (  )    

 (  ) is dense in   
 (  ). Let   (                     ) for all 

  (         )     and     
 (  )    

 (  ). Since the spaces   
 (  ) and   

 (  ) are 

invariance under translation and modulation operators, then         
 (  )    

 (  ). 

Also, since ‖     ‖   
 ‖   ‖   

, ‖     ‖   
 ‖   ‖   

 and inequalities ‖   ‖   
 

 ( )‖ ‖   , ‖   ‖   
  ( )‖ ‖   hold (see [25]), then we have ‖     ‖  

    
  

 ( )‖ ‖  
    

 . Futhermore, it is well known that the mapping         from    into 

  
 (  ) is continuous by Theorem 2.1 (2) in [24]. By using the same methods in the proof of 

Theorem 2.1 (2) in [24] and the proof of Theorem 2.9 in [26], it is easy to show that the 

mapping         from    into   
 (  ) is continuous. Hence the mapping         

from    into   
 (  )    

 (  ) is continuous. Thus   
 (  )    

 (  ) is the space 

    ( 
 ).  
The following example is clear from the definition of ‖ ‖    ( )

   , Theorem 3, Theorem 

4, Proposition 5 and Theorem 7. 

 

Example 10. Let      and   be a weight function of regular growth on   . Then the 

space     ( )
   (  ) is the space     ( 

 ).  

 

Remark 11. If we take    
 

 
 for all            , then the   convolution and fractional 

Fourier transform coincide ordinary convolution and Fourier transform, respectively. Then the 

spaces     ( 
 ) and     ( )

   (  ) coincide the spaces   (  ) (see [21]) and     
   ( )

(  ) (see 

[22]), respectively. It is well known that the space     
   ( )

(  ) is the space   (  ) by 

Proposition 2.7 in [22].  
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Proposition 12. Let      and   be a weight function of regular growth on   .Then 

    ( )
   (  ) has an approximate identity with compactly supported fractional Fourier 

transforms.  

 

Proof: Let   be a weight function of regular growth on    and also   be a finite subset of 

    ( )
   (  ) where   {         }. Let       ( )

   (  ) and   (                     ) 

for all   (         )    . It is shown that the mapping         from     into 

    ( )
   (  ) is continuous by Theorem 7. Let     be given. There exist      such that  

 

 ‖         ‖    ( )
    

 

 
 

 

where ‖ ‖     for all            . Let      {            }. Hence, we write  

 

 ‖         ‖    ( )
    

 

 
 (13) 

 

where ‖ ‖    for all            . Let us take a positive function     ( 
 ) such that 

           (   ) and ∫  
   ( )    . Then we get  

 

 (    )( )    ( )  ∫  
  

  ( )      ( )     ( ) 

                                                         ∫  
  

  ( )(      ( )    ( ))   

 

for all      and          . Thus by using (13), we have  

 

 ‖(    )    ‖    ( )
    ‖∫  

   ( )(         )  ‖
    ( )
    

                                    ∫  
       

| ( )|‖         ‖    ( )
      (14) 

                                   
 

 
∫  
       

 ( )   
 

 
 

 

for all          . Let      {‖  ‖    ( )
        ‖  ‖    ( )

   }. Thus there exists a function 

       
 (  ) such that  

 ‖   ‖    
 

  
 (15) 

 

by Corollary 2.14 in [24]. Since   ( 
 )    

 ( )(  ) by Proposition 2.3 in [8], then   
    ( )

   (  ). Combining (14) and (15), we obtain  

 

 ‖(    )    ‖    ( )
    ‖(    )  (    )‖    ( )

    ‖(    )    ‖    ( )
    

                                    ‖   ‖   ‖  ‖    ( )
    ‖(    )    ‖    ( )

    

                                    ‖   ‖     ‖(    )    ‖    ( )
    

                                    
 

  
  

 

 
   

 

for all          . Therefore,     ( )
   (  ) has an approximate identity with compactly 

supported fractional Fourier transforms by 1.3. Proposition in [27]  
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Now we will show the dual space of     ( )
   (  ). 

