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Abstract. In this study, considering two different curves on the unit dual sphere,    , 

we investigate the intersection of two different ruled surfaces in    by using E. Study 

mapping. The conditions for the intersection of these ruled surfaces in    are expressed by 

theorems with bivariate functions. Finally, some examples are given to support the main 

results. 
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1. INTRODUCTION  

 

 

The theory of surfaces has an important area in differential geometry, see [1, 2]. 

Moreover, it has several applications in engineering, architecture, physics, surface modelling, 

etc. Especially, the ruled surface, which is obtained by moving a line along the curve, has 

many applications and its geometric interpretation has been studied by a lot of authors such as 

[3-7]. However, there are many researches about the theory of surfaces while there are a little 

researches about the intersection of surfaces in literature. Hence, the surface/surface 

intersection problem has attracted significiant research attention in geometry. In [8], 

algorithms for computing the differential geometric properties of intersection curves of two 

surfaces, where the combination of two surfaces can be parametric–parametric, implicit–

implicit and parametric–implicit, are represented in detail. In [9], the unit tangent vector of the 

tangential intersection curve of two surfaces in all three types of SSI problems have been 

found. Then the geodesic torsion of the intersection curve have been calculated. In [10], the 

intersection of ruled surfaces have been denoted. Furthermore, to each connected component 

of the surface intersection curve corresponds a connected component in the zero-set except for 

some singular points, redundant solutions and degenerate cases. 

Dual numbers, which are hypercomplex numbers, were introduced by W.K. Clifford 

in 1873. Later, E. Study established the relation between the geometry of lines and the unit 

dual sphere with mapping, which is called E. Study mapping. In E. Study mapping, there 

exists a one-to-one correspondence between the oriented lines in Euclidean space and the 

points on the unit dual sphere,    . For detailed information about the properties of dual 

numbers, see [11]. Using the E. Study mapping, the curve on the unit dual sphere corresponds 

to the ruled surfaces in Euclidean space, see [12, 13]. In [12], surfaces are defined by using 

dual vectors and line transformations. Also, a new perspective is given for the transformation 

of parametrically surfaces. In [13], some properties about the ruled surface generated by the 
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natural lift curve, which is the curve obtained by the end points of the unit tangent vectors of 

the main curve, have been examined.  

In this study, firstly, considering E. Study mapping, for any given two separate dual 

curves on the unit dual sphere,    , two corresponding ruled surfaces in    are given. In 

addition, the parameter curves of these ruled surfaces are presented. Then, some basic 

theorems are proved for the intersection of parameter curves with bivariate functions. Then, 

some examples are given to support the main results. 

This study is organized as follows: In Section 2, some basic definitions and theorems 

about dual vectors, ruled surfaces and the intersection of two ruled surface are denoted. In 

Section 3, the intersections of the ruled surfaces corresponding to two different curves on the 

unit dual sphere,    , is represented. Then, some examples are given. In Section 4, obtained 

results are discussed. 

 

 

2. PRELIMINARIES  

 

 

In this section, basic definitions and concepts about dual vectors, ruled surfaces, and 

the intersection of two ruled surfaces are represented, respectively.  

The set of dual numbers is defined as 

 

                                 (1) 

 

Here,   and    are real and dual components of   , respectively. If    and     are vectors in   , 

then             is called dual vectors. Let             and             be dual vectors. 

The addition, the inner product and the vector product are shown as follows. 

The addition is 

 

                          ,  

 

and the inner product is 

 

                                       

 

The vector product is also presented as 

 

                                  

 

Moreover, the norm of             is given as 

 

             
      

      
   

 

The norm of             is valid only for       If the norm of     is equal to 1, then     
is called a unit dual vector. The unit dual sphere which consists of all unit dual vectors are 

shown as 

 

                             (2) 
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For more information on dual vectors, see [11]. The ruled surface is defined as a 

surface, which has been swept out by a straight line L moving along a curve    The various 

positions of the generating line L are called the rulings of the surface. Such surfaces always 

have a parametrization given below:  

 

                   (3) 

 

where   is called the base curve and   is called the director curve, see [1].  

