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Abstract. In the present work we give an extension of (p,q)- analysis. As an extension
of (p,q)-analysis, the (r,p,q)-analysis is introduced. We define some elementary concepts of
this analysis such as (r,p,q)-numbers, (r,p,q)-derivative, (r,p,q)-exponential functions, (r,p,q)-
antiderivative and (r,p,q)-integral. We obtain some properties of the polynomial (x — a)"
(r,p,q)-Taylor formula, (r,p,q)-binomial coefficients, divided differences and some relations
between (r,p,q)-derivative, (r,p,q)-exponential functions, (r,p,q)-integral and finally, the
fundamental theorem of (r,p,q)-analysis are examined in details.

Keywords: (p,q) analysis; (p,q)-derivative; (p,q)-integral; extension of (p,q) analysis.

1. INTRODUCTION

To understand the quantum analysis or g-analysis, it is necessary to know the classical
analysis well. Although classical analysis and g-analysis are not exactly the same; they are not
disconnected from each other. Recently, there has been increased interest g-analysis due to the
high interest in the mathematics of quantum computing models.

The g-analysis has emerged as a link between mathematics and physics. Number
theory, combinatorics, orthogonal polynomials, fundamental hyper-geometric functions, and
other sciences have numerous applications in different fields of mathematics and physics,
such as quantum theory, quantum mechanics, and relativity theory [1-3].

The g-analysis was first described by Euler. Euler proved the pentagonal number

theorem
> m(3m-1) m(3m+1) 2
14> (e 2o +q 2 )=]Ja-am.o<ia<1
m=1 m=1

the first example of g-analysis, in 1750, and this is also the first example of the theta-function
[2]. In 1866, 11 years after Euler's death, Gauss proved the equality

= m+1 = 1—q2m
m=1 m=1

which is another example of g-analysis [2]
In addition, Euler defined the q -derivative operator and the first form of the q -
binomial theorem, which would be defined more than a century later [2]. The g-derivative
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was first described by Euler, then Heine [4], and then by F. H. Jackson [5] in 1908 [see 1, 6].
Jackson was the first to systematically develop g-analysis [2].
In 1869, Edward Heine's student Thomae [7, 8] defined the g-integral on [0,1] by

1 ©
[redpx=a-0) ar@m0<q<1
0 n=0

and in 1910, Jackson [9] defined the general g-integral on [a, b] by

fﬂ@%X=fﬂ@%x—fﬂ@%x
) ! J

After Jackson's definitions of g-derivative and g-integral, studies have continued.
With the addition of the p parameter to the g-analysis, a step was taken to the (p, g)-analysis.
(p, g)-analysis was first and independently handled by Chakrabarti and Jagannathan [10],
Brodimas et al. [11], Wachs and White [12], and Arik et al. [13].

Chakrabarti and Jagannathan described the (p, q)-analysis to generalize or combine
various forms of g-oscillator algebras well known in the physics literature related to the
symbol theory of single-parameter quantum algebras [10]. Brodimas et al. defined the (p, q)-
number to derive the Bose representation of these operators by utilizing g-analysis by
performing a Bargmann differential of the (p,q)-algebraic generation and destruction
operator [11]. Wachs and White used the (p,q)-number in the mathematical literature to
obtain the (p, q)-Stirling numbers that produces the common distribution of statistical pairs
[12]. Arik et al. used the (p, g)-number to investigate Fibonacci oscillators [13].

Since 1991, g-analysis has been developed by many mathematicians and physicists in
different research fields. For example, (p, q)-hypergeometric functions were defined by
Burban and Klimyk and the relationships between basic hypergeometric functions, (p, q)-
hypergeometric functions and (p, q)-hypergeometric functions were investigated [14]. The
binomial coefficients (p,q)-analogue were developed by Corcino and some properties
parallel to the known binomial coefficients and g-binomial coefficients were determined [15].
Some properties of g-derivative and g-integration were investigated by Sadjang [16]. Some
connections between the (p, q)-derivative operator and divided differences were given by
Araci et al., and the (p, q)-analogue of the Leibnitz rule was investigated with the help of
divided differences [17]. These studies provided good ideas for the development of (p, q)-
analysis in combinatorics, number theory, and other fields of mathematics and physics.

