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Abstract. In this study, Darboux vector W of the natural lift curve @ for the given
curve o, is calculated in terms of the types of curves in Minkowski space. Then striction lines,
distribution parameters, Gaussian and mean curvatures of ruled surface pairs generated by
the Darboux vector of the natural lift curve have been examined. Furthermore, some
examples are given to support the main results.
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1. INTRODUCTION

In differential geometry, the theories of curves and surfaces have important research
areas to understand the geometric structure of them in detail [1]. Moreover, considering the
Frenet operators between the main curve and its pair, many significiant results have been
obtained. One of the well-known curve mentioned the previous sentence is natural lift curves.
The natural lift curve has been defined in J.A. Thorpe’s book, see [2]. According to the
definition, the natural lift curve is defined as a curve obtained by the endpoints of the unit
tangent vectors of the main curve. The properties of the natural lift curve and the relation for
Frenet vectors between the main curve and its natural lift curve are investigated in [3, 4].

Beside the theory for curves, the surface theory has extensively been studied by
several mathematicians. One of the significiant surface is ruled surfaces. The ruled surface
was firstly been examined by G. Monge in literature. Generally, the ruled surface, which
consist of the base curve and the rulling, has been defined by the surface obtained as moving a
line along a curve.

The concepts and fundamental theorems of the ruled surfaces in R? are given in [5, 6].
The idea of ruled surfaces generated by a curve and its natural lift curve in Minkowski space
has been highlighted in [7]. In that study, the striction curve and distribution parameter of
these ruled surfaces are calculated. Furthermore, the isomorphism among unit dual sphere, the
subset of the unit 2-sphere and the ruled surfaces generated by the natural lift curves are
studied in [8]. In the same study, the developability condition of these ruled surfaces have
been extensively denoted. In the light of this study, all characterizations have been modified
by the isomorphism among pseudo-sphere, the subsets of the pseudo-spheres and the ruled
surfaces generated by the natural lift curves, see [9]. Additionally, the natural lift curve and
the concepts of geodesic spray are defined in R$, see [10, 11]. In [12], the distribution
parameter of a ruled surface, which is formed by a straight line and moves along two different
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6 On ruled surface generated by... Seyma Afsar et al.

spacelike curves with the same parameter, has been represented by using Frenet trihedron.
However, there is a little research about the ruled surfaces generated by Darboux vector of the
natural lift curves. Hence, we examine the striction lines, distribution parameters, Gaussian
and mean curvatures of these ruled surfaces according to the types of curves in RS .
Moreover, some examples have been given to verify the obtained results.

This study is organized as follows: In Section 2, some basic definitions and theorems
are given about the natural lift curve and the Frenet operators in R3. In Section 3, the ruled
surfaces generated by the natural lift curves are denoted and some examples are given to
support the results. Finally, in Section 4, the obtained results are discussed.

2. PRELIMINARIES

In this section, some elementary definitions and theorems about the Frenet operators
of the curve in Minkowski space, the properties of the natural lift curve and the concepts of
the ruled surfaces are denoted, respectively.

Definition 2.1. Let R3 equipped with the Lorentzian inner product h given by
h(Y,Y) = =yf +y3 + y3,

where Y = (y;,y,,v3) is the vector in R3. A vector Y = (y,y,,y3) is called timelike if
h(Y,Y) < 0, spacelike if h(Y,Y) > 0 and lightlike (or null ) if A(Y,Y) = 0. Likewise, an
arbitrary curve a = a(s) in R® where s is a pseudo-arclength parameter, can locally be
timelike, spacelike or ligtlike (or null) if all of its velocity vectors a’(s) are timelike,
spacelike or lightlike (or null) forall s € I < R, see [3].

Definition 2.2. The norm of a vector Y is defined by

IYllgz = v IA(Y, V)I.

Definition 2.3. Let @ : I — R3 be a parametrized curve. We denote by {T(s), N(s), B(s)}
the moving Frenet frame along the curve a. In this trihedron, T, N, B represent the tangent
vector, the principal normal vector and the binormal vector, respectively. The following
assertions are satisfied, see [12].

Let a be a unit speed timelike space curve with curvature k and torsion. Let Frenet
vector fields of a be {T,N,B}. In this trihedron, T is timelike vector field, N and B are
spacelike vector fields. Then Frenet formulas are given by

T' =kN,
N' = kT + 1B,
B' = —1N.

Let a be a unit speed spacelike space curve with a spacelike binormal. In this
trihedron, we assume that T and B are spacelike vector fields and N is a timelike vector field.
Then, Frenet formulas are given by
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T' = kN,
N' = kT + 1B,
B' =1N.

