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Abstract. In this study, a different perspective was brought to Narayana sequences
and one-, two-, three- and n —dimensional recurrence relations of these sequences were
created. Then, some identities ranging from one to n —dimensions of these recurrences were
created.
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1. INTRODUCTION

In this study, a new recurrence relation has been developed with a new approach to
Narayana numbers in the complex plane. This study also has similar aspects with the
Hosoya’s triangle [1], which was also discussed by Hosoya in 1976. The Hosoya’s triangle
was later taken by the two-dimensional recurrence relation of the Fibonacci triangle also two-
three-, ..., n —dimensional recurrence relation of Jacobsthal numbers is handled [2]. Then
these studies expanded to number sequences such as Padovan and Narayana [3, 4], which
consist of three recurrences.

In this study, the focus is on the characteristic evaluation of the Narayana recurrence
relation in the set of complex numbers in Gaussian integers in the horizontal triplet of any
adjacent points. If we emphasize the recurrence relation formed in these numbers in more
detail, it is said that the recurrence relation formed on the Narayana sequence has the
symmetrical condition occurring in the horizontal and vertical triples of adjacent points.

Certain recurrence equations satisfied by the new numbers are outlined, and using
them, some interesting new Narayana identities are readily obtained. Finally, it is shown that
the numbers generalize in a natural manner to higher dimensions. The Narayana sequence N,,
is defined by the recurrence relation

Nn+3 = Npi2 + Np, No = 0,N; =1, N, = 1[5].

There are many number sequences such as Padovan, Perrin, Leonardo and Tribonacci,
which consist of three recurrences such as Narayana sequences. In addition to these number
sequences, the Narayana number sequence also has many generalizations. One of these
generalizations is the (p, q) —Narayana sequences.

For n € N and since —27g? — 4p3q which is discriminant of third-degree equations,
defined in every case. The (p, q) —Narayana sequence is defined as

Npi3(@,q) = pNpy2(p, @) + qN,(p, q), No(p,q) = 0,N;(p,q) = 1,N,(p,q) = 1[6].
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We can write the first few (p, g) —Narayana sequences as follows:

N3(p,q) = p,Ny(p,q) = p*+ q,Ns(p,q) =p> +pqg +q,
Ne(p,q) = p* + p?q + 2pq,N,(p,q) = p° + p3q + 3p*q + 4% ...

The number G (n, m) is defined in set of Gauss integers as follow [7] Gauss integer
(nm)=n+im; nmE€Z.

The G (n, m) satisfies the following two-dimensional recurrence as follow:

Gn+2,m)=G6n+1,m)+ G(n,m)
Gnm+2)=6(n,m+1)+G(n,m)

where G(0,0) = 0,6(1,0) = 1,6(0,1) = i,G(1,1) = 1 + i are conditions values. In
addition to the dimensional studies in 2" degree recurrences, some of the 3™ degree
recurrence studies were handled on Perrin and Padovan sequences in [8, 9]. For more
information, see all other properties and identities of the three and n-dimensional recurrences
that similar techniques are used in [7, 10-12].

2. NEW RECURRENCES OBTAINED BY TWO-DIMENSIONAL APPROACH TO
(p, 9) —NARAYANA SEQUENCE

In this section, the two-dimensional approach relation of Narayana sequences in the
complex plane will be discussed and also important identities related to them will be given.