In this study, an extension of the (p,q)-analysis is considered and their various
properties are given. We first first introduced the (r, p, q)-analysis by involving a parameter r
to the (p, g)-analysis, and some elementary concepts of analysis such a (r, p, g)-numbers,
(r,p, q)-derivative, (r,p,q)-exonential functions, (r,p,q)-antiderivative, and (r,p,q)-
integral were defined. We obtain some properties of polynomial (x — a)™, (r,p, g)-Taylor
formula, (r,p, q)-binomial coefficients, divided differences and some relations between
(r,p, q)-derivative, (r,p,q)-exponential functions, (r,p,q)-integral and finally, the
fundamental theorem of (r, p, q)-analysis are examined in detail.

In this article, some elementary concepts of the (r,p, q)-analysis are defined. The
(r,p,q@)-numbers, (r,p,q)-differential, (r,p, q)-derivative, (r,p,q)-Taylor formula and
fundamental theorem of (r, p, g)-analysis are studied and their properties are obtained. Firtly
we recall some information about the g-analysis and (p, g)-analysis.

WWW.josa.ro Mathematics Section



On an expansion of ... Hamza Menken and Burgak Harnupdali 35

2. QUANTUM AND POST QUANTUM ANALYSIS

2.1. QUANTUM ANALYSIS

Let g € R, g # 1. g-extension (or g-analogue) of a ineger number n € Z is defined by

Here, it follows that

lim[n]q =lim(1+q+--+ qn—l) = n.
q-1 q-1

The following formulas are valid for any real (or complex) numbers n and m (see [16,
18, 19)):

[n+m]q = [nlg + q"[m]q = [m]q + q™[n],
[n—ml, = [nlg —q™™[mlg = ¢ ([nlq — [mly)

[nm]q = [n]qm [m]q = [m]qn [n]q

[ ] ql/m _ [Tl]q

ql/m [m] qn/m
The g-differential of any function f(x) is defined by
def (x) = f(gx) — f(x)

and the g-derivative of f(x) is defined by

dy T _ f (@) —f(x)
dx  (g-Dx

q

D, f (X) = L x#0.

The g-analogue of n! is defined by

[n],!=[n],[n-1], ..[2], [1],
and 0! =1 (see [20, 21]).

The g-analogue of the (x—a)" polynomial is defined as (x—a)g =1to

(x—a); = (x-a)(x-ga)--(x-q""a).

For any polynomial f(x) of degree N and any number c, the g-Taylor expansion of
f(x) is given by formula

F(x) = Z(le)( )([_]C)
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Let's take f(x) = x™ and ¢ = 1, where n is a positive integer. For j < n hence the g-
Taylor formula for x™ around ¢ = 1 is

n [n] [n—1] ...[n—j+1]q

X":Z q [Qj]q! (x—l);.

j=0

Using the g-Taylor formula, taking f(x) = (x—a); around x = 0, is

k=0

nn k(k=1)
(x—a): =ZLJ (_1)kq 2 ynkgk
g

The g-binomial coefficients for n, k positive integers are defined by

W,

n n n
With{ } ={ } =1and[ } =0 forn <k.
nq Oq kq

Theorem 2.1. (Fundamental Theorem of g-analysis) F(x) is an antiderivative of f(x) and
F(x)is

i f ()d,x=F(b)-F(a)

0<a<b<owifx=0Iiscontinuous.

