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Abstract. The purpose of this study is to define the 2-absorbing intuitionistic fuzzy
ideals and 2-absorbing intuitionistic fuzzy primary ideals of commutative semirings, as well
as to describe their characteristics. Furthermore, we define the cartesian product of the 2-
absorbing intuitionistic fuzzy primary ideals of commutative semirings.

Keywords: 2-absorbing ideal; 2-absorbing primary ideal; 2-absorbing intuitionistic
fuzzy ideal.

1. INTRODUCTION

In commutative theory, prime ideals and primary ideals are essential elements.
A number of generalizations of prime ideals have been looked various scientists.
Badawi presents the idea of a 2-absorbing ideal (2Al) in [1] as a unigue gener-
alization of prime ideals, while 2-absorbing primary ideals (2API), which are a
generalization of primary ideals, were proposed in [2]. Prime fuzzy ideals and pri-
mary fuzzy ideals are also offered in [3, 4]. In various ways, Badawi improved the
research on these ideas in [5] and [2]. This notion was thoroughly studied by a
number of additional researchers (see [6- 8]).

The use of mathematics in other fields of science is important, and during the
past several decades, this has been one of the main goals of the work of Fuzzy Set
Theory specialists all over the world. Numerous scientists began using fuzzy sets
in a variety of scientific domains after Zadeh [9] introduced the traditional concept
of fuzzy sets in 1965. In 1971, Rosenfeld [10] first the use of fuzzy sets in algebraic
structures. The idea of a fuzzy ideal of a ring was then explained by Liu [11]. Fuzzy
ideals were shown by Mukherjee and Sen by introducing the idea of prime fuzzy
ideals [3].

The concept of an intuitionistic fuzzy set was first developed by Atanassov in
1986 as an extension of Zadeh’s fuzzy sets [9]. Furthermore, Hur et al. concentrated
on the idea of intuitionistic fuzzy subring in [12] and a number of authors have
since tried to generalize the idea. Marashdeh et al. [13] provided an explanation
of how the idea of intuitionistic fuzzy rings depends on the idea of fuzzy space.
Sharma in [14] refined the translations of intuitionistic fuzzy subrings. Interval
valued intuitionistic fuzzy sets were introduced to the broader environment by Chao

! Yildiz Technical University, Department of Mathematics, 34220 Istanbul, Turkey.

E-mail: mozkan@yildiz.edu.tr; uvayten@yildiz.edu.tr

2 Yildiz Technical University, Mathematical Engineering, 34220, Istanbul, Turkey. E-mail: sonar@yildiz.edu.tr
*Yildiz Technical University, Faculty of Arts and Sciences, Department of Mathematics, Istanbul, Turkey.
E-mail: rabiaayan408@gmail.com.

https://doi.org/10.46939/J.Sci.Arts-23.1-al15 Mathematics Section



mailto:mozkan@yildiz.edu.tr
mailto:uayten@yildiz.edu.tr
mailto:sonar@yildiz.edu.tr
mailto:rabiaayan408@gmail.com

188 2-Absorbing intuitionistic fuzzy ideals of ... Erdogan Mehmet Ozkan et al.

et al. in [15]. Darani investigates and analyzes L-fuzzy 2-absorbing ideals in [16].
The idea of L-fuzzy 2-absorbing ideals in semiring was proved by Hashempoor et
al. in [17].

The principal objective of this paper is to review the algebraic structure of 2Al by
applying intuitionistic fuzzy set theory. The concept of 2-absorbing intuitionistic fuzzy ideals
(2AIFIS) will be examined, along with some of its algebraic properties. Properties of the
cartesian product of these ideals have been provided in accordance. Finally, the image and
inverse image of these ideals has been defined under semiring homomorphism.

