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Abstract. Convex functions play a crucial role in various fields of mathematics,
optimization, economics, and machine learning due to their distinctive properties and
applications. In this paper, a new class of convex functions, called the RT-convex functions, is
presented. Moreover, Hermite-Hadamard-type inequalities for the RT-convex functions are
discussed. A number of applications of the RT-convex functions is also discussed.

Keywords: Convex functions; Hermite-Hadamard type inequality; Fejer type
inequality; RT-convex functions.

1. INTRODUCTION

A positive function ¢:S — R is called a convex function if the inequality

p(cv+(Q-c)w) <c (V) + (@1 —-c) p(w)

holds for all v,we S and c €[0,1].
Geometrically this means that the chord W} lies on above side of the corresponding

arc PQ for all distinct points P and Q lying on the curve y=¢(x). Large dedicated
literature is available for the study of the convex functions. We refer some of them; e.g. [1-4].
We also refer some work regarding properties, extensions, generalizations and applications of
convex functions and the related Hermite-Hadamard type inequalities; e.g. [5-11].

In [12], a weighted version of Hermite-Hadamard type inequality for functions whose
derivative's absolute values are m—convex and Fejér type inequalities for quasi-convex
functions have also been developed. In [13], a variant of discrete Jensen-type inequality for
harmonic convex functions has been presented. Jensen-type inequality and a variant of
Jensen-type inequality for harmonic p—convex functions have also been found. In [14],
Hermite-Hadamard type, various discrete Schur’s and Jensen’s inequalities for LR-p—
convex interval-valued functions and Hermite-Hadamard type integral inequalities for the
product of p—convex have been established. Results have also been verified by non-trivial
examples. In [15], geometric-arithmetic- F —convex functions have been introduced and
several integral inequalities of H-H type have also been established for these functions. In
[16], various fractional convex inequalities of the Hermite—Hadamard type in addition to
many other inequalities have been established. Many consequences of fractional inequalities
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and generalizations have also been obtained. In [17], Hermite—Hadamard inequality, fejer
inequality and several additional inequalities for pre-invex interval-valued functions have
been developed. In [18], some new Newton’s type inequalities for differentiable convex
functions through the well-known Riemann—Liouville fractional integrals and some
inequalities of Riemann—Liouville fractional Newton’s type have been proved. Moreover,
validity of these inequalities has also been shown with examples. In [19], several integral
inequalities for gand h—integrals in implicit form and for symmetric functions using certain

types of convex functions have been established. It has also been shown that Hadamard-type
inequalities are deductible for q—integrals, h—convex, m—convex and convex functions

defined on the non-negative part of the real line. In [20], a new class of convex functions
associated with strong 5 -convexity and Hermite Hadamard type inequality for this new class

has been established. For this new class some examples, some inequalities and results for
strong n-convex function have also been derived. In [21-24], some new classes of convex

functions, strongly h—convex functions, log harmonically convex functions, and coordinate
strongly s—convex functions have been introduced. Moreover, Hermite Hadamard type

inequality for these new functions and for the product of two (a, m) —convex functions have
also been established.

2. MATERIALS AND METHODS
2.1. MATERIALS

A function defined in [25] is called HT -convex function, denoted by ¢ € HT(S) if

the inequality
O P LR PR L
cv+(@1-c)w  2d1-c¢ N
holds for all v,\we S and c €]0,1[ .

If S < R\{0}isanonempty set, ¢ € HT(S) and ¢ is Lebesgue integrable on [v, u],

then

(2 j (B8 ax < Z o)+ o)}
v+w W v
holds for all v, we S with v <w(see [25]).
For a convex function ¢:S — R; the inequality
V;W) si_ngp(x)dx < M
is called Hermite-Hadamard inequality where v,we S and vV <W (see [26]).
A positive function ¢ : S — R, defined in [27], is known as MT -convex function if

Je Jl-c¢
ﬁ o(V) + ﬁ (W)

o(

p(cv+(1-c)w) <
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holds for all v,we S and c €]0,]] .
A positive function ¢, defined in [28], is known as r -convex function on [a, b], if
the inequality

[co" (V) + (1— )" (W)]", T %0,

p(cv+(L-c)w) < {
[ Tp(w)I, r=0

holds for each v,u €[a, b] and c €[0,1].

2.2. METHODS

The method contains functional analysis, convex analysis, special function, and
calculus techniques. Hermite Hadamard type inequalities are supportive to get initial results.