Proposition 2.1. If f'(x) exists around x = 0 and is continuous at x = 0, then f'(x) is the
classical derivative of f(x), is

b
[D,f()dyx=f(b)- T (a).
2.2. POST QUANTUM ANALYSIS

The (p, q)-analoge of n is defined by

[n] ="

n n

—q .
P—q

Hence, [n]pyq :[n]qyp. For p—1, the (p,q)-number [n]p‘q turns into the g —number

[n]q . Some formulas for sum, difference, product and quotient of (p, g)-numbers are

[n+m]  =p"[m]  +a"[n] ,=p"[n] ,+a"[m] ,
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[n-m],,=a"([n],,+p""[m],,)

Il
'GI
3
—_
—
—
k=]
o
+
o]
T
3
—
[A—
k=]
o
S~—

where n and m are real or complex numbers [16, 22].
Let f(x) be an arbitrary function. The (p, q)-differential of f(x) is defined by

dy (0= F (PO~ (a¥)

and the (p, q)-derivative of f(x) is defined by

b, o= (PO F@)

TECTEE (x#0).

The (p, q)-analogue of factorial of n is defined by
[n],'=nl,q (=1, (2], [,

and [O]M I=1. The (p, g)-analogue of the (x—a)" polynomial is defined as(x—a)‘;,q =1to

(x-a);, =(x—a)(px—ga)---(p""x—q""a).

For any polynomial f(x) of degree N and any number a, the (p, g)-Taylor expansion

of f(x)is
N (K DX f —k )
f(x):kz_;p[Zj( p'f—k])(a:) )(x—a)pyq.

which based on the formula

X< p@m (ap™)™" (x-a), 4

k=0

The (p, q)-binomial coefficients are defined by

M[k[]][k]{k}

n
The (p, q)-binomial coefficients for k > n, the initial conditions LJ =0 and

p.q
{O} =1and the triangle recursion relationship is satisfied as
p.q
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n+lf N et M
RN N
p.q p.q p.q
n+1 _ N 4 pree n .
k k k-1
p.q p.q p.q

Theorem 2.1. (Fundamental Theorem of (p, g)-analysis) F(x) is an antiderivative of f(x)
and F(x) is

and

j‘ f(x)d, ,x=F(b)-F(a),

0<a<b<owifx=0Iiscontinuous.

Proposition 2.1. If f'(x) exists around x = 0 and is continuous at x = 0, then f'(x) is the
classical derivative of f(x), is

TDM f()d, x=f(b)-f(a).

3. MAIN RESULTS

In the present work we introduce the (7, p, q)-analysis as an extension of the (p, q)-
analysis. Fisrtly, we define the (r, p, g)-numbers, (r, p, q)-differential and (7, p, q)-derivative,
and we give their properties. We derive the (r, p, q)-Taylor formula and fundamental theorem
of (r,p, q)-analysis.

3.1. (r,p, 9)-ANALYSIS AS AN EXTENSION OF (p, q)-ANALYSIS

Assumethat 0 < g<p <1,r e Randn € Z*.

Definition 3.1.1 The (r, p, g¢)-analogue of n € Z* is defined by

1) )
[n], .= [p],-lal, 3.1.1)
ik W |
p—q

We note that the numbers r, p and g can be chosen as real or complex numbers. Here,
the r-analogue of p is defined by
_rP—1
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and for r = 1, [p], turns into the number p. Similarly, the r-analogue of g is given by

[q] = —

_rq—l

1

forr =1, [q], turns into q. For r — 1, the [n],. , , (r, p, @)-number turns into [n], , (v, q)-

number. A few examples of (7, p, g)-numbers are

[0],,4=0: [1] o =1 [2],,, =[P, +[al,. [3], ,, =[P] +[p] [a], +[a];"

Now, we examine the sum and difference formulas of (r, p,q)-numbers.

