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Abstract. We study the nonparametric local linear estimation of the conditional
hazard function of a scalar response variable given a functional explanatory variable, when
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convergence with rates of this function.
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1. INTRODUCTION

The single-index models have been considered for the nonparametric kernel
estimation in the multivariate case by [1-3]. In [4] the authors considered the case of
functional data for the single index model, they obtained the almost complete convergence in
the independent and identically distributed (i.i.d) case for regression function. Then, for the
same estimator [5] established the pointwise and uniform almost complete convergence of the
conditional density, moreover, the dependent case were achieved by [6, 7], where the authors
proposed an estimator for the single functional index model. The contribution of this work is
to study the conditional hazard in the single functional index model, for its excellence in
many characteristics and due to the flexibility of the model in dimension reduction and it is
widely used in econometrics fields with relation to nonparametric and parametric models.

In this paper, we estimate the conditional hazard in the single index model for
dependent data of a real variable Y given a functional variable X in the local linear method
(see [8]). We point out that the single functional index in this method is intimately limited
until now. Concerning this model of conditional density in the kernel method for dependent
observation, one we cite the work of [9-11]. Particularly, in the quasi-associated, [12] studied
the pointwise almost complete convergence and the uniform almost complete convergence
(with the rate) of the kernel estimate of the hazard function of a real random variable
conditioned by a functional predictor, and gave a simulation to illustrate their methodology.
Our work relies on studying the conditional hazard function of a scalar response variable Y
given a hilbertian random variable in a functional single-index model for the dependence case
in a locally linear approach, so under certain conditions we show the uniform almost complete
convergence of our estimator.

The structure of this article is as follows: in Section 2, we introduce our model and
estimator; hypotheses and comments can be found in Section 3; in Section 4, we present our
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main results; section 5 gives the conclusion. Finally, we complete the proof of the results in
the appendix section.

2. SINGLE INDEX MODEL

Let {X;,Y;}ien be a random processes identically distributed as (X,Y) where Y;’s are
valued in R and X; takes values in separable Hilbert space with the norm ||. || generated by an
inner product <.,.>. We assume that the regular version of the conditional probability of Y
given X exists and bounded. Moreover, we denote the conditional density by f;°(y) respect to
Lebesgue’s measure over R. So, denote the conditional hazard function of Y given X by

fo )

,Vy e R
1-Fa(»)

s(v) =
where, Fy(y) < 1.

The local linear estimator (see [13]) of the conditional distribution F5 (y) (resp. the
conditional density f;*(y)) is defined as follows:

Yacijen WaijOHhy (v — 7))

FX(y) =
o (V) 21si,jsn We,ij(x)
iy —1
r‘esp_fex(y) _ Z1si.j5n We,;j ()H'(hy  (y — Y]))
hy Ya<ij<n We,ij(x)

with
We,i;(x) = Bo (X1, x)(Bo (X1, X) — B (X, x))K (hig* dg (x, X)) K (hi*dg (x, X;))

and By(X;,x) =< x — X;,6 > is a known bi-functional operator from #?2 into R, such that
Vxi,x, €EH, VO € H, dy Is a semi-metric associated to the single index 8 € H defined by
do(x1,%2):=| < x4 — x5,0 > |, with the kernel K.

H is a distribution function (respectively, H' is the derivative of H), and hy =
hy n(respectively, hy = hy ,,) is a sequence of positive real numbers. Finally, the local linear
estimator of the hazard function is given by

Now, we define the definition of a mixing sequence. The sequence is said to be a-
mixing (strong mixing), if the mixing coefficient a(n) 2% 0 such that

a(n) = sup{|P(ANn B) — P(A)P(B)|:A € 3¥ and B € 37, k € N*}

and 3¥ denote the o-algebra generated by the random variables {(X;,Y;),j < i < k}.
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3. ASSUMPTIONS

In the rest of the paper, we denote by C, C', C" and Cy, some strictly positive
constants. Vx € H and i,j = 1,.,n,

Koi(x) = K(hic'dg(x, X)) and ¥y € R, H;(y) = H(hy ™ (y = )))-

On the other hand, we denote x a fixed point in H, IV, is a fixed neighborhood of x
and Sy, is a fixed compact of R. We consider the following cover of the compacts S5 and ©4;:

NSH NO#H
Sy € U B(xj,1,) and Oy € U B(ty, 1)
j=1 j™=1

and Vx € H,V6 € Oy, we set

.....

where x;, t;» € } and r, is a sequence of positif numbers.
Suppose that NS and N are the minimal numbers of open balls with radius 7, in H

which are required to cover S5 and ©4:. We introduce the following assumptions to determine
our main result.