2. PRELIMINARIES

2.1. SEMIRING

A semiring is an algebraic structure (,+.,0,1) with the following axioms:
i) (3,+,0) is a commutative monoid,
i) (3,.,1) is amonoid with 10,
iii)r(s+t)=rs+rt and (S+t)r=sr+tr forall r,s,teJ,
iV)r.o=0.r forall re3.

If a semiring I is commutative satisfies rS=Sr for all I,S€ 3. In this paper, all
semirings are commutative.

Definition 1. [18] A subset %@ of a semiring 3 is a subsemiring of 3 if it contains 0,1 and
is closed under the operations of addition and multiplication in 3.

Example 1. [18] 3 is a semiring then P(J)={0}U{s+1:se 3} is a subsemiring of 3.

Definition 2. [18] Let I be a semiring. A nonempty subset Q of 3 is called a left ideal of
s ifforall r,SeQ andforall peJ, r+seQ, paeQ (Q=3J).

Theorem 1. [18] The following conditions on an ideal Q of a semiring = are equivalent:
i) Q is prime;
i){rps: pe3}cQifandonlyif reQ or seQ;
iii) If T and S are elements of 3 satisfying (r)(s) < Q then either reQ or
seQ).

Corollary 1. [18] An ideal Q of a commutative semiring 3 is prime if and only if rseQ
implies that re QQ or seQforall elements I' and S of 3.

Theorem 2. [18] If Q is an ideal of a commutative semiring 3 then «/5 is a prime ideal of

~

S
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Definition 3. [1] Let 3 be a commutative semiring with identity. A proper ideal Q of 3 is
said to be 2- absorbing provided that whenever I,S,t €3 with rsteQ then either rs e Q or

rneQ or steQ. 3 is called a 2- absorbing semiring if and only if its zero ideal is 2-
absorbing.

Definition 4. [2] A proper ideal Q of T is called 2- absorbing primary ideal of 3
(2APIS(3)) if whenever I,S,teJ with rsteQ, then either rseQ or rteQ or steJQ.

Theorem 3. [2] If Q isa 2APIS(T), then Q is a 2-absorbing ideal of 3 (2AIS(3)).

Theorem 4. [1] Assume that Q is a nonzero proper ideal of a semiring 3 and the following
conditions are equivalent

i) Q isa2AlIS(3).
i) If QQ,Q, cQ for some ideals €,,Q,,Q, of I, then QQ,cQ or
Q0Q, cQ or Q,0, Q.

Example 2. Let the ideal Q=(45) in Z. On account of 3.3.5€ €, but 3.3 and35¢ Q.

So, Q is not a 2Al. On the other hand, it is obvious that Q is a 2API. It is obvious that 2-
absorbing and 2-absorbing primary are various concepts. It seems that every primary ideal of
commutative ring is a 2API, however, the opposite might not be true. Consider (15) is a 2API

of Z, though (15) is not a primary ideal of Z.
2.2. INTUITIONISTIC FUZZY SETS.

Definition 5. [18] A fuzzy subset ® inaset R isa function ®:R —[0,1].

Definition 6. [19] The intuitionistic fuzzy sets are defined on a non-empty set R as objects
having the form

A={(r,o(r),¥(r))|reR}

where the functions ®:R —[0,1] and ¥:R —[0,1] denote the degrees of membership and

of non- membership of each element r R to set A, respectively, 0 <®D(r)+¥(r) <1 for all
reR.

Definition 7. [12] Let R be a nonempty set and let A=(®d,,¥,) and B=(D;,'¥;) be
intuitionistic fuzzy sets in X . Then,

(1) AcB iff o,<®; and ¥, =¥,
(2) A=B iff AcB and Bc A,
(3) Ac=<TA1®A>,

(4) ANB=(D,AD,, Y, vY;),
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(5) AuB=(D,vD,, ¥, AY;).