(el = [al”

e =0T Tl

Similarly, we have

Taking —m instead of m in the sum formula

above, we have

[n-m] o =[Pl [-m], o +[al " [N],

and by

we reach to the equality

3.1.1. (r, p, q)-differential and (r, p, q)-derivative

Definition 3.1.2. Let f be a function defined on a su
differential of the f function is defined by

ISSN: 1844 — 9581
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d, oo F ) =T ([p], x)-f([a], %) (3.1.2)

For any function f(x) and g(x) we have

d, oo (F()9(0)=f ([P], x)a([p], x)- f ([a], x) 9 ([a

f ], x
= f([p], x)a([p], x)- f([a], x)a([a], x)- T ([p], x)g([al, x)+ f ([p], x) g ([a], x)
= ([p] )rpqg(x)+g(q]rx)d,qu(x)
and thus,
dp oo (F()9(0) = f([P], X)d, ,,9()+g([a], X)d, 5o T (X) (3.1.3)

are obtained. Similarly,
A, pa (F00900)=9([p], X)d, 5o F )+ f([a], x)d, ,,9(X) (3.1.4)

Definition 3.1.3. The (r, p, q)-derivative of the f function is defined by

d,,.f00  F([p], %)~ ([a],x)

dr,p,qx ) [p]r X_[q]r X

For x = 0, we have D,.,, ,f(x) = f'(0). Let f(x) and g(x) be any two functions. The

(r, p, q)-derivative of the product of the functions f(x) and g(x), using (3.1.3) and (3.1.5),
is as follows:

D oo F(X) =

, (x=0). (3.1.5)

f()9() _ F([P], %)dr0,a(x)+g([a], X)d; 5o f ()
r, Pq drvpyqx (316)

= f([p], X)Dr,,0()+g([a], x) D, o f (X)

D, pa (F()9(X)) = rpqg

and similarly,
D, ,o (F(0)9(¥))=9([p], X)D,,,F )+ ([a], x)D, ,,9(X) (3.1.7)
~ Let's look at how the (r, p, q)-derivative of the quotient of functions f(x) and g(x) is
e F)=f(x)
9() fEX; ~ ()

Let's take the (7, p, q)-derivative of both sides of the equality,

f(x) o

WWW.josa.ro Mathematics Section



On an expansion of ... Hamza Menken and Burgak Harnupdali

Using (3.1.6), we find the following result with g([q]x) # 0 and g([p],x) # 0

19, f(lal.%)

D D =D f
g([ p]r X) r,p,q[g(x)j""g([q] ) r a9 (X) epa f(X)
CIRTPN

f([al, %)
RIGE
f0) " g(lal¥)
Prps [ g(X)j_ a([p], )
[a],

(f(x)jZG([q]r X)D, o f (X)— 1 (
9(x) g([a], x)a([

Lemma 3.1.1. Let the functions f:D — C and g: D — C be (r,p, q)-differentiable on the

a], X) D, ,,9(x)
p]. X)

order of n. Then,

n

Do) =[] DEpa(DGlRI DI () lalh)

k=0
Proof: Lemma is provided forn = 1. Assuma that m>1and the lemma is true for n =m

Let's show that it is true for n = m + 1 using n = m and the equality (3.4.4).

D73 (19)(x) =D, 5,4 (D54 (T9)(¥))

rp.q

m ['m m .
:Dr,DVQ[Z[k} rpq (X[p k)Dr pkq
r.p.q

SR (o peer o

#D%, o (1)(x[P]™ )0y (9)(x{al! o] |

)(x[al: )J
ot

S o (R ot (o)l
S e Drpq<f>(x[p]"“‘ )D:";zk<g>(x[q]t)

(X[p]”““)D:“;lq
:i{[qltm,pf[ T”k } Eoa (D) (X[P]"™ ) O (9)(x[al})
” +D:“;:(f>( (x[q]”‘“)
S ot e @)

and the proof is complete.

Mathematics Section
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3.2. (r,p, 9)-ANALOGUE AND (r, p, q)-DERIVATIVE OF (x-a)"

First, let's recall the general Taylor formula for polynomials.