3. RESULTS AND DISCUSSION

A positive valued function ¢:S — R is called RT —convex function, denoted by
¢ € RT(S) if the inequality

\/E r v1-c r }/
[—¢ V) +—F—9' (W], r=0,
o(cv +(L-c)w) < 2V1—Cf 2\c

[p()>"[p(w)]*F, r =0

holds for all v,we S and c €]0,1] .

Remarks 3.1: For r=0;if c= % then the function ¢ becomes Jensen log-convex function.

: 1 . .
Forr=0;if c= > then the function ¢ becomes Jensen r —convex function.

Theorem 3.2: Let ¢:S — R bea RT —convex function and ¢ € L[v,w]. Then the
following inequality holds

ﬁ Jotoix < (" )+ o' (W)} @)

Proof: Let ¢:S — R be RT —convex function and r >1. Then by Jensen inequality, we
have

1—v I(o’(x)dx.

(ot <
wW-Vvy w

ISSN: 1844 — 9581 Mathematics Section



870 RT-convex functions and ... Muhammad Kashif et al.

Using convexity of ¢"(x), we obtain

¢" (w)]dx.

toJe L i-c
j[zﬂco(vn—zﬁ

After evaluation, the above inequality becomes

_t [o"(0dx < !
W—Vy, w-Vy
1 T r T r r
—— [ " ()dx < (" (v) + 9" (W),
W—Vy 4
Using Jensen inequality, we have
1 T r T r r
(—— [ ()" <=~ (9" (v) + 9" (W)),
W—v< 4

which leads to the required result (1).

2" Method: Let ¢:S — R be a non-negative RT —convex function and @< L[v,w]. Then
the following inequality holds

[ GO B GBI @

Proof: Since ¢:S — R is RT —convex function, we have

p(ve+(@1-c)w) <[ J{—co (v)+ \/F(p (W)l @)
and
p(we+1-c)v) <[ Jf—qo( w) + C "W (4)
From (3) and (4), it follows that
_— Je e,
@' (ve+(1 C)W)é2 N @' (V) + 25 7 (w) ()
and
r Je Jfie
@ (WC+(1—C)V)£2\/1—<0 (w) + BN (v). (6)

Adding (5) and (6), we get
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o' (cv+(@L-c)w)+ " (cw+ (L—c)v) <

1 r r
T\/Tc)(w (V) + 9" (w)). @)

Integrating (7) with respect to ¢ on [0,1], we have

[ (cvr @-cw) + ¢ (ow=+ - cwide < [ e (1_ Tl e e ®)
Since
j @ (cv + (L-c)w)dc = j 0" (cw+ (1—c)w)dc, (9)
j Hco () +¢' (W)}="{o' () +¢' (W}, (10)
! 9" (cv+ (L—c)w)de = ﬁ j o' (X)dx (11)
and

(ﬁ j P(X)dx)" < Wl_ v j @' (X)dx. (12)

Using (9) to (12), the inequality (8) leads to the result (2).

Corollary 3.3: Suppose ¢:S — R be RT —convex function and r =1. Then the inequality
(1) becomes

L[ p(dx < Z{p) + plw}.
W—Vy 4

Theorem 3.4: Suppose ¢, v :S — R be two non-negative RT —convex functions and
@, v € L[v,w]. Then the following estimate holds

o' (%){wr W) +y Wy (ﬂ){sof W)+ ¢ (W)}

16 , , v+w (13)
<—oy'(
3

)+—{(0 W)+ " (W)W (V) +w' (W)}

Proof: Since ¢,  are RT —convex functions, we have

: Ve Ji-c
o (= ) > 2\/1f N He' (V) +o" (W)}
and
Viw e e

ASrek Yok Hy' (V) +y" (W)}

2 2J1—
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Using er + fp<ep+ fr, where e, r, f, peR", it follows from the above inequalities

1, v+w,, c Ji-¢
S ( )(le ZI){W(V)H//(W)}

1 (v+w Jo \/_

et )(2\/1_ " Ho' (V) +o" (W)}

o' f(ﬂ) FE( Jlfic J;)] {0 (v) + 9" (W)x (" (V) + 1" (W)}

Simplifying the above inequality, we obtain

1 . v+w ., . Jo Vi-c

i RN

1 Je \/1—(:

g 5 ) 0 WM =+ )
<Py () + 16V(11_ 0 W+ )y ()

Multiplying by c(1—c) on both sides of above inequality, we obtain

V+

¢ (——
(

){(v/ (V) +y" (W)(cvevI—c) + @-c)Jel-c)}

V+

1
4
% ") (1) + ¢ (WH(EIVI=0) + -0 I—e) (14)

SWr(g)c(l_c)%{(@r(v)w,(w»(w,(v) Fy (W)}

Integrating the inequality (14) with respect to ¢ on [0,1], we have

j[ o ){w (V) +y" (WHA-cWevi—c +ceI-c))

lrv

A ){co (V) + " (W)}cvev1-c) + (1-c)Vev1-c)lde

<[lo'y )C(l C)+—{((/) (V) + " (W) (" (V) +y " (w))}]dc.