Definition 2.1. For m,n € N and —27q% — 4p3q is defined, two-dimensional of Narayana
sequence Ny, " is defined as follow:

n+3m __ n+2,m nm
Np g™ =pNpqg™" +aqNpjg
nm+3 __ nm+2 nm
- - -, . -, . Np,q - pr,q + qu’q
with initial conditions
0,0 _ 1,0 _ 2,0
Npa =0,Nyg =1,Nyq =1

01 _ . a1,1 _ .21 ,
Np’q = l,Np’q =1+ L,Nm =1+pi

0,2 _ . 1,2 _ . 2,2 _ B
Np,q =, Np,q =p+ l,Np,q =p+pi

Proposition 2.2. The following equality holds:
a) Ny, = Nu(p, q)
b) Npg' = iN(p, 9)
C) Nyg' = N1 (D, @) + iNp (D, @)
d) Npg = Nu(p, @) + iNpy1 (9, @)
e) Npg" = Ny(0, Q) N1 (0, @) + iNps (0, ) N (0, @)

Proof:
a) By the recurrence

n+3m __ n+2m nm _
Ny q =pNpq +qN,; ,m= 0
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and mathematical induction, we can prove this equality.
Forn =0, Nyg = No(p,q) = 0. Suppose that for k + 3 < n equality is true. So that

NSE30 = Niws(p, )

Let’s show that it is true for k + 4.

k+4,0 k+3,0 k+1,0
NS0 = pN Ny

o PNy ™" +q = pNi13(0, @) + qNis1(P, ) = Niys(p, ).

From definition of (p, q) —Narayana sequences, this equation holds.
b) By the recurrence
N3 = PN+ aNyn = 0
and mathematical induction, we can prove this equality. For m = 0, N9 = iNy(p, q) = 0.
Suppose that for k + 3 < m equality is true. So that

NS,'Z,‘” = Ni43(D, q)
Let’s show that it is true for k + 4.
Nyt = pNge*® 4 qNI* = ipNys (0, @) + iqNky1 (0, @) = iNgya (0, @).

From definition of (p, g) —Narayana sequences, this equation holds.
c) By the recurrence
N = PN 4 QN = 1
and mathematical induction, we can prove this equality.
Form = 0, N,y = Ny(p,q) + iNo(p,q) = 1. Suppose that for k + 2 < m equality is

true. So that

Nﬁ,’if” = Niy3(p, @) + iNgy2 (0, q)

Let’s show that it is true for k + 3

1,k+3 _ 1,k+2 1,k

Npq ™ =PNpq = +qNpy
= p(Niy3s(® @) + iNgi2(0,q)) + (N1 (p, q) + iNi (D, Q)
= pNis3(0, @) + qNk11 (P, @) + i(PNi+2(p, ) + qNk (D, )

= Ni+a(P, @) + iNey3(p, @)

From definition of (p, q) —Narayana sequences, this equation holds.
d) By the recurrence

n+3m __ n+2,m nm _
Npq” " =pPNpq™" +qNpg , m=1

and mathematical induction, we can prove this equality.
Forn =0,
Ny = No(p,q) + iNy(p,q) = i.
Suppose that for k + 2 < n equality is true. So that

N}])c‘;;z,l = Nk+2(p' Q) + iNk+3 (p, CI)
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Let’s show that it is true for k + 3

Nya™' = pNyg®t + qNyg
= p(Nis2(0, @) + iNyi3(p, @) + q(N(p, @) + iNi11 (D, Q)
= pNi12(p, @) + qN(p, @) + i(PNy+3 (D, @) + qNk+1 (P, @)

= Ni+3(0, @) + iNgya(p, q)

From definition of (p, q) —Narayana sequences, this equation holds.
e) By the recurrence
Nn+3,m _ NTL+2,‘m Nn,m
=piNpg tq

p.q p.q
and
Npa™™> = pNpd™** + aNy "
Form =0,
Npa = No(@, N1 (0, @) + iNpsr (0, )N (0, @) = Ny(p, @)
andn =0

Npdt = No(@, )Ny 1(, @) + iNy (0, QN (9, @) = iNp(p, @) =

the equalities are true.
Suppose that for k + 2 < nand k + 2 < m equalities are true. So that

NESZ™ = Niwo (0, @) N1 0, @) + iNy s (0, O Nin (0, @)

and

NJw*2 = Ny (p, @ Nicys (@, @) + iNpy 1 (0, @) Nt 2 (, Q).