Theorem 3.2.1. Let a be any number and D be a linear operator in the space of polynomials.
Let (Po(x), Pl(x),...) be the sequence of polynomials satisfying the following three conditions:

1. B(a)=1and P,(a)=0 n>1
2. derP,(x)=n
3. dP,(x)=P,,(x) for vn>1 and D(1) =0

The general Taylor formula for any polynomial f(x) of degree N is:
N
f(x)=>(D"f)(@)P,(x) [30].
n=0

Let's take the linear operator D instead of the linear operator D in the theorem

rp.q
above. If we choose a = 0, we can find polynomials P,(x) satisfying the the conditions
above. Let's look at the question of how to write a polynomial P,(x) if a=0.

Let's find the polynomial P,(x) with the help of the theorem above by choosing a =0

and D=D, . Itshould be R (x)=1, D, R (X)=PR(x) and P,([p],a) = 0.

For x=a, R([q] a)-R([p] a)=[a],a-[p],a. Pi([plra) =0 should be
R([a], a)=[a], a—[p], a - Thenitis found as

R(x)=x-a.

Now let's find P,(x). Itshould be D, P, (x)=PR(x) and P,([p],a) = 0.

Forx =a, P, ([q] a)-P,([p],a)=0 and must be P,([q], a)=0. Therefore, it must
be P,(x)=(x—a)([p], x—[a], a). Let's try this.
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must be. Accordingly,

DI‘, p.q P2 (X) =

whereas D, | .P,(x) =(x—a) should have been. In that case, it is found as

(x-a)([p], x-[a], a)
[2

Pz(x) =

]r,p,q

by providing the equality. Continuing in this way, we can generalize the polynomial P,(x) for
a = 0as follows:

(x-a)((p], x[a], a)([PT x~[a] a)--{[p] " x-[a] "a)

P00 = T

Definition 3.2.1. The (r, p, q)-analogue of n! is identified by

" n=0
n| =
[ ]r'p'q { [n]r.p,q [n o 1]r,p,q "'[Z]r.lhq [1]“1""1 n=1

Definition 3.2.2. The (r, p, q)-analogue of the (x—a)" polynomial is defined by

3.2.1. Some propositions of polynomials (x—a)n

Proposition 3.2.1. For n>1, the following statement is true:

ISSN: 1844 — 9581 Mathematics Section
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n n-1
D, ,q(x-2); ,,=[n],,([P] x-a) (3.2.1)
and D, ,(x-a); =0.
Proof: Let's do the proof by inductive method. Since

D,,p'q(x—a)rypvq =1=[1]rypyq([p]rx—a):p]q for n =1, the proposition is true for n = 1.

Suppose (3.2.1) is true for some value of k, D, , (x—a)" =[k]. . ([p], x—a):lq. Using

r.p.q

this definition for (r, p, q)-power, we can write

(X_a)l:;)l,q - (X_a)lr(,p,q ([ p]i: X_[q]k a)r,p,q .

r

Let us show that (3.2.1) is true for the value k + 1. From the equality (3.1.7) we obtain

D, oo (x=a) . =[Pl ([P]. x=2),  +([P] [a], x~[a]"a)[K], ,,([p], x-2)

k-1

r,p.q

~[plt (o], x-a); _+[al, (o] x~[a] " a)[K], . (o], x-a). .
~([p), x-a); ([P +lal [<), o) =[k 1], ([P), x-a),

Hence, the proof is completed.

Proposition 3.2.2. Let 4 be a complex number and n>1 an integer. The relation holds:

n n-1
Dr,p,q (ix - a')r,p,q = j'[n]r,p,q (l[ p]r X_a)r,p,q ’
Proof: The proof can be done by induction on n.
Proposition 3.2.3. Let 0<k <n and with neZ, n>1. Soitis
k _ o — [1k&k-1)/2 [n]rpq! k. _ \n—k
Dr,p,q(x a)r,p,q - [p]r _ ,([p]rx a)r,p,q- (3-2-2)
[n k]r,p,q'

3.3. (r, p,q) -TAYLOR FORMULA

In this section, two Taylor formulas for polynomials are given in the light of (r, p,q) -
analysis and some results are investigated. The first of the Taylor formulas is as follows.

