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Abstract. In a simple, finite undirected graph G, a dominating set D is a subset of the
vertex set V(G) whose closed neighbourhood is V(G). Many types of domination have been
studied. The studies are based either on the nature of domination or the type of dominating
set or the type of the complement of the dominating set. Interaction between dominating set
and its complement is also considered. Fair domination is the domination where every vertex
in the complement of a dominating set has equal number of neighbours in the dominating set.
In this paper, a dominating set whose vertices have equal number of neighbours in the
complement is the subject of study. The parameter y,,(G) is introduced and studied.

Keywords: complement; domination; fair domination; co-fair domination.

AMS Subject Classification: 05C69; 05C05; 05C76.

1. INTRODUCTION

Throughout this paper, connected graphs only are considered. Let G be denote a graph
with vertex set V(G) and edge set E(G). A subset S of V(G) is called a dominating set [1] of
G if every v € V(G) either belongs to S or is adjacent to a vertex in S. A total dominating set
S is a subset of V(&) such that every vertex v € V(G) is adjacent with some vertex of S other
than v. The minimum(maximum) cardinality of a minimal dominating set of D is called the
domination number of G (Upper domination number of G) and is denoted by y(G) (I'(G)). A
dominating set D of G is minimal if and only if for any u € D, either u is an isolate of D
(that is, u is not adjacent with any vertex of D) or there exists a vertex v € V — D which is
adjacent with only u € D. The closed neighbourhood of u, denoted by N[u] is defined as
N[u] = N(u) U {u}. For standard notations and terminologies, we refere the text book [2].
Two vertices u and v of a graph G are said to be degree equitable if |deg(u) — deg(v)| < 1.
This concept is due to Prof.E.Sampahkumar. Earlier cardinality equitability of colour classes
was introduced by W.Meyer in Equitable colouring in graphs [3]. A dominating set D is
called a fair dominating set if [N(u)n D| =|N(v)n D| for any u,v € V — D. Fair
domination was introduced by Yair Caro, Adriane Hansberg and Michael Henning in [4] .
V. Swaminathan et al. [5-6] introduced and studied the concept of fair domiantion with
respect to ourter complete and equatability in graphs.

In an administration, the decision making body can be modelled by a dominating set
in the graph of the administration. A need in constituting the decision making body is to take
into consideration the number of members of the decision making body whom each member
of the general members is in contact and also the number of general members whom each
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member of the decision making body knows. If there is imbalance in either of these numbers,
then the decision making body may not be stable. In order to create a model for the first
situation, fair domination was conceived in [1]. In this paper, a model for the second situation
IS presented.

The paper is organized as follows: In Section 2, definition of complementary fair
domination and minimum complementary fair domination number of some known graphs are
given. Some observations are presented. In Section 3, some theorems on the bounds of the
parameter in regular graphs are proved. The new parameter in the case of trees is studied.
Further, the relation between repetition number and the new parameter is found. In Section 4,
Nordhaus Gaddum type results are derived with respect to the new parameter. In Section 5,
the connection between out regular number and complementary fair domination number is
found. uniform complementary fair domination is defined and studied.

2. COMPLEMENTARY FAIR DOMINATION IN GRAPHS

In this section, definition of Complementary fair domination and minimum
Complementary fair domination number are given. The value of the new parameter for some
classes of graphs is found. Some observations are given.

Definition 2.1. Let G be a simple, finite and undirected graph. A subset D of VV(G) is called a
Complementary fair dominating set of G if D is a dominating set of G and for any u,v €
V(D),INw)n (V—D)|= [N(v)yn (V—=D)|. The minimum cardinality of a
Complementary fair dominating set of H is called the Complementary fair domination
number of G and is denoted by y,r(G).

Remark 2.2. If D is a minimum Complementary fair dominating set of H, then G has no
isolate vertex. For, if G has an isolate say u, then u belongs to D and hence |[N(u)n (V —
D)| = 0 and hence [N(v) n (V —D)| = 0 for any v € D. Since D is a dominating set of G,
V —D is empty. That is, [D| =n. If v € D is not an isolate of D, then D —{v} is a
Complementary fair dominating set of G, a contradiction since D is a minimum
Complementary fair dominating set of H. Hence, = K,, . Thus, if Yeor(G) # m, then 6(G) =

1. If G has a full degree vertex, then y.,r(G) = 1. v, (G) for some classes of graphs 2.3:
1. Vcof(Kn) =1

2. Vcof(Kl,n) =1
_(2+m—-nl|ifm#*Fn,mn=2

3. ycof(Km'”)_ { 2,ifm=nand m,n =2
4. Vcof(Pn) = [g]
5. Vcof(Pn) =y(P) = [g]
6. Vcof(cn) =y(C,) = [2]
7. Vcof(Wn) =1
8. Yeor(P) =4({1,9,10,3} is a minimum co fair dominating set.)

