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Abstract. In this study, we introduce and study the concept of strongly hyperbolic type 

convexity functions and their some algebraic properties. We obtain Hermite-Hadamard type 

inequalities for the strongly hyperbolic type convex functions. After that, by using an identity, 

we get some inequalities for strongly hyperbolic type convex functions. In addition, we 

compare the results obtained with both Hölder, Hölder-İşcan inequalities and power-mean, 

improved power-mean integral inequalities. 
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1. INTRODUCTION 

 

Convexity theory provides powerful principles and techniques to study a wide class of 

problems in both pure and applied mathematics. In recent years, the theory of inequalities and 

convex functions, and therefore the definition of convex function, has been the subject of 

continuous innovative research. Mathematical inequalities and convexity theory play a key 

role in understanding a range of problems in various fields of mathematics and the other 

branches of sciences such as economics and engineering. Many articles have been written by 

a number of mathematicians on convex functions and inequalities for their different classes, 

using, for example, the last articles [1-6] and the references in these papers. 

A function       is said to be convex if the inequality  
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is valid for all       and       . If this inequality reverses, then   is said to be concave on 

interval    . 

  Let       be a convex function. Then the following inequalities hold 

 

 (
   

 
)  

 

   
∫  

 

 

 (     
 (    (  

 
 (1) 

 

for all       with    . Both inequalities hold in the reversed direction if the function   is 

concave. This double inequality is well known as the Hermite-Hadamard inequality [7]. Until 

                                                 

 
1
 Bayburt University, Faculty of Education, Department of Primary Education, Baberti Campus, 69000 Bayburt, 

Turkey. E-mail: huriyekadakal@hotmail.com.  
2
 Bayburt University, Faculty of Applied Sciences, Department of Customs Management, Baberti Campus, 

69000 Bayburt, Turkey. 

*Corresponding author: mahirkadakal@gmail.com.  

mailto:huriyekadakal@hotmail.com
mailto:mahirkadakal@gmail.com


 Multiplicatively preinvex P-functions Huriye Kadakal and Mahir Kadakal                                                                    

 

www.josa.ro Mathematics Section 

588 

now, many inequalities have been established for convex functions and their types, but it must 

be admitted that the most famous inequality is the Hermite-Hadamard integral inequality 

because of its rich geometric significance and applications. Note that some of the classical 

inequalities for means can be derived from Hermite-Hadamard integral inequalities for 

appropriate particular selections of the mapping  . 

 

Definition 1. [8] Let       be a non-negative function,      We say that       is an  -

convex function, or that   belongs to the class   (    , if   is non-negative and for all        
  (     we have  

 

  (   (        (   (    (     (    
 

If this inequality is reversed, then   is said to be  -concave, i.e.     (    . It is 

clear that, if we choose  (     and  (    , then the  -convexity reduces to convexity 

and definition of  -function, respectively. Readers can look at [8,9] for studies on  -

convexity. 

 

Definition 2. [10] Let     be an interval and   be a positive number. A function       
  is called strongly convex with modulus   if  

 

  (   (         (   (     (     (    (      
 

for all       and   [    .  
The definition of the strongly convex functions have been introduced by Polyak [10], 

and the strongly convex functions play an important role in optimization theory, variational 

inequalities, mathematical economics, nonlinear programming, approximation theory and 

other branches of pure and applied mathematics. Since strongly convexity is a strengthening 

of the notion of convexity theory, some properties of strongly convex functions are just 

stronger versions of known properties of convex functions. Many properties and applications 

about strongly convex functions can be found in the literature. For more information on 

strongly convex functions, see [11-14] and references therein. 