VhK > O,[P)(l <X-—x,0> | < hK) = ¢0,x(hK) > 0.
(U1) There exists a differentiable function ¢(-) such that Vx € Sy, and VO € Oy

0 < Cp(hg) < Pgx(hg) < C'p(hg) <ooandIn, > 0,Vn <no, ¢'(n) <O,
where ¢'is the first derivative function of ¢ and ¢(0) = 0.
(U2) The functions Fy and f;° satisfy:

Jas,a, > 0,V(y,y) € SE,V(x,x") € N, X N, VO € O,
D IfFO) = fEOI < C(lx = %1% + |y = y'%),
D) |Fg () = Fg 01 < C"(llx — x| + |y — ¥'1%2).

(U3) The pairs (X;,Y;); jen Satisfies:
(@) 3a > (5++17)/2,3c > 0:vn € N,a(n) < cn™%.
(0) 0 < CP(h)™** < g (hy) < C'Pp(hg)i+a

where g, (hx) = supP((X;, X;) € B(x, h) X B(x, hy)).

i#j

(U4) The bi-functional function Sq(:,-) is lipschitzian continuous function and satisfying:
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Vx' € Sz, Cdg(x',x) < |Bo(x,x")| < C'dg(x',x).

(U5) (a) The kernel K is a positive, lipschitzian and differentiable function, supported within

(-1,1).

(b) The kernel H'is a positive, bounded and lipschitzian continuous function, such that:
f |t|%2H'(t)dt < oo and f H”(t)dt < .

(U6) The bandwidth hy satisfies: I3n, € N, Vn > n,,

K2 (hx)f Poux(th, hK)—(t K(t))dt>C">0

and
hg j Bo(u, x)dP(u) = o( B (u, x)dP (u))
B(x,hg)

B(x,hg)

where B(x, h) = {z € H| dg(z,x) < h} and dP(u) is the probability measure of X.

(U7) For some A > 0, the bandwidth hy, satisfies lim,,_,,n*hy = « and forr,, = 0 (logn) the
sequences N5# and N©# satisfy

nhy ¢ (hg)

logn

log®n
nhyp(hg) ~

o]

2 nGAD/2(NSx NO#)1-1 < o forn > 1.

n=1

< logN5* + logN®* < —————=

and

4—a+3p 1
(U8) 38,1 > 0,Cn ar1 " < hy¢p(hy) and p(hg) < Cni-a,
Comments on assumptions: As usually in functional statistics and in the independent case, the
conditions (U1) and (U4) are standard hypotheses (see [11]). (U2) is about regularity and
boundary conditions. Hypotheses (U5) and (U7) are a technical conditions (see [8]).
Particulary, for the dependence frame, (U3) indicate that the observations are a-mixing

dependency. Likewise, we find the condition (U6) in [8] and we put (U8) that needed for our
asymptotic results.

4. MAIN RESULT: UNIFORM ALMOST COMPLETE CONVERGENCE

Theorem 1. Under assumptions (U1)-(U8), we have:

X aq a; log(NS}[N®}[)
sup sup sup [hg(y) — hg ()| = O(hg! + h?) + Oaco.( |——7—=):
0E@ XESHYESR nth)(hK)

Proof: The proof is based on the decomposition in Theorem 3.1 of [15] and the results below.
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Lemma 1. Under assumptions (U1), (U2) and (U5), we obtain:

sup sup sup|f7'(y) — E[fiyO]l = 0(hg") + 0(h?)