2 + |n1 —_ nzl,ifn1 S nz S n3 S S nr
9. Yeor(Knyny.m,) = { n>2,Vi,1<i<r

1,ni =1

10' ycof(Km(al,aZ,mam)) = |a1 -I— az -I— coe + aml
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11. Vcof(Dr,s) =2+|r—s]|
Observation 2.3.

)/(G) = ycof(G)

Yeor(G) = 1 ifand only if G has a full degree vertex.

Yeor(G) =nifandonly if G = K,,.

Yeor(G) =n —1ifandonly if G = K, . For, suppose y.,s(G) =n — 1.

Let D be a y.oz- set of G. Then, V — D is a singleton say {v}. Every vertex in D is
adjacent with v. Hence v is a full degree vertex. That is, ycr(G) =1=n—
1.Therefore, n = 2 and G = K,. The converse is obvious.

Ifn> 3,and y.or(G) # n,theny ,r(G) < n— 2.

7. For, suppose n = 3. Then y.,r(G) # n — 1. AlsO, y.0r(G) # n. Hence, y.,(G) <
n-—2.

a bk o e

o

Observation 2.4. There exist many graphs for which y.,((G) = n — 2.

Proof: Consider K, , where m = 2. y¢or(Kpz) =2+m—2=m=m+2-2=n—2.

3. BOUNDS OF y,.f

In this section, we derive few bounds of ., for regular graphs and trees.

Theorem 3.1. Let G be a r —regular graph on n vertices with r > 1. Let t = min{|S|: S isa
maximal independent set of G }. Then y.,((G) < t.

Proof: Let S be a maximal independent set of H with |S| = t. Then S is a dominating set of
G.Also, IN(w)n (V—2S5)| =rforevery v € S.Hence S is a complementary fair dominating
setand so yof(G) < t.

Definition 3.2 [4] Let H be a simple graph. The repetition number of H denoted by rep(H) is
the maximum repetition in the degree sequence of H.

Observation 3.3. There are graphs with y.,(H) = n — 2 and rep(H) arbitrarily large. For,
consider K., , where m is arbitrarily large. y.or (Kinn) = |V(Kpn)| — 2 and rep(Ky, ) = m.

Definition 3.4. [3]. Let k be a positive integer. Then the k-fair domination number of H
denoted by fd, (H), is the minimum cardinality of a dominating set D which has the property
that for any u,v € V—D,|[N(u)n D| = |N(v) n D| = k. A dominating set D with this
property is called a k —fair dominating set of H. The fair domination number of a non-empty
graph H, denoted by fd(H) is the minimum cardinality of a k —fair dominating set for some
positive integer k.
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Remark 3.5. Note that in the case of fair domination when
fd(G) =n—-2,2 < rep(G) < 4.

A strong support vertex of a tree is a vertex that is adjacent to at least two pendent
vertices. If T has strong support vertices which support different number of of pendent
vertices, then any complementary fair dominating set can contain all strong support vertices
provided pendent vertices more than 2 at any strong support vertex are included in the
complementary fair dominating set. In this case, the set of all pendent vertices is the minimum
complementary fair dominating set. Hence, if every strong support vertex supports the same
number of pendents, then the set of strong support vertices is a minimum complementary fair
dominating set.

Observation 3.6. If T is the corona of a tree and has order n, then y,¢(T) = gand V(T) can
be partitioned into two y, s —Sets.

Proof: Obvious.

Observation 3.7. If T isa tree on n > 3 vertices, then y.,(T) < | where [ is he number of
leaves.

In [3], the following definition is given. The out — regular set abbreviated as OR-set of
a graph H that is non-empty is a set Q of vertices such that [N(w)n (V — Q)| = |N(v) n
(V = Q)] > 0 for any two vertices u,v € Q. The out-regular number of a non — empty graph
H, denoted by &,,.(H), is the maximum cardinality of a OR-set of H. Any complementary
fair dominating set is an OR-set. But a maximum OR-set need not be a minimum
complementary fair dominating set. For example, in Ps, with vertex set
{v1, V2,3, Vs, Us}, {Vy, V3, V4 } 1S @ maximum OR-set but it is not a minimum complementary
fair dominating set. Also, given a positive integer k, there exists a connected graph H with

Eor(H) — ycof(H) = k namely, Kk+2,k+2-

Problem: Does there exist a maximum OR-set which is not a complementary fair dominating
set?
Observation 3.8. Let H # K,,. Then, fd(H) + y.or(H) < n.