 

Definition 3. [15] The function         is called hyperbolic type convex function if for 

every       and   [    ,  
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In [15], the authors obtained the following Hermite-Hadamard type inequalities for the 

hyperbolic type convex functions: 

 

Theorem 1. [15] Let   [       be a hyperbolic type convex function. If       and 

   [    , then the following Hermite-Hadamard type inequalities hold:  
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Theorem 2. (Hölder-İşcan integral inequality [16]) Let     and 
 

 
 

 

 
  . If   and   are 

real functions defined on interval [     and if | | , | |  are integrable functions on [      then 



Multiplicatively preinvex P-functions Huriye Kadakal and Mahir Kadakal                                                                   

ISSN: 1844 – 9581 Mathematics Section 

589 

∫  
 

 

| (   (  |   
 

   
{(∫  

 

 

(    | (  |   )

 
 

(∫  
 

 

(    | (  |   )

 
 

 

 (∫  
 

 

(    | (  |   )

 
 

(∫  
 

 

(    | (  |   )

 
 

}  

(3) 

 

Theorem 3. (Improved power-mean integral inequality [17]) Let    . If   and   are real 

functions defined on interval [     and if | |, | || |  are integrable functions on [      then 
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In recent years, in most of the studies on strongly hyperbolic type convex functions, 

after algebraic properties are given, Hermite-Hadamard type integral inequalities are obtained 

with the help of any identity. It will be seen that there is no comparison between the 

inequalities obtained in these articles. However, it should be noted that in this paper we 

obtained inequalities that give better approximation by using both Hölder-İşcan and improved 

power-mean integral inequalities. In the articles in the references of this study, inequalities 

that give a better approximation were not obtained. For more information on Hölder-İscan 

integral inequalities, see [18-21] and references therein. 

This article is organized as follows. In Chapter 2, we introduce a new concept, which 

is called strongly hyperbolic type convexity, and we give by setting some algebraic properties 

of them. In Chapter 3, we obtain the Hermite-Hadamard inequality for strongly hyperbolic-

type convex functions. In Chapter 4, by using an identity we establish new estimates that 

refine Hermite-Hadamard inequality for strongly hyperbolic type convex functions. Then, we 

compare the results obtained with both Hölder, Hölder-İşcan inequalities and power-mean, 

improved power-mean integral inequalities. 

 

 

2.  MAIN RESULTS FOR THE STRONGLY HYPERBOLIC TYPE CONVEXITY 

 

 

In this section, we introduce a new concept, which is called strongly hyperbolic type 

convexity, and we give by setting some algebraic properties for the strongly hyperbolic type 

convex functions, as follows: 

 

Definition 4. Let     be an interval and   be a positive number. The function         

is called strongly hyperbolic type convex function with modulus   if for every       and 

  [    ,  
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We will denote  the class of all strongly hyperbolic type convex functions on   by 

   (    In the following theorems some algebraic properties of strongly hyperbolic type 

convex functions are given. 

 

Theorem 4. Let     [      . If   and   are strongly hyperbolic type convex functions, then 

    is strongly hyperbolic type convex function and for    (   )    is strongly 

hyperbolic type convex function.  

 

Proof: 

(i) Let     be strongly hyperbolic type convex functions and       be arbitrary, then 
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(ii) Let   be strongly hyperbolic type convex function,       be arbitrary and    (  
 ), then 
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Theorem 5. Let     and    [       be an arbitrary family of the strongly hyperbolic 

type convex functions and let  (         (  . If   {  [      (    } is nonempty, 

then   is an interval and   is a strongly hyperbolic type convex function on interval  .  
 

Proof: Let   [     and       be arbitrary. Then  
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This shows simultaneously that   is an interval, since it contains every point between 

any two of its points, and that   is a strongly hyperbolic type convex function on interval  . 
This completes the proof of theorem.  

 

 

3.  HERMITE-HADAMARD INEQUALITIES FOR THE STRONGLY HYPERBOLIC 

TYPE CONVEX FUNCTIONS 

 

 

In this section, we obtain the Hermite-Hadamard integral inequalities for strongly 

hyperbolic type convex functions. Also, we will denote the space of (Lebesgue) integrable 

functions on interval [     by  [      
 

Theorem 6.  Let   [       be a strongly hyperbolic type convex function with modulus  . 

If       and    [    , then the following Hermite-Hadamard type inequalities hold:  
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Proof: From the propery of the strongly hyperbolic type convex function of the function  , we 

obtain  
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By taking integral in the last inequality with respect to   [    , we deduce that  
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By using the property of the strongly hyperbolic type convex function  , if the 

variable is changed as      (       then  
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This completes the proof of theorem.  