Let a be a unit speed spacelike space curve with a timelike binormal. In this trihedron,
we assume that T and N are spacelike vector fields and B is a timelike vector field. Then,
Frenet formulas are given by

T' = kN,
N' = —«kT + 1B,
B' = —1N.

Definition 2.4. Let V = (v, v,,v3) ,W = (wy,w,, w3) € R3. The Lorentzian vector product
of V. and W are given by [4]

€, —€ —e€3
VX W = det VA A4 V3 = (V2W3 — V3W,,ViW3 — V3W,,Vo, Wy — V1W2) .
Wy Wz W3

Next, we give some definitions and properties of the natural lift curve in Minkowski
space as follows:

Definition 2.5. Let M be a hypersurface in R and @ : I — M be a parametrized curve. « is
called an integral curve of X if

%(a(s)) = X(a(s)), (for all s €1),

where X is a smooth tangent vector field on M . Hence, we have

™ = UTPM

where TpM is the tangent space of M at p [2].

Definition 2.6. For any parametrized curve : I - M, a:1 - TM given by

a(s) = (a(s),a'(s)) = a'()acs)
is called the natural lift of a « on TM in [2]. Thus, we can write

da

d | /
== = (@ ©lag9) = Dot @'(5)

where D is the Levi-Civita connection on R3, see [2].

Definition 2.7. We denote by {T(s), N(s), B(s), k(s), t(s)} the Frenet operators of the
natural lift curve a.

1) Let a be a unit speed timelike space curve and a be the natural lift curve of @. Then,
we get
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T(s) = N(s),
_ _ k(s) B @
V= T P
_ _ 7(s) B @
B = =1 T ~ B

_ . KE(s) —1%(s)
) = =

)

L (9)T(s) + k()T (S)
os) = TaE '

ii) Let a be a unit speed spacelike space curve with a spacelike binormal and @ be the

natural lift curve of a. Then, we get,
T(s) = N(s),

_ _ k(s) ﬂ
NG = w7+ i BE)

_ _(s) K(s)
B(s) = ||W||T(S)_WB(S)’

_ o KE(s) +7%(s)
) = =

)

R +KET(E)
ts) = Ak

iii) Let a be a unit speed spacelike space curve with a timelike binormal and @ be the

natural lift curve of a Then, we get,
T(s) = N(s),

_ _ k(s) _@
S T T
BE) = w7+ B

R+ ()
) = =

)

) + KET(S)
o) = 4k

)

see for details in [2].
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Proposition 2.1. Leta be the natural lift curve in R3. Then, there is a
{T(s),N(s),B(s),x(s),t(s)} Frenet frame at each point of the curve. In the coordinate
neighborhood, Darboux vectors are classified as follows:

1) Assume that « is the smooth curve with a timelike tangent vector and i is the
spacelike binormal —B between the Lorentzian timelike angle and the Frenet instantaneous
rotation vector that is formulated by W = 7T + kB.

a) Provided that | T |<| x|, then W is a spacelike vector. So we write,

k = ||W||coshy ,t = ||W||sinhy
which satisfy ||W||? = h(W, W) = k? — 2.
b) Provided that | 7 |[<| k |, then W is a timelike vector. So we write,
k = ||W||sinhy ,t = ||W||coshy
which satisfy ||W||? = —h(W, W) = —(kx? — 12).
i) Assume that « is the smooth curve with a spacelike curve with a spacelike binormal
and v is the spacelike binormal —B between the Lorentzian timelike angle and the Frenet

instantaneous rotation vector that is formulated by W = TT — kB. Moreover, h(W, W) > 0
and W is a spacelike vector. So we write,

Kk = Wllcosp, T = |[W||siny

which satisfy ||W|| = /|2 + 2| = [|[W]|? = h(W, W) = k? + 2.

1ii) Assume that « is the smooth curve with spacelike curve with a timelike binormal
and v is the spacelike binormal —B between the Lorentzian timelike angle and the Frenet
instantaneous rotation vector that is formulated by W = —7T + kB.
a) Provided that | T | < | k |, then W is a spacelike vector. So we write,

k = ||W||sinhy ,t = ||W||coshy

which satisfy ||W||?2 = h(W,W) = 12 — k2.
b) Provided that | T | < | k |, then W is a timelike vector. So we write,

Kk = [|[W]|coshy ,T = ||W||sinhy
which satisfy ||W||? = —h(W, W) = —(t? — «?), see for details in [9].
Next, we will mention the concepts of the ruled surface. Additionally, the concepts of
the striction curve, distribution parameter, Gaussian and mean curvatures;
Definition 2.8. Given a one-parameter family of straight lines,

x(s,v) = a(s) + ve(s)

is called the ruled surface, where a(s) represents the base curve and e is a unit vector of a
straight line, see [3]. In [9], the striction curve is defined as
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10 On ruled surface generated by... Seyma Afsar et al.

h(a’, e")
h(e',e’)

B(s) = a(s) - e(s).