0

After evaluation, it becomes

(—){w W)+’ (vv)}j[(cf cv1-c)+(@-c)eV1-c)lde
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4

0 0 () + o W eVeVI=0) + - cleri-olde
<oy’ (%) j c(1—c)dc + %{«o‘ (V) + " (W) (v) + " (W)} j 1dc.
Finally, we obtain

(ﬂ){w (v)w(w)}[j ((cevI—c)de + j (- c)WeNI-c)dc]
+%wf<7)(¢f )+ o )] (eVorT—eY)de + [ (- OWEI— )] (15)
<oy (=) (e-cpde+ %{((pf (V) + 9" (W) (v) + " (W)}

Since,

.([(C\/M)dc = E,
J(@-oe@=ende= £

and
I 1
jc(l—c)dc ==,
0 6
the inequality (15) leads to the result (13).

Theorem 3.5: Assume that ¢, w:S—R beRT —convex and ST —convex functions

respectively and vV < W. Then the following inequality holds if r >v and 1 + 1 1
ror

1 7 @ (V) + 0 W)y e 7 )+ S (W),
] PO ks G G (16)

Proof: Since ¢ and y are RT —convex and ST —convex functions, we have

\/E r vi-c r Ur
¢(CV+(1_C)W)S(2\/E§D (V)+ 2\/6 @ (W)) (17)
and
\/E s Vl_c s 1s
l//(CV"'(l_C)W)S(Z\/HV/ (V)+ 2\/6 4 (W)) : (18)

Using (17) and (18), we obtain
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i]‘vgo(x)t//(x)dx = jgp(cv + (1L -c)w)w(cv+(1-c)w)dc
W-Ve

1 \/E \/— 1/r
s!{(zF ¢')+ =0 W)

\/E s Vl—C s
(mv/ (V)+ﬁl// (W)

Using Holders inequality, we have

1/5)}dc.

ﬁf(p(x)w(x)dxs: Ly g f_ )
AL )
={(¢'(v>i%dc+qo'(w)igdc)“}{(w(v)
E%dcws(w)i%dc)“}
_ [g {czf (V) + ' (w)}]yr iz {l//s (v) +2y/$ (w)}]l,s |

which leads to the result (16).

Corollary 3.6: In above theorem (3.5), if r =s=2. Then

L[ p(w(x)dx< \/f{qoz (v) + ¢’ (w)}\/f{w(v) +pt (W}
W—Vy 4 4
Corollary 3.7: In above theorem (3.5), if r =s=2 and ¢(x) =y(x). Then

7 (V)" + (p(W)*
2

— j (p(9)dx< 74 }

Theorem 3.8: Suppose that ¢ and w be RT —convex functions and v=w. Then the
following inequality holds

Wi_j(p(x)w(xmx_m[( V) {p" W)+ p' (W)}

(19)

+p' (W)g' (W)I( )dX+(o (V' (V)I( X",

Proof: Since ¢ and y are RT —convex functions, we have
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r \/E r v1-c r
@' (cv+(L-c)w) < Zmﬁﬁ (V)+ﬁ(/’ (w)
and
r \/E r vi-c¢ r
4 (CV+(1—C)W)S 2\/::!// (V)+ \/— (W)

Using the Jensen inequality, we have

(1 Jolp ()" < [ ()" ()
w-vy w-vy

Using convexity of ¢" and ", we have

(—— [ (W ()
w-v?

T P RN /I Jc Vi-c
_W_V!(Z\/l__cgo(vhﬁ G ' (V) + \/_l//(W))dC

After evaluation, we obtain

1 oWy W, ¢ "Wy (w) F "Wy (v) F
[ I( ydc+ 2 4"” jdc+%£dc

W-V

gDI' (W)l//r(w) ‘j-v(l_c)d
C

Applying limits and changing the variables, we have

(LT(D(X)I//(X)dX)r < ¢r (V)(//r(W) N ¢r (W)l//r(V) . ¢r (V)l//r(V) j.( e
W-—-V " 4 4 -
L9 (W);// (W)I(l_c)d

- %{cof V)w" (W) + " (W (V)3 + (p (v)a// (v) J.( dx

AN f
4(w—v)

Finally, we obtain
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1 r r
2w [(w=v){p"(v,w) + p" (W, )}

9/ Wy W] C =000 Wy W] (S )l

(—1 jco(X)w (x)dx)" <
wW—V
’ (20)

Taking 1/ r™ power of (20), leads to the result (19).