 

Corollary 1. If we take     in the inequality (5), we get the following inequality: 
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This inequality coincides with the inequality (2) in [15].  

 

 

4.  NEW INEQUALITIES FOR THE STRONGLY HYPERBOLIC TYPE CONVEX 

FUNCTIONS 

 

 

In this section we establish new estimates that refine Hermite-Hadamard inequality for 

functions whose first derivative in absolute value, raised to a certain power which is greater 

than one, respectively at least one, is strongly hyperbolic type convex function. Dragomir and 

Agarwal [22] used the following lemma: 

 

Lemma 1. Let        be a differentiable mapping on   ,        with      If     [    , 
then the following equality holds:  
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Theorem 7. Let         be a differentiable function,      ,     and     [    . If 
|  | is the strongly hyperbolic type convex function with modulus   on interval [    , then the 

following inequality holds for   [    ,  
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Proof: Because the function |  | is the strongly hyperbolic type convex function, we can write 

the below inequality,  
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This completes the proof of theorem.  

 

Corollary 2. If we take     in the inequality (6), we get the following inequality: 
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This inequality coincides with the inequality in [15]. In the following two theorems, 

we get the new integral inequalites by using the Hölder integral inequality. 

 

Theorem 8. Let         be a differentiable function,      ,          
 

 
 

 

 
   

and     [    . If |  |  is a strongly hyperbolic type convex function with modulus   on 

interval [    , then the following inequality holds for   [    ,  
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Proof: Since |  |  is a strongly hyperbolic type convex function, we can write the following 
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This completes the proof of theorem.  

 

Theorem 9. Let         be a differentiable function,      ,          and    
 [    . If |  |  is a hyperbolic type convex function with modulus   on the interval [    , then 

the following inequality holds for   [    ,  
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Proof: Firstly, we assume that    . From Lemma 1, Hölder integral inequality and the 

property of the strongly hyperbolic type convex function of |  | , we have  
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Secondly, let      We use the estimates from the proof of Theorem 7, which also 

follow step by step the above estimates. This completes the proof of theorem.  

 

Corollary 3. Under the assumption of Theorem 9 with     and    , we get the 

conclusion of Theorem 7 as follow: 

 

|
 (    (  

 
 

 

   
∫  

 

 

 (    | 

 
   

 
[
|  (  |

     
(
 (    

√ 
 

    

  
  )  

|  (  |

     
(
  

 
 

 

  
 

 

√ 
  √   )]  

  

Corollary 4. Under the assumption of Theorem 9 with    , we get the following inequality: 
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This inequality coincides with the inequality in [15].  

 

Corollary 5. Under the assumption of Theorem 9 with    , we get the following 

inequality: 
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In the following theorem, we get new integral inequality by using Hölder-İşcan 

integral inequality. 

 

Theorem 10. Let         be a differentiable function,      ,          
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This completes the proof of theorem.  
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Corollary 6. Under the assumption of Theorem 10 with    , we get the following 

inequality: 
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This inequality coincides with the inequality in [15].  
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This completes the proof of  the remark. In the following theorem, we get new integral 

inequality using improved power-mean integral inequality. 

 

Theorem 11. Let         be a differentiable function,      ,          and 

    [    . If |  |  is a strongly hyperbolic type convex function with modulus   on the 

interval [    , then the following inequality holds for   [    .  
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where 
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Proof: Firstly, we assume first that    . From Lemma 1, improved power-mean integral 

inequality and the property of the hyperbolic type convex function of |  | , we obtain  
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where  
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Secondly, let      Then we use the estimates from the proof of Theorem 11, which 

also follow step by step the above estimates. This completes the proof of theorem.  

 

Corollary 9. Under the assumption of Theorem 11 with    , we get the following 

inequality: 
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This inequality coincides with the inequality in [15].  

 

 

Corollary 10. Under the assumption of Theorem 10 with     and    , we get the 

following inequality: 
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Corollary 11. Under the assumption of Theorem 10 with    , we get the following 

inequality: 
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Remark 2. The inequality (11) gives better result than the inequality (8). Let us show that 
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If we use the concavity of the function   [      ,  (           , we get 
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where  
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which completes the proof of remark.  
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