Proof: Let H # K,. Let D be a minimum complementary fair dominating set of H. Consider
V —D. Let u,v belongto D =V — (V. — D). From the property of D,|N(w) n (V —D)| =
IN(v)n (V—D)| >0,V — D is a fair dominating set of H. Hence fd(H) < |V —-D|=n—
Yeor(H). Thatis, fd(G) + y¢or(G) < n.

Observation 3.9. In K;, ., = 3, fd(H) + Veor(H) =2 < n.InPy, fd(H) + Yeor(H) = 4.

Theorem 3.10. Let H be a simple graph such that there exists a €,,.(H) - set in H which is
also a minimum Complementary fair dominating set of H. Then

n
Veor (H) = (d(H) + 1)A(H)

WWW.josa.ro Mathematics Section



Complementary fair ... Swaminathan Venkatasubramanian and Raman Sundareswaran 769

where d(H) denotes the average degree of H. If further, H is an r — regular graph, then
Yeor (H) = clogn for some constant ¢ > 0. If H is a maximal outer planar graph, then

2
YCof(H) > £
Proof: Follows from Proposition 7(a), 8 and Theorem 22 of [3] and from the observations
ycof(H) = Er(H) =n — fd(H).
_ 2x38 _

2n
Remark 3.11. In K1g20, Yooy =4and — =—— =4

4. NORDHAUS —-GADDUM-TYPE RESULTS

Nordhaus Gaddum type results are derived with respect to the new parameter.

(i) Let H be a connected graph with at least 5 vertices. If H has at least two edges,
then, yeor(H) < n—2and yoor(H) < n— 2.

Hence,

(1) Yeor (H) + Veor (H) < 2n—4 and yeop(H). Veor(H) < (n—2)%. If G has
exactly one edge, then y.,;(G)=n—1 and G =K,_,U K, . Therefore ¢ =K, —e.
)/cof(G) =1

Hence, ¥.or(G) + Veof (G) < n < 2n—4 (sincen = 5). AlSO, Yor(G).Veor (G) <
n—1< (n—2)?since n > 4. Suppose m(G) =0. ThenG = K, and G = K,. Hence
Yeor(G) = 1 and y,or(G) = n. Therefore,

Yeor (G) + Veor(G) =n+ 1< 2n—4whenn = 5and yor(G).Veor(G) =n
< (n—2)? forn= 4.

Let G =Ky, Where m = 4 and n = 2. Therefore, m+n > 6. y,(G) =2+
|m —n| = mrycof(G) = Kn U K. ycof(G) =m-n+2=m ycof(G) + ycof(G) =
2m =2(m+n) —4. )

Also,  Yeof(G) +¥eop(G) =m? =(m+n—2). When n=4, take G=
Ca-Yeor (G) = 2 and yor(G) = 2. _ _

Hence, ycof(G) + Vcof(H) =4=24)—-4=2n- 4'ycof(G) + ycof(G) =4=
(4-2)?%= (n-2)2

Whenn = 5,take G = K3 . V¢or(G) = 3 and y,or(G) = 3.

Hence,  Veor(G) +Veor(H) =6 =2X 5—4=2n—4 y.05(G) + Vcor (G) =9 =
(5-2)2= (n-2)=~

Suppose y.,r(G) = 1. Then G has a full degree vertex. Hence H is not connected.
Therefore, y.or(G) = 2.

This implies that v (G) + Veor(G) = 3 and yor(G) + veof(G) = 2. If
Yeor(G) = 2, then Yeor (G) being = 1, we obtain y.or(G) + Veor(G) == 3 and
ycof(G) + Vcof(G) = 2.
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When G = KZJYCOf(G) + yCOf(G_) = 2.

Hence, V¢or(G) + Veor(G) == 3 and y.or(G) + vcor(G) =2.  Thus, the lower
bounds are sharp.

When G = Ky, Yeof (G) + Veof(G) =5>2%x2—4=2n—4.

When G = K3, Vcor(G).Veor(G) =3 > (n—2)* = 1.

Thus, the conditions on the order of n can not be relaxed.

Theorem 4.1. Let G;,1 < i < k, be graphs and let G be the disjoint union of G;. Let order of
k— k
G ben. Then B yeor (6) < = Bl Veor (61) + S22 4 2(n — fd(6)).