0€Oy xESy YVESR
and
sup sup sup |F3 (y) — E[FFy ()]l = 0(hg!) + 0 (h?).

0€® xESH YESR

Lemma 2. Under assumptions (Ul)and (U3)-(U8), we get:

11 = 0, ( [[BITNTD, dz P( inf inf §%, <1/2) <
sup su - = dan in ln 00,
9e®€[xesgf 9501 = Oaco ne(hg) 0E€®y geD

Lemma 3. Under assumptions (U1), (U2)-(U8), we obtain:

) = ELFEy O] = O o ( | ENNE)
Sup sup su = —_—
oo ced SUPlon Y 6. 208 |y b ()
and
X log(NS# N9)
sup sup sup B3y (¥) — E[FEyO)]] = Oaco( | ).
6€EO XESHYESR nd)(h’K)

Corollary 1. Under the conditions of Theorem 1, we get:

0€E@y xESHYES

u > O,Z [P’( inf inf 1nf|1—F9 Ml <p <o
=1

Through these results, we observe that’s the same rate of convergence as [15], where
the data are independent.

5. CONCLUSION

This contribution concerns the nonparametric estimation of the conditional hazard
function in the presence of a functional explanatory variable when the data are generated from
a model of regression to a single index, of which we have considered an estimator by the local
linear approach. As asymptotic results in the case of dependent data, we have established the
uniform almost complete convergence of our constructed estimator. Moreover, given the
importance of the point of high-risk in the fields of survival analysis and reliability theory, our
model makes it possible to construct this estimator based on the estimator of the conditional
hazard function.
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6. APPENDIX
We use the procedure of Masry (1986) for proofing the Lemma 4 and Lemma 5 that
we need for proved our lemmas.
Lemma 4. Under assumptions (U1)-(U8), we have
Stn = 0 (hx)),
where, for k = 0,1,2, we define S§ ,, as follows,
- 1
.k .k -k
Son = Z |Cov(Ag (x), Ay (x))|and Ag (x) = h—k(Ke,i(X)ﬁé‘,i(X) — E[Kg,:(x) B4 (X)]).
ij=1 K
Proof: For determine S5 ,,, we have for k = 0,1,2 that
n
2 L'k jk 1k
s2, = z Cov(AY (), Al (X)) + nVar(AY (x)).
i%j=1

. -k
First, we calculate the quantity Y7, ;—, Cov(Alek(x),Afe (x)). So, collecting this latter
over the sets S’; and S’,, where, for the sequence v,,, we define the sets as follow

Shi={N1<i—-j<v}and S, ={{i,)),v,+1<i—j<n-1}
Then, the sum over S;, and under (U1), (U3)(b), and (U5)(b), permit us to write
Z Cov(Aigk(x),Aék(x)) < Cnv, (P(X;, X;) € B(x, hg) X B(x, hg)

(L)€
+P(X; € B(x, hg))P(X; € B(x, hg)))

< Cnvy (P (h) ™ + ¢ (hy)?)
< Cnvp¢(hg)**2.

Second, regarding the sum over the set S’,, we use Davydov-Rio’s inequality, for all
I #]j
ik ik . .
|Cov(Ag (%), Ag (D) < Ca(li =),
and under (U3) (a)
nv£a+1

| D, Covlal G AL ()l < e, W

(L,))Ees’,

then, under (U8) and by choosing v,, = (¢(hg))~ Y% in (1), we get
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& .k ad—-1
Z Cov(Ay (), Al (%)) < Cngp(h)n™*Ca ), )
(i,))es",
thus,
Z Cov(Ay (x), A} (x)) = 0(n(hy)). 2
(i,J))ES"

Also, for (1) we use the same v,,, for a > 2 and for k = 0,1,2, we obtain

Cov(Ah (), A () = 0(np@/a(hy)). @)
(L.j)ES"

About the variance term, and under (U1), we have
k
Var(Ag (x)) < C(¢p(hg) + ¢*(hy))

< Cop(hg).

Finally, from (2), (3), and (4) we get

(4)

Sen = 0(ne(hy)).