Theorem 3.3.1. For any polynomial f(x) of degree N and any number a, the Taylor's
formula is given by

WWW.josa.ro Mathematics Section
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N

fG) = ) [l Oepa JClPlD oy, (3.3.0)

k=0 [k]r,p q:*

Proof: Let f be a polynomial of degree N. In this case
S j
()= ;cj (x-a);,, (3.3.2)

is provided. k is an integer such that 0 < k < N. Then, applying Dr ».q and using equalities
(3.3.2) and (3.2.2) we have the formula

N

kk-1)/2  Ulrpg!
(DX of ) () = JZkur T = a5

If x=a] p];k is chosen in the above equality,

(D qu)(a 17 = ¢, [k]r'p'q! [p]l:(k-l)/z

is found. Hence, it is

= [p] kG 1/2 (PEpaf)(alpl)
j = Pl Kl !
Thus ends the proof.

Corollary 3.3.1. The following statement is true:

n

= VR @l G- @)

k=0 rpAa

Theorem 3.3.2. For any polynomial f(x) of degree N and any number a, theTayor's formula
is given by:

(Drp.af ) (ald]
f(x)—Z( ¥ [l 2 ”fk]m, 2 a0

Proof: The proof can be proved similarly to the proof of Theorem 3.3.1.

Corollary 3.3.2. The following equality is valid:

n

N G O (it 1 G EO L CREO L (333)

k=0

Corollary 3.3.3. The following equalities are valid:
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n 0 [n] n-k k
(X_b)r,p,q = ; k (a_b)r,p,q (X_a)l’,p,q (3'3'4)
=0L" dr p,g
n 0 [n]| n-k k
(b—x)r‘p’q = ; ) (b—a)r‘p’q (a—X)r’p‘q (3.3.5)
L drnpg

We note that by taking ab instead of b in equalities (3.3.4) and (3.3.5), we obtain the
following expressions:

(x-ab) =2 | @™ (-b) (x-a),, (336)
L drpaq
n " [n] e n—k k
(ab_x)r,p,q :g k a ‘ (b_l)r,p,q (a_x)r,p,q (337)
=L drpag

3.4. (r, p,q) -BINOMIAL COEFFICIENTS

Definition 3.4.1. The (r, p,q) -binomial coefficients are defined by

m,,m “[n- k[]n]r'plfli] I’ (3.4.1)

r.p.g L drpg”
with [n]ryp,qlz[n]r,p’q[n—l]r‘p’q "'[Z]r,p,q [1]r’p’q (n>0) and [O]F’p'qlzl.

If r=1, (p,q)-binomial coefficients are obtained. In this case, the properties of
(r, p,q) -binomial coefficients are similar to the properties of (p,q) -binomial coefficients.
Some properties of (r, p,q)-binomial coefficients with n, k non-negative integers and k <n
are as follows:

N

H _H
k Tk ’
r,p.q r.q,p

(3.4.2)
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First, let's give the triangle recursion relationship to calculate (r, p,q)-binomial
coefficients.

Theorem 3.4.1. The (r, p,q) -binomial coefficients are given by

n+1 k(N n-k+«1| N
{ k lp,q:[p]r {klp;[(ﬂr L(_Jm (3.4.3)

n+1 k(N k| N
{ k }r,p,q:[q]{klp’j[ﬂr {k_1:|r,p,q (3.4.4)

0 n
with initial conditions [0} =1 and LJ =0 for n<k.
rp.q rp.q

and

Proof. Let 0<k <n.