Proof: If k = 1, then both sides become equal Let k > 2. Let IV(G )N =n;,1<i< kand
let without loss of generality, n; < n, <+ < ng. So, n, = - and hence n —n; < <& kl)”
Let S; be a ycop-set of G;. Then y.,r(G) < n; - fd(G) Therefore, Y 1Yeor(Gi) <

kg - T* L FAG) =n— YR, Fd(G) < n+EREO_cq06). [Theorem 24 [4]].
ThUS, Yeor () + Bi Veor (G) <+ S fa () +n — £d(6). That is, yeop(6) <
= S oo (6) + i+ VD £d(G) +n = fd(6).= — TE Voo (Gi) +2n +

Observation 4.2. Let H be a k —regular graph with k > 3. Let D be a maximal independent
set of G. Then D is a complemenatry fair dominating set of H and V — D is a fair dominating
set of G. Hence y.,f(G) < |D| and fd(G) < [V—D|=n—|D| < n— y.f(G). That is,
Yeor(G) + fd(G) < n. If D is a maximum independent set of H, then
|ID| = Bo(G). fd(G) <n—|Dl=n —F,(G) < n— (For every graph H of order

n,fo(6) = =—[7 - 8]).

a(a)+1

5. STRONG (UNIFORM) FAIR/ICOMPLEMENTARY FAIR DOMINATION

The connection between out regular number and complementary-fair domination
number is studied in this section. B.D. Acharya introduced the concept of strong domination
in [9]. The strong domination number of a graph G is the smallest positive integer k such that
every subset of V(G) of cardinality k is a dominating set of G. k = y(G) is possible if and

only if G is either G = K,, or K,, or (2) K,. The concept of strong domination takes the name
of uniform domination in [10].

Definition 5.1. The least positive integer k such that every k —element subset of V(G) is a
fair (Complementary fair) dominating set of G is called the uniform / strong fair
(Complementary ~ fair)  domination number of H and is denoted by

Via (G) / Via (G) (Veor (G) / Veor (G)).
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Proposition 5.2.

Lo yia(Kn) =17 yeop(Kn) = 1.
Y}ld(Kl,n) =n, ygof(Kl,n) =n+1
y/yd(Km,n) =m+n; Vgof(Km,n) =m+n
y}id(cn) = n-—2; Vgof(cn) =n
Yia(Pn) =n—1; ygr(R) =n
y]yd (Wp) =n—3; ygof(Wn) =n—1

o g ks wh

Theorem 5.3. For any graph H,y£4(G), v¢or(G) = v, (G).

Proof: Let y4(G) = k (Yeor (G) = k). Then any k- subset of V(G) is a yyq-set of H((Yeor) —
set of G). Hence any k-subset of G is a dominating set of G. Therefore, y,(G) < k =
Ya(G) (Yeor (G))-

Remark 5.4. There are graphs for which y,(G) <y74(G) (Veor(G)). For example,
Yu(Kmn) = max(m,n) < ]/}Ld(H) (ygof(G)) =m+n.

Corollary 5.5. y;(G)yeor(G)) = n—8(H). (Since y,(G) =n—45(G)). But there are
graphs like Ky, , (m,n = 3) for which yz4(H) (¥¢or(G)) > n— §(H).

Theorem 5.6. Let H be a k-regular graph in which for some vertex u, N(u) is independent.
Then yry(G) =y(G) if and only if H =K, or K, or (g) K, where n is even (that is,
K5, — X where X is a 1-factor in K;,,) .

Proof: Suppose G is k-regular. Let for some vertex u in G, N(u) be independent. Let S =
V — N(u). Then S is a fair dominating set of G. Hence, y7y < |S| =n — k. But, y£,(G) =
n—§8(G) =n—k. Hence y;(G)=n—k. Moreover, y,(H)=n—8=n—k. Let
Y7a(G) =y(G). Then y(G) =n—k =y,(G). Therefore, by Theorem \cite{aru} and
Theorem 3.4 of [10], G = K,, or K, or (g) K, (that is, K,,, — X where X is a 1-factor in
K,,.) The converse is obvious.

Remark 5.7. K,,, , m = 3, is regular and there are vertices u for which N (u) is independent.
But V]yd(Km,m) =m and V(Km,n) =2+ V]yd(Km,m)- But Vu(Km,m) =m= y/yd(Km,m)-
Thus, even if v (Kimm) = Yu(Kmm), Kmm,m = 3, is not any of K, or K, or (2) K,.

PROBLEMS FOR FUTURE STUDY:

(i) Find the necessary and sufficient conditions that G should satisfy that y.,(G) =
n-—2.
(i) When fd(G) = ycor(G)?
(iii) Study the concepts of fd(G) and y..r(G) for total / connected / equitable
domination.
(iv) Find an upper bound for y,,(G) for maximal outer planar graphs.
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6. CONCLUSION

The study of dominating set has many applications in both social and communication

networks Identification of complement of a dominating set has important in study of
construction of stable networks. Fair dominating set deals with the neighbours in the
complement of a dominating set in graphs. In this paper, we introduced complementary fair
dominating sets and the bounds of y.,((G) are studied.
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