Lemma 5. Under assumptions (U1)-(U8), we have
Sn = 0(nhy @ (hy)),

where, for k = 0,1, we define 53, as follows,

n
$hu= ) 1CoV(YE,(), Y} (x))land Y,
ij=1

1
= hE [Koi(X)H;(¥) Bl :(x) — E[Kg; (X)H;(¥) Bl (%))
K

Proof of Lemma 5: In the same manner of Lemma 4 where v, — o, we calculate the

summation of ¥7% ; [Cov(YF, YF)| over §; and S,

S1 ={(i,j) suchthat 0 < |i — j| < v,}and §, = {(i,j) such that v, + 1 < |i — |
<n-1}

So, under (Ul)and (U3)-(U6) and some calculate, we get

n
Z Cov(Y, YE) < CnhZ(hy), (5)
(i,))€S:

and for S,, we use again Davydov-Rio’s inequality for bounded mixing processes,
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n

Z Cov(YF,Y[) < Cnvt™e, (6)
(i.)ES2
1

1/a ; .
h12.1¢(hK)) in (5) and (6), we obtain

then, taking v,,» = (

n

D 1Cov(YS Y] = 0k (i) @ /), ™

i#j
now, for the variance term, we use the same concepts in Lemma 5
Var(Y¥) < hyo(hy). (8)
Finally, from (7) and (8), we obtain
Son = 0(nhy ¢ (hy)).

Proof of Lemma 1: By the Lemma 4.3 in [8] in the regression function, the proofs of Lemma
1 can be compleed, due to the bias term is not constrained by the dependence shape.

Proof of Lemma 2: We have by adoption from the proof of Lemma 4.4 in [8]

n n

g = ChkDE(h) 1N Ko, () ) 1N Ko (0BG ()

0T (= DEMo,1p(0] nl box(h)” ny o (i)
B S5 5%,

1w Ko, ;(x)Bg,i(x), 1 O Ko i (X)Bo i (%)

nj:l hK¢9,x(hK) ni:l hK¢6,x(hK) .

X
Sg,3

56,3
We have that E[g3 ,] = 1. So,

gz,n - E[@Z,D = 51((53(3,253,4 — E[ 3,253,4]) - ((Sz,g)z - IE[(S’é,s)Z])),
we put

02504 — E[S52564] = (So2 — E[S52]) (5S4 — E[S54]) + (S54 — E[S54]DE[SG2] +
(552 — E[S2DE[Sg4] — Cov(55255.4)-
(53,3)2 - E[(S’é,s)Z] = (853 — E[ 3,3])2 + 2(S53 — E[Sp3])E[Sp 3] — Var[Sg3].

Thus, these decompositions allows us to proved the following equations

S; = 0(1) and E[Sg,] = 0(1) forz = 2,3,4. 9)

’1 NS# N©x
Var[SgS] = O( %), (10)
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log(NS# N
Cov(S32, 54 = of /%) )
- log(NS# N )
X X _— oo, fi = 2,3,4. 12
; P{|S5, — E[S5,]l > / ) } < oo, forz = 2,3,4 (12)

We have that (9) is proved in [8]. So, it requires to prove (10), (11) and (12).
Concerning (12), we consider the following decomposition

x x x Xj(x)
sup sup |Sp, — E[Sg ]| < sup sup|Sy, — S,
0€@y xESy 0€@y xESy ’
Eq
Xji(x) Xji(x)
+ sup sup |S,, " — t,”(g),zl
0€EOy XESy ]
Ez
Xji(x) Xj(x)
+ sup sup |S. /Y —
HEG)F})[Xesl;)[l ey [ tju(e)'Z]l
E3
Xji(ac) Xji(ac)
+ sup sup |IE[St_”(9)'Z] — IEI[SQZ 1
OEO xESy J ’
E4

+ sup sup |IE[S;C’

0€EOy XESy

21— E[Sg]I

Z

Eg

Applying the Fuck-Nagaev exponential inequality (Proposition A.11(ii) in [14]), for
all e > 0,7 > 0, we have