Theorem 3.9: Let ¢, v : SCcR—R two non-negative RT —convex functions and
o, v € L[v, w]. Then the following inequalitly holds

o (V) (W X)A/(W—X)(X—V) J.l// (X)dX+(0(W) v),/w x)(x Vj~ “(X)dx

(w—v)°
T X)V( - )X)(X v) j (x4 (w) S V)VW X)(X V) j " ()dx 1)

< E{g M (v, w)) + 5 N (v,w) + .!.(w— X)(X —V)@" (X' (x)d}.

where
M (v, W) =" (V" (v) + ¢ (W' (W) and N (v, w) = @" (V)p" (W) + @' (W' (V).

Proof: Since ¢ and y are RT —convex functions, we have

r \/_ V
v ev+A-ow) <2 e’ @ (V) + f @' (W) (22)
and
r oo, vi-c
4 (C\/'|'(1_C)W)S 2\/]:!// (V)+ 2\/6 4 (W) (23)

Using er + fp < ep + fr, where e, f, r, pe R", (22) and (23) follows that

% Jie

@' (cv+ (- c)WH{— \/—W (V) + \/— ' (W)}

+y'(ev + (L-C)W{—F— \/\/_—co (V) + 2\/— @' (W)}

& S e Yo s Y8
2\/17 @' (V) + e ()}{2\/— (V) + \/— ' (W)}

+¢" (cv+ (@L—c)w)y " (cv+ (1—c)w).

After evaluation the above inequality, we obtain

WWW.josa.ro Mathematics Section
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Je o, Je@—c) Je@—c)
MT“””‘”” (1_))¢()w() ( (l_))qo(nu(v)
J-c¢

+(ﬁ) @' (Wy" (W) + " (cv+T-c)wy " (cv+ (1 -c)w)

Finally, we obtain

2\ \/\/——40 (ev+A-cw) +y" (W) —= \/— 9 (cv+(1-c)w)

+¢' (V) 2\/\/—_l// (ev+(1-c)w) + " (W) —= \/— “y(ev+ (L-o)w)

C
—4(1_ 57 W)l ” S Wy () + - A W)+ 27 Wy (V)
+¢@" (cv+ @ —c)w)y " (cv+ (1—c)w).

Multiplying by c(1—c) on both sides of above inequality, we obtain

ce1-c)y' (g’ (v +(L—c)w) + (L—c)(Nev1-c)y' (We' (cv+(L—c)w)
+cVeV1-c)g" (Vy' (cv + (L— )W) + (L—c) (VeI —c)p' (Wy' (cv + (L—c)w)

< %[Cz(pr WMy (V) +@-c)*@" (W' (W) +cL-c){p" (V" (W) + " (W' ()}
+c(l—c){o'(cv+(@L—c)w) +y ' (cv+ (@ —c)w)}].

Integrating above inequality on [0,1] with respect to ¢, we obtain

j[cﬁm)wr(v)q)r(cw(l_c)w)+(1_c)(m1_—c)wr(w)¢(cv+(1_c)w)
+§£J1—_c)¢f Wy (v + A= c)w) + (L c)(Vev1-c)g (wy' (cv + (L—c)w)]de
si[%{c%of(v)wf(m(1—c>2¢f W)y (W)} +c(L— o' W)y (W) + o' Wy (W)}
+e(L- c){p" (v + (L—c)w) + " (cv + (L- c)w)}]dc.

After evaluation, we obtain

w' (v)j(c\ﬁ\/l— c)op'(cv+(@L—c)w)ydc+y ' (w)j (1—c)(Ner1=c)g" (cv + (1-c)w)dc

(24)

+¢' () [ (eVerI=c) <y (cv + - c)w)de + o' (W) [ (1 - c) (Ve —c)

xy" (cv+ (L—c)w)dc
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< %«o’ Wy (V)] c’de + g (W' (W) [ (A—c)’de +{p" (v)y" (W) + ' (W (v} c(L-c)de
+j'c(1— cHo (cv+(@—-c)w+y " (cv+ (L c)whde.