Let’s show that it is true for n = k + 3 and m = k + 3 respectively.

Npg ™ = pNyg ™™ + aNpg"
= p(Nie2 (P, O Nips1 (0, @) + iN13(0, O N (0, @)
+ q(Ne (@, D N1 (0, @) + iNies1 (0, DN (D, )
= Nps1(0, ) (PNie+2(@, @) + qNe (0, @) + iNw (0, ) (@Nie13(0, @) + qNii1 (0, @)

| = Nip+1(0, @ Nis3(p, @) + iNy (D, @) Nira(p, @)
an
k+3 Jk+2 k
Nz?.q = pNz?,q + qu?,q
= p(No (P, D Nis3(D, @) + iNpy1(D, Ny 2 (0, @) + (N, (P, O Nir1 (2, q)
+ iNp 1 (0, )Nk (D, @)
= Ny (0, Q) (PNi13(®D, @) + qNis1 (0, @) + iNpy 1 (0, Q) (PNi12 (P, @) + qNk (D, Q)

o = No (0, DN+ (P, @) + iNp11 (P, O Nie13 (P, @)
is desired.

3. NEW RECURRENCES OBTAINED BY THREE-DIMENSIONAL APPROACH TO
(p, 9) —NARAYANA SEQUENCE

In this section, the three-dimensional approach relation of Narayana sequences in the
complex plane will be discussed and also important identities related to them will be given.
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Definition 3.1. For m,n,k € N and —27q% — 4p3q is defined, three-dimensional Narayana
sequence N.'7* is defined as follow:

n+3mk __ n+2,mk nmk
Npq =PNpgq + qNpq

nm+3,k _ nm+2,k nmk
Np,q - NP,q + Np,q

nmk+3 __ nmk+2 nmk
Np,q - NP,q + Np,q

with initial conditions

0,00 _ 1,00 _ 01,0 _ : 70,01 _ -
N. =0, Npg = 1, Nyg =LN, g =]

p.q
Npg~ =1 Npg" =L Npg™ =]
NE4" = L e = e
NSO = p 4 L NIEE it NS = p kg
Npg"h = 1+pi+pj,Nyg” =p+i+pjNyg” =p+pi+)
N2t =p + pi+p2j, Ny2? = p? + pi + pj, Nog? = p + p%i + pj
NZZ° = p + pi, NJ2? = pi + pj, N2O? = p + pj, N222 = p* + p%i + p?j

Proposition 3.2. The following equality holds.

a) Npy® = Ny (p, ),

b) Ny = iNm(p, @),

0) Npg™ = jNi(p, @),

d) Npa® = Nu(@, @) + iNnsr (9, ),

&) Nyt = N0, @) + jNns1 (0, @),

) Nyt = Nu(0, @) + iNni1 (9, @) + jNpsr (0, @),

9) Npi® = Ny 1 (p, @) + iNi (p, @),

h) Nyt = iNp (0, @) + j N1 (2, 9D,

) Nya"" = N1 (0, @) + jNu (0, @) + jNms1 (2, @),

) Ny = Niwt (0, @) + jNk(p, @),

K) Ny = iNyy1 (p, @) + jN(p, @),

) Npa™ = Niwr 0, @) + iNis1 (0, @) + jNe (0, @),

m) Ny = Ny (@, @) N1 (P, @) + iNpss (0, ) Nin (0, @),

n) Npy© = Nu(@, @) Niesr (0, @) + jNoir (0, )N (0, @),

0) Ny = iNi (@, ) Nic1 (0, @) + jNim11 (0, N, @),

P) Nyt = Ny(0, O N1 (0, @) + iNps1s (0, O Ny (0, @) + jNn11 0, ) Nip1 (0, @),
1) Ny = No @, O Nies1 0, @) + iNps1 0, D Nigs1 0, @) + jNns1 (0, ) Nie(p, 9,
$) Np'a™* = Ny (0, ) Niex1 (0, @) + iNiy (0, O Nics1 (0, @) + jNims1 (0, )N (0, @),
t) Npa ™ = Ny (@, @ Niper @, @ Niesr @, @) + iNyos 0, DNy (0, O Nis1 (0, @) +
JNn+1(®, @) N1 (0, O Nic (0, Q).
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Proof: The proofs are easily shown in mathematical induction as in Proposition 2.2. The
fourth-dimensional recurrences of the (p,q) —Narayana sequence are called quaternions.