Xi X
P(E; > €) = p( max_ max_ [S7%  —E[sTO > e)
jrrefl,..,NO¥Yjre(1,. . NSH}  Lir1ey? jreyz
X X
< N®#*NS% max max IP( s)% —E [St’(") Z] > E) (13)
j'"e{1,.. N9 }j'e{1,.. NS} j'" @y j'"' @y

< NQHNSH max max P <| Z Al;].”(g)‘z(x]'(x))l > n¢(hK)€>
i=1
where, for k = 0,1,2,and for z = 2,3,4,

ik _ 1 k k
Atjugyz(Xjx) = e (Ktjn(g),i(xj(x))ﬁtjfr(g),i(xj(x)) - E[Ktjw(g),i(xj(x))ﬁtjn(g),i(xj(x))])'

and since [E[|A§j,,(9),z(xj(x))|t’] < Cp(hy), forp > 2,0 < C < o, we get

e’n’¢ (hy)*

r
52 )—r/z + N@g.[NS}[nr—l( )a+1
n

P(E < NOxNSx (1

we put
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)—7‘/2,142 — N@}[NS}[nr—l( r )a+1_

A, = N®x NS# (1
: d+ end (ho)

e’n’¢(hy)?
rS2

Kk [S21ogNS3 NO3

. _ 2 .
Now, taking r = C(logn)*, € = ne(hg)

in A; and by Lemma 5, we get

k2logn

A, < N®xNS# (1
1= (+a@m2

)~(logm?/2 — N®?fN5?fexp(—rc2102gn) = CNO% NSHn-</2,

therefore, for favorable k, A; < Ccn~**/2, about A,, the same r and € in pervious calculation
and Lemma 5, we obtain

Ay < CNO* N1~ (D2 (hy)~ @D/ (logn) Ce=D/2

then, by (U8), there exist v > 0 such that

So,

We can write the term E; by

—2
E; < m;&i:&lgz L1 1Ko i (B 2(x) 10y (X0)
—Koi(Xj)Bb 2 (%) LB (x; 00, 0) (X0 |
—2 k-2
< m;&g:&gzl 1 Koi () 1pienyxp B2 (%) — B (X)) 1B ;) (X1 |
c
+m:§£;&ly){ Yy Bs: (X)) LB (x; ) x0) 1K 0,6 (X) 1pemy (x)) — Ko,i(Xjx))|
.= El,l + E1,2'
Concerning the term E; 4
Lp(en) (Xi)|Be,i (%) — Bo,i (Xjx)) 1B (x .y Xi) | <
CrnlB(x,h)nB(xj(x),h) (Xi) + ChKlB(x,h)nB(xj(x),h) (Xi)
and
Lo (XD 86 :(x) — :Bg,i(xj(x))lB(xj(x),h) XDl =
CrnhKlB(x,h)nB(xj(x),h) (X)) + Chlilg(x,h)ng(xj(x),h) X)),
fork = 3,4

Loy XDIBET2(x) — B§7? (%)) 1B (xj ) (K| <

k=2 k-2
Cruhi ™" 1p(en)nB(x ) (Xi) + Chi 1B(x,h)nw(xi)-
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So,
Cry,

E,.&———m—
b= nhgp(hy) ee®ﬂxes}[

z Ko i (%) 1p(xn)nB (xjp,m) (Xi) +

C

ng(h) ee®ﬂxes}[

z K l(x)lB(x R)NB(Xj(x), h)( i)-

Concerning the term E; ,

1p(xj0,m) X0 | K 60,i (X) 1 g ) (Xi) — Ko,i (Xj(x)) L g pyumiamy (X
=< 1B(xj m)nB ) (Xi) [ Ko,i(X) = Ko i(Xjio) | + Koi(Xj0) 1y, mynBem (Xi)
and by
1BE:2 (X))l 1B(xj ) Xi) LB (x;0 ) x) |1 K 0, (X) L p (e my (Xi) — K1 (X)) |
< Chk 2 hn 1B(x](x) h)NB(x, h)(X ) + KB l(x](x))lg(x i) WNB(x, h)(Xl)
we get
Cry,