 

Theorem 1. (E. Study mapping) There exists a one-to-one correspondence between the 

oriented lines in    and the points on      see [11]. 

 

Theorem 2. Let                   be the curve on the unit dual sphere      In     the 

ruled surface generated by the curve on the unit dual sphere is shown as 

 

                         (4) 

 

where                 is the base curve of the ruled surface         see [12,13]. 

 

Now, we will present some expressions for the intersection curve of two ruled surfaces 

in     Let          and          be two ruled surfaces defined by  

 

                             
  

                             
 

where,        and        are the base curves of surfaces          and           
respectively. Also,        and        are the directions of the surfaces          and 

          respectively. 

 

The   -parameter curve of          with a constant   -parameter and the   -

parameter curve of          with a constant    -parameter are indicated by        
          and                   respectively, see [10]. As          and          
ruled surfaces intersect, 

 

                    

 

and we obtain 

 

                                 

 

Since these three vectors are linearly dependent, the following equation can be 

presented: 

                                               

see [10]. 

 

Theorem 3. Let          and          be two ruled surfaces in     If 
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Then the parameter curves        and        intersect, see [10].  

For             the parameter curves        and        intersect. However, 

there are some points in the solution set of the equation            that is not at the 

intersection of these two ruled surfaces. The intersection includes these points when the 

directors of the ruled surfaces          and          are parallel. Thus, in the case of 

parallelism of the direction vectors of two ruled surfaces, there may be some points that are 

not at the intersection of two ruled surfaces, see [10]. 

The parallelism of the direction vectors of the ruled surfaces          and          
is represented by bivariate functions as follows: 

 

                        
   

see [10]. 

The parallelism of               and the direction vector of          are shown 

with bivariate functions as follows: 

 

                                  
   

 

see [10]. 

Similarly, the parallelism of               and the direction vector of the 

         are shown with bivariate functions as follows: 

 

                                  
   

see [10]. 

 

 Theorem 4. The parameter curves        and        intersect if and only if 

 

                                  

see [10].  

For more detailed information on the intersection of two ruled surfaces, see [10].  

 

 

3. INTERSECTIONS OF TWO RULED SURFACES CORRESPONDING TO 

CURVES ON THE UNIT DUAL SPHERE 

 

 

In this section, the intersections of the ruled surfaces corresponding to two different 

curves on the unit dual sphere     are examined and some examples are given to support the 

main results. Let           
  and           

  be curves on the unit dual sphere    . 

With the help of E. Study mapping, let          and          be the ruled surfaces 

corresponding to these curves given above in     These ruled surfaces are denoted as follows: 

 

                  
              (7) 

and 

                  
               (8) 

 

Here, the base curves of the ruled surfaces          and          are  

 

            
       

and 
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The   -parameter curve of         with a constant   -parameter is presented by the 

following equation: 

                   

 

Similarly, the   -parameter curve of the surface          with a constant   -

parameter is presented by the following equation: 

 

                   

 

As          and          intersect, 

 

                    

and we write 

                                  

 

Since these three vectors are linearly dependent, the following equation can be 

presented 

 

                                                  

 

Theorem 5. Let          and          be the two ruled surfaces corresponding to two 

different curves on the unit dual sphere in   . If 

 

                                               

 

then the parameter curves        and        intersect.  

For             the parameter curves        and        intersect. However, 

there are some points in the solution set of the equation            that is not at the 

intersection of these two ruled surfaces. The intersection includes these points as the base 

curves of the ruled surfaces          and          are parallel. Thus, in the case of 

parallelism of the direction vectors of two ruled surfaces, there may be some points that are 

not at the intersection of two ruled surfaces, see [10]. 