Let the mapping       ( )
   (  )    

 (  )    
 ( )(  ) be defined by  ( )  

(     ) for      and let    (    ( )
   (  )). Then  

 

 ‖ ( )‖  ‖(     )‖  ‖ ‖    ‖   ‖ ( )   

 

is a norm on   for all       ( )
   (  ). Hence, the map   is a linear isometry. Furthermore, 

we define a set   as  

 

   {
(   ) ((   )    

 (  )   
  

  
  ( )(  ))  

∫  
   ( ) ( )   ∫  

     ( ) ( )             (     )   
}  

  

where 
 

 ( )
 

 

  ( )
  . 

The following proposition is proved by Duality Theorem 1.7 in [28]. 

 

Proposition 13. Let     . The dual space of     ( )
   (  ) is isomorphic to     

 (  )  

 
  

  
  ( )

(  )  , where 
 

 ( )
 

 

  ( )
  . 

 

 

3. INCLUSION PROPERTIES OF THE SPACE     ( )
   (  ) 

 

 

In this section, unless otherwise stated, we take     . We begin with a basic 

proposition to be used as a tool to prove next findings. 

 

 

Proposition 14.  For every         ( )
   (  ) there exists a constant  ( )    such that  

 

  ( ) ( )  ‖     ‖    ( )
     ( )‖ ‖    ( )

    (16) 

 

where   (                     ) for all   (         )    .  

 

Proof: Let us take   (                     ) for all   (         )    . Let     

    ( )
   (  ) be given. Thus     

 (  ) and       
 ( )(  ). By [25, Proposition 1.7], there 

exists  ( )    such that  

  ( ) ( )  ‖   ‖   
  ( )‖ ‖     

 

Hence, by using (8), we may write  

 

  ( ) ( )  ‖   ‖   
 ‖     ‖   

 ‖  (     )‖ ( )  
 

   ( )‖ ‖     ( )‖   ‖ ( )    ( )‖ ‖    ( )
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This is the desired result.  

Lemma 15. Let   ,    and   be weight functions on   . If     ( )
    (  )     

 (  ), then 

    ( )
    (  )     

 (  ).  

 

Proof: Let     ( )
    (  )     

 (  ) and       ( )
    (  ). Let us define the sum norm |‖ ‖|  

‖ ‖ 
   ( )
     ‖ ‖    

 on     ( )
    (  ). It is easy to show that     ( )

    (  ) is a Banach space 

under this norm (see [17, Lemma 11]). Let us take the identity map from 

(    ( )
    (  ) ‖ ‖ 

   ( )
    ) into (    ( )

    (  ) |‖ ‖|). Then by the closed graph theorem this 

identity map is bounded. Hence, there exists     such that |‖ ‖|   ‖ ‖ 
   ( )
     for all 

      ( )
    (  ). Then by the definition of the sum norm |‖ ‖|, we may write  

 

 ‖ ‖    
 |‖ ‖|   ‖ ‖ 

   ( )
     

for all       ( )
    (  ). Therefore the identity map from (    ( )

    (  ) ‖ ‖ 
   ( )
    ) into 

(   
 (  ) ‖ ‖    

) is continuous.  

 

Theorem 16. Let   ,    and   be weight functions on   . Then     ( )
    (  )     

 (  ) if 

and only if      .  

 

Proof: Assume that      . Therefore, there exists      such that   ( )      ( ) for 

all     . Let       ( )
    (  ) be given. Then     

 (  ) and       
 ( )(  ). Hence, we 

write  

 ‖   ‖    ‖   ‖  

and so  

 ‖ ‖    
   ‖ ‖    

  

 

By the definition of the norm ‖ ‖ 
   ( )
    , we have  

 

 ‖ ‖    
   ‖ ‖    

   ‖   ‖ ( )     ‖ ‖ 
   ( )
        

 

Consequently,     ( )
    (  )     

 (  ). 