Definition 8. [20] Let 7,0 €[0,1] with ¥+0 <1. An intuitionistic fuzzy point, written as

s IS defined to be an intuitionistic fuzzy subset of R, given by

(

| (r,0), ifr=s,
" (8) = {(0,1), ifr s,

An intuitionistic fuzzy point x, , is said to belong in intuitionistic fuzzy set (®,¥)
denoted by r, ,, e(®,¥) if ®(r)=y and ¥(r)<J and we have for I,s€R

D) foa+ Yo =T+ 000

) 150800 = (1) (pavs)

iit) <r(p,q)><s(y,5)> = <r(p,q)s(%5) > '

Definition 9. [21] Let Q be an intuitionistic fuzzy setinaset R and P,q€[0,1] such that

P+q<1. Then, the set
QPP =freR | ®,(r)>pand ¥, (r)<q}

is called (P,q) level subset of Q.

2.3. INTUITIONISTIC FUZZY IDEALS OF SEMIRINGS.

Definition 10. [19] Let 3 be a semiring. An intuitionistic fuzzy set
A={(r,®(r),"¥(r))| r € 3} is said to be an intuitionistic fuzzy ideal of T if VI,S€J

i) O(r+3)>d(r) AD(s),
i) W(r+s)<W(r)vY¥(s),
iii) O(rs)>d(r) v d(s),
iv) P(rs) <W(r) AY(s).

Definition 11. [4] Let Q=(®,,¥,) be an intuitionistic fuzzy ideal of 3. Then,vQ is
called the radical of Q and it is defined by Q(r) =v,_,Q(r").

n>1

Theorem 5. [24] If Q and @ are intuitionistic fuzzy ideals of 3, then VQN©® =x/§m«/6.

Theorem 6. [22] Let f 3 — R be a semiring homomorphism and let Q be an intuitionistic

fuzzy ideal of 3 such that Q is an constant on Ker f and @ be an intuitionistic fuzzy ideal
of ®. Then,
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i) JT(Q) = f(Q),
i) | f1(©) = f1(VO).

Also, we will give intuitionistic fuzzy prime and primary ideals.

Definition 12. [18] An intuitionistic fuzzy ideal Q=(®,,,¥,) of 3 is called intuitionistic
fuzzy prime ideal, if for any intuitionistic fuzzy ideals A=(®,,¥,) and B=(®d,,¥;) of

~

)
the condition AB < Q implies that either AcQ or Bc Q.

Definition 13. [23] A fuzzy ideal Q of a semiring 3 is called intuitionistic fuzzy primary
ideal of
d,(rs)=d,(r) and V¥, (rs)=Y,(r)
or
D, (rs) <D, (s") and W, (rs) =¥, (s")

forall ,Se3, and NeZ".

3. 2-ABSORBING INTUITIONISTIC FUZZY IDEALS OF SEMIRING

In this part, we will focus on 2AIFIS.

Definition 14. Let Q be an intuitionistic fuzzy set and 3 be a semiring. An intuitionistic
fuzzy ideal Q=<®,¥ > of semiring 3 is said to be 2AIFIS(J)

®(rst) >y implies ®(rs) >y or d(st)>y or d(rt) >y, .
W(rst) <o implies W(rs)<o or WP(st)<d or W(rt) <7, @)
forall I,S,te3J and 7,0 €[0,1].

Example 3: Let Sz{o,d, f,h, g} be a set under addition + and the multiplication . given as
shown

0 d f h g -0 d f h g
00 d f h g 0[{0 0 0 0 0
d|d f h g 0 d{0 d f h g
f{f h g 0 d f10 f g d h
hfh g 0 d f h{0 h d g f
glg 0 d f h g0 g h f d
Figure 1. Addition Figure 2. Multiplication

Then (3,+,) forms a commutative semirings. Define intuitionistic fuzzy subset
Q=<®,¥> of 3 by @=(1,0)/0+(0.4,0.3)/d +(0.5,0.7)/ f +(0.2,0.8)/h+(0.3,05)/g .
Then Q=<®,¥ > is a 2AIFIS( ).
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Example 4: Let Q=(A,5) be an intuitionistic fuzzy ideal defined by