[n+1] . =[p] +[p] " [al +-+[p] [a] " +[p] [al ™" +--+[p] [a]" +[a]’
=[p] ([pT " +[pl [, +-+[al ™ )+ [al ™ ([p] " +[P] " [a], +-+[a] )
=[Pl [n—k+1],, +[a] " [K], ,

[n+1} _ [n+l]r,p,q! _ [n+1]r]p]q[n]r]p‘q!

K oo [kl K], [n-k+d], 'k], !

L L P 3 N |
[n—k+1],_ 1k] !

[n k +l]r p.q [n]r,p,q ! n—-k+1 [k]r,p,q [n]r p.q :
[n—k+1], 'K],.! S ey

=[p]f[E}nnq+[Qﬂ_“4{kT4]npq

Thus, the equality (3.4.3) is proved. The proof of the equality (3.4.4) can be proved
similarly.

so that,

=[p];

r,p,q [ ]rpq

Theorem 3.4.2. The (r, p,q)-binomial coefficients are given by

n+1 R -k ¢ 1i—k | J
r.p.q r.p.g

n S k ' (j+l)(n k){ J[ ]jk+[l ] n+1
Ko J=o k+j+l]
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Theorem 3.4.3. (r, p,q) -binomial coefficients are

S (1o} +x[a]))=>

j=0 k=0

{Elp,q (el ) (3.4.5)

Proof: The proof can be done by inductive method.

Result 3.4.1. For n>1, the following equality is valid:

Zm [p].= ) a]? sz [p]. ) a]? (3.4.6)

k cift k tek
Proof: Taking as x=-1 in Theorem 3.4.3, we obtain

n

S(ier-ta)-2 o] el il

j=0 k=0

n-1 - -
The first element of the Z([ p]. —[q]:) expansion equals zero when j=0, therefore
j=0

k=0

el ol -

This corresponds to equality (3.4.6).

3.5. FUNDAMENTAL THEOREM OF (r, p,q)-ANALYSIS

Theorem 3.5.1. (The Fundamental Theorem of (r,p,q)-Analysis). F(x), is an
antiderivative of f(x)’ and if F(x), is continuous at x=0 and 0<a<b<wo,

[0, ,,x=F(0)-F(a). (35.1)

Proof: Since F(x) is continuous at x=0, F(x) can be written as

F(x)= ( )2 - ([[;]]Hlx}rF(O).

Since

jf(x)drpq =([p] ) Z [q]1+1 {[[q]]wl J

it can be written as

[109d, ,,x=F(a)-F(0).
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Similarly, for a finite b, it can be written as
b
[ 1094, ,,x=F(b)-F(0).
0

Thus, we obtain
b

[109d, ,x=F(b)-F(a).

a

Proposition 3.5.1. If there is f'(x) in a neighborhood of x=0and it is continuous at the point
x =0, then we have

b
[y F00, o x=f(0)- () (35.2)

a

Proof: Using L'Hospital's rule, we have

im X)=lim f([P]. %)= f ({a], ¥
IO 00 =lim =
i P F (00 x)- e, *([a]. )

=0 [p], -[a],

— [p]r _[q]r f '(0) = f !(0)

~[p], -],

Therefore, it follows from the equality (D, ,, f)(0)=f’(0) and (3.5.2) that
D, ,q () is continuous at the point x=0.

4. CONCLUSIONS

In this paper, the basic concepts of (r, p,q)-analysis as an extension of (p, q)-analysis
are defined and examined. We obtain results that include the concepts of (r, p,q) -analogue of
a number n, and (r, p,q) -differential and derivative of a function f(x), (r, p,q)-analogue and
properties of the (x—a)" polynomial.

Some results containing the (r, p,q)-analogue and (r, p,q)-Taylor formula, (r, p,q)-

binomial coefficients, and the fundamental theorem and properties of (r, p,q)-analysis are
obtained.
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