Similar studies can be found in [13-18].

4. NEW RECURRENCES OBTAINED BY n-DIMENSIONAL APPROACH TO

(p,g)—NARAYANA SEQUENCE

In this section, the n-dimensional approach relation of Narayana sequences in the
complex plane will be discussed and also important identities related to them will be given.

Definition 4.1. For kg, kq, k5, ..., k,_; € N and —27q? — 4p3q, is defined, n —dimensional

Narayana sequence Nﬁﬂl‘kl‘kz""‘k”‘l is defined as follow:

NKo+3kka kng _ Kot 2 kg kny | o Kok K

p.q b.q pq !

kok1+3Kzkno1 _  rrKoki+2.kz,kn1 ko.k1,k20.mkn—1
N "l =pN "4 gNy g not

b.q p.q

p.q b.q

NKot3 ke k143 _ kao+2,k1,k2,...,kn_1+2 N quo,kl,kz,...,kn_l
p.q

with initial condition

0,0,0,.,0 _ 1,0,0,.,0 _ 0,1,0,.,0 _ 0,0,0,,1 _
Npq = 0,Np)q =1L Ny = C1, s Npjg = Cn-1

N;,';'l""'l =1+4+c+cy+tce3+ -+ cpq,

N;},{(I),O,...,O — 1, NI())'(?'O'""O =cy, ."’ng)',((l),o,...,Z =cp 1,

Npg“ % = p" 4+ p" e +p e o P e,

Nyg 220 = pn=2 4 p"=2ey + p"2ey + -+ PRy,

NZ 22200 = pn=38 4 pn=3c, 4 pn=3c, + - + P3¢, 4

Nﬁ’;’l’l""’l =1+pc +pcy + -+ pCpH_1,

N;"g’l’l""’l =p+c+pcy+ -+ pCy_yq,

Npg " = p 4+ pey + Pey + - + Penoz + Cnoy,

Nﬁ’;’l’l""’l =p +pcy + p?cy + pes + o+ i,y

N;";’l""’l’z’z =p? + p?c; + p%c, + p?c3 + -+ PPz + PCy_y + PCH_1,
Nygo %% =1+ ¢y,

N;))},((;,O,....,O,l,l = Cpy + Cnt,

NIA0-00 = gy,

T I DA

Npg 2220 = ph 2 4 p" ey + p" 2oy + o+ P o + P e,
Npig 2% = phl 4 pn2e; + p" 2, + 4 PR,

Npg #7722 = p2c; + pey + pes + -+ + pen_y,

N;},(;,O,O...,O =1 4+ pey, N;',g,l,l,O,O...,O =p + pcy + pzcz + p2C3,

Ny 000 = p2 4 p2e;y + pPey + p3cs + Py,

NEZ99-0 = p 4 pey 4 pes

WWW.josa.ro
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2,2,2,2,1,1,00,..,0
N

2.q =p*+pic; +p3c, + picz + ptey + pies,

k n—-k-2

222,231,000 _ k-1, k-1 K1 . .
Mo =p" T AP T e+ A DT o Pk + P Cherr + 0Ckiq + 00+ Oc.

Note that here the unit vectors are ¢, = 1, ¢4, ¢y, ..., Cp—q.

Proposition 4.2. The following equality holds.