1 ifxel8Z
0, otherwise

1 (X)— 1 ifxel8Z
@A™ 0, otherwise

5,(0=1

It is obvious that Q is a 2AIFPIS. However, Q is not a 2AIFIS since 2, 3, 3., €2, but

200300 22 and %3, ,3,, £Q.
Definition 15. An intuitionistic fuzzy ideal Q =< ®, ¥ > of 3 is said to be 2AIFPIS( )

d(rst) > y implies ®(rs) >y or \E(st)Zy or ﬁ(rt)z;/,

2
P(rst) <5 implies W(rs) <& or J¥%(st)<s or J¥(rt) <5, @

forall I,S,teJ and 7,0 €[0,1].

Theorem 7. Let Q be an intuitionistic fuzzy subset of 3. Then, Q is a 2AIFIS(3) if and
only if 3, ,, isa2AIS(J).

Proof: (=): Let Q is a 2AIFIS(3) and we want to show that Q  ; is a 2AIS(J). Take
rsteQ,, , suchthat I,8,te3 and 7,0 €[0,1]. In view of the fact Q2 is a 2AIFIS( T ), we get

rsteQ ;= @(rst)>y and W¥(rst)<o
= ®(rs) >y or ®d(st)>y or d(rt)>y and
Y(rs)<o or W(st)<o or W(rt)<o

=>rseQ) or steQ or rteQ)

(7.6) (7.6) (7.0)"

Therefore, &, isaa2AIS(J).

(<) On the contrary, assume Q be intuitionistic fuzzy subset of 3 with Q5 Isa2AIS
(3)for everyy,0€[0,1], however Q is not a 2AIFIS(S). That being the case,
D(rst) >y doesn’t indicate ®(rs)>y or ®(st)>y or O(rt)>y, and Y(rst)<oJ doesn’t
show W(rs)<o or Y(st)<6 or WP(rt)<o for r,5t,€3I and 7,0 €[0,1]. It means that
rsteQ , doesn’t give rseQ , Or steQ , Or rteQ . Thisis a contradiction with
Q5 is a 2AIS(3). So, our basis assumption is not true. Hense, we reach Q is a

2AIFIS(3).

Theorem 8. Let ® be a 2AIS(3) and 7,0 €[0,1]. Then an intuitionistic fuzzy subset Q of
3 given as

@0); aeQ
(A,w);  otherwise

©(a) = { (3)

Then © isa2AIFIS(3J).
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Proof: Take ® be a 2AIFIS(S) and I,5,t€ 3. Presume that ®(rst) >y and W(rst)<o.

Condition I: y=land 5§ =0 rst €@, iImplies that rst e ®. Then, in case
d(rs)<y=1or d(st)<y=1or O(rt)<y=1 and
Y(rs)>o6=0 or W(st)>6=0 or ¥(rt)>o=0.

It follows that IS¢ ®,st® and rt ¢ ®. That is a contradiction in terms of @ is a
2AIS(33).

Condition 1l: y=Aand s =w
In view of this O(rst) = (A W) such that ®(rst)=A and ¥(rst)=w. Providing one
of them O(rs) or O(st) or O(rt) is equal to (A, W). In all other respects, all of O(rs),O(st)

and ©(rt) is equal to (1,0). In that event, IS,St,rt € ® | though rst ¢ ®. This is a contradiction
on @ is a 2AIS( ). Consequently, the proof is finished.

Theorem 9. Let Q be a 2AIFPIS(S ). Then VQ is a 2AIFIS(3).

Proof: Let Q be a 2AIFPI( ). Assume that /Q(rst) = (y,5) for I,S,teJ and 7,0 €[0,1].
It follows that

J(S(rst) >y and \/‘?(rst) <0.
It means that

JO(rst) > y = v{O(rst) | k e Z > 7}
= v{D(r's't) ke Z >y}
and
¥ (rst) <5 = v{¥(rst) | k e Z < 5}
= v{¥(r*st“) k e Z < 6}.