Substituting cv+ (L—c)w=x, in (24), we get

—XJWw=x)(x-Vv) 1
-V (w—v) W—V

[cVevI=c)p' (ev+ (1-cw)de = "v: f(pr(x)dx, (25)

X=V(W=x)(x-v) 1
W—V (w=v) W—V

j (1-c)(vev1=c)g" (cv + (1-c)w)dc = vjvgo'(x)olx, (26)

W—X+(W=Xx)(x-Vv) 1
wW—V (w=v) w—

_[(C\E\/l—c)z//(cv+ @-c)w)dc = V]vl//r(X)dX, (27)

X—VJ(W=x)(x-v) 1 ¥

j 1-c)(Nev1=c)y " (ev + (L-c)w)de = j " (X)dx, (28)
0 w-v  (w-V) W—V?
.l[czdc = j'(l— c)’dc = 1 (29)
0 0 3
and
I 1
Ic(l—c)dc s (30)

Using (25) to (30) in (24), leads to the required result (21).

4. APPLICATIONS

In this part, we set some applications by using special means. Means are significant in
pure and applied mathematics particularly they are applied in mathematical approximation.
They are arranged as follows:

H <G <L <I <A

The special means i.e., arithmetic mean, Geometric mean, Logarithmic mean, and
Identic mean of two numbers v, w are defined as

A(V,W)=W+V

(31)

G(v,w) = (vvw) (32)

WWW.josa.ro Mathematics Section
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Wp+1 _Vp+l 1
L,(v,w)= (m) P (33)
) = Ly (34)
e v

Proposition 4.1: Assume that 1<v<w and p [0, 1]. Then the following inequality holds
r T r r
L (v, w) SE A(v',wh). (35)
Proof: Putting ¢(x)=x in theorem (3.2), we get
ifxdx <{EW +w)P (36)
W—Vy 4

Solving the left side of above inequality, we get

Putting the value of I xdx in (36), we have

(w=v)

2 2 r r
w" -V T N +W
<{=(

2w—v) 2 2 2

Using (31) and (33), it follows that
L(vw) {7 AW WO (37)
Taking r™ power on both sides of (37), leads to the result (35).

Proposition 4.2: suppose v,w >0 and v <Ww. Then the following result holds

zr

(=)™ 1" (v, W) = G 2 (v, W). (38)
Proof: Putting ¢(x) =—Inx in theorem (3.2), we obtain

-lenx <(=Z@nv + Inw))Yr
W—Vvy 4

After evaluation, we obtain

ISSN: 1844 — 9581 Mathematics Section
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—ivjvlnx < (<ZX (Inpvw))*".
W—Vy 4

Using the equation (32) and (34), we get
—In 1 (v, w) s{—%r(ln(Gz(vw)}l”

Z(E) 1r
={-(In(G * (w)}"".
Finally, we obtain

—Inl(v,w) s{—(ln(G%r(vw)}l”.

Taking r™ power on both sides of above inequality, we obtain

zr

(=D In1"(v,w) <-InG 2 (v, w).

Multiplying both sides by (1), we have

(=)™ In1"(v,w) > InG 2 (v, w),

which leads to the required result (38).

Proposition 4.3: Assume that 1<v<w and p [0, 1/100]. Then we have

L, (v, w) s% AV, w?).

Proof: Putting ¢(x) = x" in theorem (3.2), we get

w
L xeax <{Z WP+ wryr,
wW—Vvy 4

Solving left side of above inequality, we get

Wp+l _ Vp+1

—— [Pl = —————.
W—V (p+D(w—-v)

Substituting the value of iJ.xpdx in (40), we get
w-v?

p+l _ \,p+l
w Vv S{Z(Vrp +er)}1/r
(p+DH(w-v) 4

T VP +w?P

~C =y

(39)

(40)

Using (31) and (33), and then taking r™ power on both sides, leads to the result (39).
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5. CONCLUSION

In this study, using both the r —convex functions and MT —convex functions, a new
class RT —convex functions is introduced. Some inequalities of Hermite-Hadamard type for
this new class are established. Based on these inequalities, it is concluded that these
inequalities provide useful tools to analyze and estimate integrals involving various classes of
functions. Moreover, these inequalities have a wide range of applications in different fields of
mathematics and computational sciences.

In addition, this article highlights the importance of RT —convexity as it plays a
crucial role in deriving and establishing these inequalities. RT —convex functions are
particularly simple to optimize. For this reason, there is a very rich theory to solve convex
optimization problems with numerous practical applications. Finally, it stimulates additional
exploration and investigation in this domain, such as the development of new inequalities, the
study of their applications in different fields, and to examine their connections with other
areas of mathematics.
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