8) Ny ™" = N, (0, ),

b) Npig ™" = c1Nii, (P, @),

0) Ny 11 = ¢y Ny, (9, ),

d) Npyo % = Ny, (9, 9) + €1 Niy 41 (0, ),

&) Ny 9%t = Ny (9, 9) + o1 Nig+1 (. @),

f) Ny ™! = Niy (0, @) + 1N 41, @) + -+ + CneaNieg o1 (2, 9),
Q) Npi?® ™ = N1 (2, @) + &1 Ny, (0, @),

h) Né’,’c’fl’o""’l = ¢1Ni, (0, 9) + 1Ny, 11(0, @),

i) Ny = Nig a0, @) + 1N, 0,9) + -+ + i Ny 41 (0, 9),
j) Np2Oknt = Ny (0, @) + cnaNiey, (0, 9),

K) Ny " = €1 Nigy 41 (0, @) + Cp-1Ni,, (2,0,

) Nyl "m0 = Ny o1 (0, @) + €1Niey41(P, @) + -+ + o1 Niey, (0, 0D,
m)Nko,kl,kz,...,O —

Cn—2Nk,+1(@ O Ny, +1(0, @) ... Ny, (0, q),

n)N;,(c)[O'kz’m'kn_l _

Ni, (p, Q)Nk2+1(19, q) .. Nkn_1+1(P, q) + Csz0+1(P: Q)Nkz ® Q) .. Nkn_1+1(P' q)+ -+

Cn-1Nk,+1(® O Niy+1(0, @) ... N, (D, ),

O)Nz?"gl'kz""'kn_l —

1Nk, @ Ni,+1(0, @) .. Ny, 410, @) + 2N 410, DNy, 0, @) .. Nk, 410, q) + -+ +

Cn—2Ni,+1(@ D Niy41(®, @) ... Ny, (0, 9),

p)Np’(’(()I,kl,kz,...,l —

NkO (p, q)Nle(p, q) .. Nkn_2+1(P, q) + C1Nk0+1(p; Q)Nk1 ®,q) .. Nkn_2+1(P' q)+ -+

Cn—2Nko 410 D Ni, 410, @) . N, (0, @) + cn_1Niy 410, O Ny, 410, @) . Ny, +1 (0, @),
ko, Lko,.okpn—1 __

r)Np.q -

Ny, @, DNiy1@, @) - Nie, 410, @) + 1Nk 410, QO Ny, 110, @) - Ny, +1(0, @) +

2Nk 410 DN, 0, @) . Ny, 410, @) + -+ o1 Nigy 410, DNy, 41 (0, @) - N, (0, @),
0,k1,kp,0kn—1 __

S)Np,q -

N, s1@ D Niy 10, @) . Ny, 410, @) + c1 Nk, (0, O Ni, 41, @) . Ny, 10, @) +

2Nk, +1(0 DN, 0, @) .. Ny, 410, q@) + -+ + cn2Ng, 410, Ny, 11(0, @) .. Nk, (0, q),
kO'kl'ka""kn—l —

N, =

Ny @ DNy, 110, @) - Ny, 410, @) + 1Ny 11 (0, O N, 0, @) - Ny, 410, @) + - +

Cn-1Nk,+1(® DNy, +1(0, @) ... N, (D, ).
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Proof: The proofs are easily shown by mathematical induction as in Proposition 2.2.
5. CONCLUSION

In this study, significant extensions of Narayana sequences in the complex plane are
mentioned. Firstly the two dimensional expansions a + bi, a,b € Z and i imaginary units,
then the three dimensional expansions a + bi + cj, a,b,c € Z and i,j imaginary units, and
finally n —dimensional expansions a; + a,c; + asc; + -+ a,c, and a,,a,,as, ...,a, € Z
1, Cy, .., Cpimaginary units and important identities are discussed.

Acknowledgment: The authors thank the referees for their valuable suggestions and
comments which improved the presentation of the paper.
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