Presume taht st,rt ¢ </Q such that st,rt ¢ /@ and st,rt ¢ ¥ . Thus

JoOs't*) 2y and Jo(rt) 2y
JY () ¢ and VP (r't) g6
for 7,0€[0,1] and ke Z.
In view of the fact that Q is a 2AIFPIS(Z), we have ®((r*s*)')>y and
Y((rs*)") <& for some |  Z and hence

V{O(r's")ueZ=>y}
AMYE(r's")ueZ< 6}
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It means that rSG\/a and I’Seﬁ , SO rSe\/E. Consequently \/5 is a
2AIFIS( ). Now, we will show intersection of non-empty family of 2AIFIS(Z) is also
2AIFIS(3).

Theorem 10. Let €; be a non-empty family of 2AIFIS(S) for i=12,--- . Then (N, is

also
2AIFIS(3).

Proof: It is trivial that intersection of a non-empty family intuitionistic fuzzy ideals of J is
also an intuitionistic fuzzy ideals of 3. Then for 2AIS, let {€ :ieJ} be a non-empty

collection of 2AIFIS() and I,S,t€ 3. Then, we get

(Ne)rs = (.6)
= (N®,)rsty>y and (J¥,)(rst) <5
= A{ds)i (rst)}>y and v{‘PiE(rst)}S 1)
:>A{d)i(rs)}2;/ or /\{<Di(st)}27/ or /\{<Di(rt)}27/
and ) ] ]
\_/{\Pi(rs)}§5 or v{\Pi(st)}s5 or v{\IJi(rt)}s(?
:(ﬂ@i)(rs)zy or (ﬂd)i)(st)Z;/ or (ﬂd)i)(rt)zy
and
(U‘Pi)(rs)sﬁ or (U‘Pi)(st)£5 or (U‘Pi)(rt)gd
= (N2)s)2 (.6) or (NQ )60 =(,6) or (NQ))=(,6).

Thus, () is a 2AIFIS(T).

iel

Theorem 11. Let €; be a non-empty family of 2AIFPIS(3) for 1=12,--€J . Then N,
is also a 2AIFPIS( ).

Proof: Straightforward.

Theorem 12. Let p:3, = 3, be a homomrphism of semirings and Q be a 2AIFIS(S, ).
Then, p(Q) is also a 2AIFIS(3,).

Proof: Let p:3, > 3, be a homomrphism of semirings and Q be a 2AIFIS(SJ, ). Now for
r,s,te3 and 7,0 €[0,1].
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pHQ)(rst) > (7,9)
= p (D)(rst) >y and p *(P)(rst) <o
= O(p(rst)) >y and W(p(rst)) <o
= ®(p(r)p(s)p(t)) =y and Y(p(r)p(s)pt)) <5
= O(p(r)p(s)) zy or ®(p(s)p(t))zy or ®(p(r)p(t)) =y and
Y(p(r)p(s)) <o or Y(p(s)p(t)) <o or ¥(p(r)p())<s
= p H(D)(rs) >y or pH(D)(st)=y or pH(D)(rt) >y and
pH(P)rs)<y or p(P)(st)<y or pH(¥)(rt) <y
= pH(Q)(rs) 2 (7,6) or p™(Q)(st) = (y,6) or p(Q)(rt) > (y,6).

Hence, p () is also a 2AIFIS(3,).

Theorem 13. Let p:3, — 3, be a homomrphism of semirings and @ be a 2AIFIS(SJ,).
Then, p(0) is also a 2AIFIS( S, ).

Proof: Straightforward.

Theorem 14. Let Q,, Q, be two intuitionistic fuzzy subsets of 3 such that Q, is a
2AIFIS(3)
and Q, cQ,. If Q,(rst)>Q (rst)>(y,8) for I,5teJI and y,0<€[0,1], then Q, is also a
2AIFIS(3).