~ nhge(hg) He®ﬂxesﬁ

C

ne(hg) 96@)}[9(657{

E:1,2

Z 180 m)nB(x j,h) (Xi)

+

z Ko,i (600 L g x gy i) B G (K1)

finally, by E; ; and E; , we get

Cry,
_m . .
= () eeg;[:;;gZ B ha)UB G o) (X,

we put
Cry,

fi= he 9Selz£{afeusp Loty ricyuB i) (K1)

and under hypotheses (U1), (U3)(b), (U8), and Lemma 4, we have that

_ Z |Cov(T,, T))| = 0(n(hy)).

ij=1

(¢] S
So, from E3, we obtain E; = 0,4 ., ( /%), and we deduce
K
’log(NQHNSiH)
Es<E; =0 —_—).
5 1 a.co.( n¢(hK) )

We using the same ideas those used in E; and Es, we get
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’l NOx NSx
Eys S E; = 0400 %)

Now, for (10) and (11), we will use results that obtained in Lemma 5, we obtain

log(N93t NS30)
=0 /—
n¢(h )) ( n¢(hg) )

- 1 log(N®NSx)
Cov(Sg7,Sp4) = 0( ne(hy )) o( ne(hg)

Finally, from this later results, we deduce that )72, IP( inf 1Er§f Jop <1/2) < oo,
O3 x€Syr~ ™’

Var([Sg3] = o(

and

because we have gle%f 1Enf s p < 1/2 and this latter, involved that
X

1-Ggp <1/2= sup sup|l—gg,l <1/2,

O€EOy XESy

so, after the step of insertion the probability on both sides, we finished the proof of lemma.

Proof of Lemma 3: Firstly, about IE[fe"N(y)] S0, by the fact that SR is @ compact set, we can

.....

y;|, we obtain

sup sup sup |f5y(¥) = E[fgy )]l < sup sup sup |5y () = foa” O

0€0@y xESy YESR 0€@y xES YESR
E’
Xji(x)
+ sup sup sup|f, 7 ¥) = /9, )
0€EB xESH YESR ON t] (G)N
E'Z
Xj(x) Xj(x)
S S S
* $up Sup SUP 11 0) = 10 (2|
E'3
+ sup sup sup|f, '@ i)
Sup sup suplf,710 () = EIf 0 ()]
E’y
+ E[£ @ Xjx)
sup sup sup [E[f, ) (z,)]] - B,/ 0]
0€0y xESy YESR (©) "(6)
E's
Xj(x) Xj(x)
+supgeo,, SUP SUpE[f, | I — Elfy = D]
XESH YESR ")
E's
+ sup sup sup|E[f, 2 ]| — E[f§ O]
0€@y xESy YESR
E,7

the same steps that using in E; and Es, we get
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/l N O NSz
E'; SE'1 = 0gco.( %)

we have foralln > 0

P sup sup sup £, (2,) — L2 ()1l > 1 | T
0EO1 XESH YESR ZEOL tjr@yN Zy nhy ¢ (hy)
log(N®x NSx)
- Xj(x) Xjco log(N®x NSx)
- 4 E{rlr'l'i)v(@}[}] e{rl?'?g’(s}[}z &L, N'R}lftf o @) T Bl (2] >TI\/ nhy¢(hg)

_ log(N®# NS#)
Xj(x) Xj(x) e —
|ft]-~(9),N(Zy) [ft "(6) N( y)]l > n\/ nhy¢(hg) ,

then, by adaption of the proof of Lemma 2, we have

fon @) = Si[To2(¥)S54 — Tos(¥)Sa 3]

where S;, S5 5 and Sg , are the same terms in Lemma 2, and

1~ Ko j(COH; ()
To,(y) == ) ——F——1—<
2 s b (i)

1 & Ky j(x)B;(x)H;(y)
» Tos(y) = n —  hyhgpex(hi)

then, we have the decomposition

fon ) = Elfgn D] = S1((To2(0)S5.4 — ElTo,(¥)Sg4D) — (To,s(¥)Sg,3 — ElTo,5(¥)Sa,51)-
which implies that