According to the parallelism of these three vectors with each other, the bivariate 

functions are represented as follows, respectively: 

 

                        
    

 

                                   
   

 

                                   
   

 

Theorem 6. Let        and        be the parameter curves of the ruled surfaces          
and           which correspond to two different curves on the unit dual sphere. In this case, 

the parameter curves        and        intersect if and only if 
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Example 1: Let          
 

  
       

 

  
      

 

  
     

       
 

  
       

 

  
           

        
 

  
        

 

  
      

 

  
  and   

       
 

  
       

 

  
         be vectors in 

    Since            and           
          the                   

      is on 

the unit dual sphere      Similarly, the                   
      is on the unit dual 

sphere      With the help of E. Study mapping, the ruled surface corresponding to the 

                  
      is  

 

           
 

 
       

 

 
       

 

 
      

 

  
      

 

  
      

 

  
   

 

 

Here, the base curve and director of this ruled surface are 

 

         
 

 
      

 

 
       

 

 
   

 

and  

         
 

  
       

 

  
      

 

  
    

 

 

Similarly, the ruled surface corresponding to the                   
      is  

 

          
 

 
      

 

 
       

 

 
    

 

  
      

 

  
      

 

  
   

 

 

Here, the base curve and director of this ruled surface are 

 

        
 

 
      

 

 
       

 

 
  

 

and 

        
 

  
       

 

  
       

 

  
   

 

 

Let's examine the intersection of two ruled surfaces corresponding to two different 

curves on the unit dual sphere. Let          =           the following equation can be 

written by 

 

 
 

 
                               

 

  
                  

 
 

  
                 

 

 

 

Here,               is written as a linear combination of vectors        and 

      . Since these three vectors are linearly dependent,             Since          
   the parameter curves        and        intersect. 

If                                are calculated, we obtain 
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For the                solution of the          
 

 
    ,          

                       Therefore, the parameter curves        and        intersect. 

As a result,          and          ruled surfaces intersect. 

 

 

 
Figure 1. The intersection of two ruled surfaces. 

 

 

4. CONCLUSIONS 

 

 

In this paper, considering the E.Study mapping, the curve taken on the unit dual 

sphere corresponds to the ruled surfaces in Euclidean space. At the same time, the intersection 

curve of two ruled surfaces in Euclidean space is presented with the help of bivariate 

functions.Additionally, the intersection curve of two different ruled surfaces in Euclidean 

space is investigated with the help of E. Study mapping to two different curves taken on the 

unit dual sphere. Then, the intersection curve for the corresponding ruled surfaces is 

expressed by theorems. Then, these theorems are supported by an example. These results have 

an important research field in geometry and solid modeling. 

 

 

REFERENCES 

 

 

[1] O'Neill, B., Elementary Differential Geometry, Academic Press, New York, 1983. 

[2] Willmore, T. J., An Introduction to Differential Geometry, Clarendon Press, Oxford, 

1959. 

[3] Do Carmo, M., Differential Geometry of Curves and Surfaces, Prentice-Hall, 

Englewood Cliffs, New Jersey, 1976. 



 Intersection of two ruled… Yunus Öztemir and Mustafa Çalışkan  

 

www.josa.ro Mathematics Section 

136 

[4] Karaca, E., Çalışkan, M., Journal of Science and Arts, 3(20), 573, 2020. 

[5] Altınkaya, A., Çalışkan, M., Cumhuriyet Science Journal, 4(42), 873, 2021. 

[6] Izumiya, S., Takeuchi, N., Contributions to Algebra and Geometry, 1(44), 203, 2003. 

[7] Orbay, K., Kasap, E., Aydemir, İ., Mathematical Problems in Engineering, 2009, 

160917, 2009. 

[8] Ye, X., Maekawa, T., Computer Aided Geometric Design, 16, 767, 1999. 

[9] Uyar Düldül, B., Çalışkan M., Acta Mathematica Universitatis Comenianae, 82, 177, 

2013. 

[10] Heo, H. S., Kim, M. S., Elber, G., Computer-Aided Design, 31, 33, 1999. 

[11] Fischer, I. S., Dual-number methods in kinematics statics and Dynamics, CRC Press, 

Boca Raton London, New York, Washington DC, 1999. 

[12] Karaca, E., Çalışkan, M., Gazi University Journal of Science, 3, 751, 2020. 

[13] Yaylı, Y., Saraçoğlu, S., Suleyman Demirel University Scientific, 7, 56, 2012. 

 

 