Proof: Assume that €2,, Q, be two intuitionistic fuzzy subsets of 3 such that €, cQ, and
Q, is a 2AIFIS(3). Let Q,(rst) > (y,8) for ,5,t€J and 7,0 €[0,1]. On the grounds that
Q,(rst) > Q, (rst) > (y,0) and Q, isa 2AIFIS(S), then we have

Q,(rs) 2 (7,8) or Q,(st) = (7,8) or Q,(rt) = (y,0)
it follows that

Q,(rs) > (rs) > (y,0) or Q,(st) = (st)>(y,0) or Q,(rt) >, (rt)>(y,9).

As a result, €2, is also a 2AIFIS(3). Now, we will give cartesian product of
intuitionistic fuzzy subsets of semirings.

Definition 16. Let Q and ® be two intuitionistic fuzzy subsets of 3 and R, respectively.
The cartesian product of Q and @ is given as the follows.

Let Q=<®,,¥, > and O=<®,,'¥, >.

(QAxO)(r,s) =Q(r) AO(s), forall (r,s)eIxN, ie

(QxO)(r,5) = (D, (r) AD,(5), ¥y (r) v ¥, (S))- (4)
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Definition 17. Let R a semiring and Q be a non-empty subset of %R. The intuitionistic fuzzy
characteristic function of Q is denoted by A, =<®,, , ¥, > and given as

@, R—>[01] ¥, R—>[01]
1 if remw and
0 ; if reR

0; if re®R (5)

r-v¥., (r)=
% () {1; if reR.

r—>d>XQ(r)={

Theorem 15. Let 3 and R be two commutative semirings and Q be a 2AIFIS(Z). Then
Qx X, is a 2AIFIS of IR, where X; is the characteristic function of % .

Proof: Admit that 3 and R be two commutative semirings and Q, A, be two
2AIFIS( 3, R) respectively.

Let X, =<®,, ,'¥ 1, >-

A%y

(Qx X)) (NS4, 5S;4) = (7, 6)
= (Ox X, )(rst, nLSt) 2y and (WxAX, )(nst,rs,t,)<d

= O(rst) A X, (LS;t) 2y and W(rst)v A, (St,)<d
= @) A X(Dm (rs,t) >y or @(st)A sz,‘ (r,S,t,) =y or

o(rt) A cht,‘ (S,t,) 2y
and
W(rs) v, (st,)<s or W(st)vX, (nst,)<s or
Y(nt) A Ay, (rS;t,) <6

As 1,5, €M, 50 X, (ns,t)=1and X, (rs,t,)=0.We infer that

O(rs) A X, (de)>y or O(st)AX, (de)=y or d(rt)A X, (de)=y
and
Y(rs)v X, (de)<s or W(st)v A, (de)<s or W(rt)AX, (de)<o

where d,e €{I,,s,,t,}. Therefore,
Qx X, (rs,,de) > (y,0) or QxX,(rt,de)=(y,0) or QxAX,(rt,de)=(y,9).
For this reason, Qx &, isa 2AIFIS IxNR.

Corollary 2. We can give the given definitions as a diagram:

IFPIS( ) = 2AIFIS(3) = 2AIFPIS(3)
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4. CONCLUSION

In this article, we studied 2AIFIS from a theoretical point of view. we obtained
novel structures in this article and the work was obtained on the several properties
of cartesian product of intuitionistic fuzzy ideals of semirings. Next, the research
focused on the properties of cartesian product of 2AIFIS. Finally, under a semiring
homomorphism, these ideals were investigated. In order to extend this study, one
could study other algebraic structures and do some further study on properties of them.

Acknowledgement: This work was supported by the Research Fund of the Yildiz Technical
University. Project Number: FYL-2022-5040.
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