To2(¥)Spa —E[To2(¥)S4l = (To2(y) — E[Tg (0D (Sea — E[SGal) + (Sha
—E[S54DE[Tg2.(0] + (Th2(y) — E[Tg2(¥)DE[Sg4]l — Cov(Tg2(¥), Sp4);

To,s (1S3 — ElTo,5(2,)S5,5] = (Tas(v) — E[Tg5(»)D(Sa s — E[Sps])
+(Sgs — E[S33DE[TEs D] + (Tés () — E[TEsON])E[SEs] — Cov(TEs (), S§.5)-

So, our results are from the following assertions
S1=0(1) and E[Sj,] = 0(1),fors = 3,4 (14)

E[Tos(y)] = 0(1),fors = 2,5 (15)

llogv© NS
Cov(Ty,(¥),SE,) = o OgmpW)' (16)
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fl N3 NS

Cov(Tys(¥), S 3) = o( %)' 7)
N log(N®% NSx

> BT ) — BT > 1 /",’fﬁlT(hK)) <o, fors = 25 (18)

Again, by the lemma in [8], we obtain (14) and (15). In other hand for (18), by the
same manner in Lemma 2 for €,r > 1, we have

0

Z P{|Tos(¥) — E[To,s 0]l > €} < NN *N¥P{|Yg,;(y) — E[Yo,(»)]| > nhup(hy)e}

n=1

< NOn NSHNR(A", + A'), (19)
where
n2h%¢p(hy)?e?
A’y = NO NS NR(1 4 —H (ie) )T/
rS2
and
T
A :NG)}[NS}[NIR -1 a+1
: M e

’frzllogn
nhp¢(hg) .
$2 = 0(nhyd(hy)), and by taking N® = == n**1/2 forv > 0, we obtain

n

The choice of € = Cn and r = C(logn)?, and from Lemma 5 we have that

CNO®*NSHNR(A", + A%) < Cn~17Y,

finally
S B Ty ~ 0,211 > [EL0)
i Q,S(y) 0,s y n nhH¢(hK)
Secondly, for the covariance terms, by the same arguments used in (6) for (16) and
(17) to get

log(N®y.[NS}[)
Cov(To5(¥),Se,3) = o( " ng(hg)

(logN®x NSx)
Cov(Tg2(¥),Se,4) = o( W)'
)-

By using the same ideas of E'; and E’,, we get

log(N 9 NS»)

E'6 S E’Z = OCl.CO.( nhH¢(hK) "

The Lipschitz’s condition on H permit us to write
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———— Sup supsu wa H' —H'(z
nhH¢9,x(hK) BEGE[XESE.)[}/ESI]:]: = 9,1]( )l (J’) ( y)l

|fon() — fon(zy))| <

Ly
< C— sup sup Sy
H 0€Ox xESys ’

Ly
<C—-.
hi;

We have that Sj ¢ is proved in Lemma 2, and taking the same [,, in pervious calculs , we get

, , log(N®# NS#)
E's <E’3 = 04¢0.( W)-

Secondly, we use the same strides for [E[F"g"_ ~ ()] to get the required.
Proof of Corollary 1: We have that

inf inf inf |1 — F*(y)| < (1 — sup sup sup F*(y))/2

0€Oy xESy YESR 0€EB@y xESH YESR

= sup sup sup |[F¥*(y) — F*(y)| = (1 — sup sup supF*(y))/2

0€Oy xESK YESR 0€B@y xESH YESR

then, by the probability on this terms, we get then,

IP{ inf inf inf |1 — F*(y) < (1 — sup sup supﬁx(y))/z}

0€®y xESK YESR 0€® xES YESR

< ]P’{sup sup sup |F*(y) — F*(y)| = (1 — sup sup supﬁ"‘(y))/Z} < .

0€®y xESK YESR 0€@y xESy YESR

So, taking u = (1 — SupgegﬂSupxegﬂsupyeSRﬁx(y))/Z and under the Lemmas 2 and
Lemma 3, the proof of corollary is complete.
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