Conversely, suppose that     ( )
    (  )     

 (  ). Let us take 

  (                     ) for all   (         )    . By Proposition 14, there exist 

constants         such that  

 

     ( )  ‖     ‖ 
   ( )
         ( )  (17) 

 

By [5, Lemma 2.2] and using the equality ‖   ‖    
 ‖     ‖    

, there exists 

constants         such that  

 

     ( )  ‖     ‖    
     ( )  (18) 
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It is shown that the embedding   from (    ( )
    (  ) ‖ ‖ 

   ( )
    ) into (   

 (  ) ‖ ‖    
) 

is continuous by Lemma 15. Then there exists a constant      such that ‖ ‖    
 

  ‖ ‖ 
   ( )
     for all       ( )

    (  ). Since           ( )
    (  ) by Theorem 7, we may write  

 

 ‖     ‖    
   ‖     ‖ 

   ( )
      (19) 

 

Therefore, combining (17), (18) and (19), we get  

 

     ( )  ‖     ‖    
   ‖     ‖ 

   ( )
           ( )  

 

Let   
    

  
. Then we have   ( )     ( ) for all     .  

The proof of following lemma is very similiar to the proof of Lemma 15 and then we 

omit details. 

 

Lemma 17. Let   ,    and   be weight functions on   . If     ( )
    (  )      ( )

    (  ), then 

    ( )
    (  )      ( )

    (  ).  

 

Theorem 18. Let   ,    and   be weight functions on   . Then     ( )
    (  )      ( )

    (  ) if 

and only if      .  

 

Proof: Assume that      . Then it is easy to see that     ( )
    (  )      ( )

    (  ). 

Now, suppose that     ( )
    (  )      ( )

    (  ). Let       ( )
    (  ), then   

    ( )
    (  ). By Proposition 14, there exist constants               such that  

 

     ( )  ‖     ‖ 
   ( )
         ( ) (20) 

and 

     ( )  ‖     ‖ 
   ( )
         ( )  (21) 

 

where   (                     ) for all   (         )    . Also, it is known that 

the embedding   from (    ( )
    (  ) ‖ ‖ 

   ( )
    ) into (    ( )

    (  ) ‖ ‖ 
   ( )
    ) is continuous by 

Lemma 17. Therefore, there exists a constant      such that ‖ ‖ 
   ( )
       ‖ ‖ 

   ( )
     for all 

      ( )
    (  ). Since           ( )

    (  ) by Theorem 7, we get  

 

 ‖     ‖ 
   ( )
       ‖     ‖ 

   ( )
      (22) 

 

Therefore, combining (20), (21) and (22), we obtain  

 

     ( )  ‖     ‖ 
   ( )
       ‖     ‖ 

   ( )
           ( )  

 

Let   
    

  
. Then we write   ( )     ( ) for all     .  
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Theorem 19. Let   ,    and   be weight functions on   . If      , then     ( )
    (  )  

    ( )
    (  ).  

 

Proof: Let      , then it is well known from Proposition 2.6 (i) in [8] that    

 ( )(  )  

   

 ( )(  ). Let       ( )
    (  ). Thus     

 (  ) and        

 ( )(  ). Since    

 ( )(  )  

   

 ( )(  ), then         

 ( )(  ). Hence       ( )
    (  ). 

 

 

4. CONCLUSIONS 

 

 

This article expands upon the research presented in reference [22] by applying it to the 

fractional Fourier transform. It is important to note that the fractional Fourier transform is an 

extended version of the Fourier transform that includes a parameter  . The weighted variable 

exponent Lebesgue spaces   
 ( )(  ) can be associated with the weighted Lebesgue spaces 

  
 (  ), in which the exponent  ( )    is a constant function. In this particular context, we 

attempt to provide an expanded discussion of the findings that were previously presented in 

the citation [17]. Furthermore, this research aligns with the conclusions drawn from previous 

studies referenced in [5] and [23]. 
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