Also, the distribution parameter on ruled surface y is given by [11].

B det(a’, e, e’)
T e?

Theorem 2.1. The ruled surface is developable if and only if Pe = 0 [3].

Definition 2.9. The Gaussian curvature of y(s,v) is

(det(a’,e,e’))2
~ (EG—F2)?2 '

K(s,v) =

which consists of
E=E(s,v) =|la'(s) +ve'(s)|?,F =F(s,v) =a'(s).e(s),G = G(s,v) = 1.
The mean curvature of (s, v) is,

A

H(s,v) = 2(EG — F2)3/2

which consists of
E=E(s,v) =|la'(s) +ve'(s)||?,F =F(s,v) = a'(s).e(s),G = G(s,v) = 1.
Here,
A= =2(a(s).e(s))det(a'(s), e(s),e'(s)) + det(a” (s) + ve"(s),a'(s) + ve'(s),e(s)),
for more details, see [5].

3. ON RULED SURFACE GENERATED BY DARBOUX VECTOR OF NATURAL
LIFT CURVE IN MINKOWSKI SPACE

In this section, Darboux vectors are calculated according to the types of a and a. Then,
the ruled surfaces generated by Darboux vectors are defined and some characterizations
related to these surfaces are investigated. Furthermore, some examples are given to support
the main results. Now, we will examine the ruled surface pairs generated by the main curve
and its natural lift curve according to Darboux vector in Minkowski space:

i) Assume that a is a unit speed timelike space curve and y(s,v) is the ruled surface
which is parametrized by

x(s,v) = a(s) + vW (s).

WWW.josa.ro Mathematics Section
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After some basic calculations, we get the following properties:
The striction curve of  is

!

_ T
- (T:)z —_ (K’)z'

The distribution parameter is calculated as

A

PW = 0.
The Gaussian and mean curvatures are given as

K(s,v) =0
and
—(K +v(t'k — K’T))(K(l +vt') —vk'T)
2(—(1 + vr")2 + (vk')?% — (—1)2)3/2

H(s,v) =

Assume that @ is a unit speed timelike space curve of a given above. The ruled
surface j (s, v) generated by the natural lift curve is

7(s,v) = a(s) + vW(s).

The spacelike Darboux vector of « is

7 — 27 + 2B <—K’T+ KT’) N+ K% — 12 ( L B)
=T+ kB = |———— - — _
W |2 W 4| 4|

Here, we get

W'=A'N+ (kA—1)T + (tA—k')B
. <—K’T + KT')
W12
and

7 (—K’r + m”)’ N+ ( (—K’T + KT’) ,> - ( (—K’T + m”) ,> B
= k|l————— | =1 t|————]—-«'|B.
W 1|2 48 lw]|?

Also, the striction curve is obtained as

where

B kA’ _
H= (A2 = A%2(k?2 —12) + 2A(kT" — 1K") + (K')% — (7)?

The distribution parameter is calculated by
Py =0.

Gaussian and the mean curvatures are

K(s,v) = 0.

ISSN: 1844 — 9581 Mathematics Section



12 On ruled surface generated by... Seyma Afsar et al.

and

H(s,v) = )
’ 2(—v2(kA — 1')%2 + (TA — k")2 + 2vkA’ + A2(v?% — k2) + 12)3/2

¥ =—(k?+vKA + (KA —1))) KKk + vA") + v(TA — K')A)
+ (K’ + U(A” +rk(kA—1")— (1A — K’))) (—K’U(KA —1') 4+ 2v(tA — K’))
+(KT + v(tA" + (1A — K’)’))(—AU(KA —t)—t(k+ vA’))

From the above calculations, we deduce that the ruled surfaces yand j are
developable.

i) Assume that « is a unit speed spacelike space curve with a spacelike binormal. The
ruled surface y(s, v) is parametrized by

x(s,v) = a(s) + vW(s).

After some basic calculations, we get the following properties:
The striction curve is

!

T
A=———
()2 + ()2
The distribution parameter is
PW = 0.

Hence, the ruled surface is developable. Gaussian and mean curvatures are given as
follows:
K(s,v) =0
and
(K +v(t'k — K’T))(—K(l +vt") + vk'7)
2((1 + vr")?% + (vk")? — (1)2)3/2

H(s,v) =

Assume that o is a unit speed spacelike curve with a spacelike binormal of a. The
ruled surface X(s, v) is parametrized by

7(s,v) = a(s) + viW(s)

The Darboux vector is

i = 7T — 2B (K’T — KT’) N K% + 12 ( LA B>
=TT —kB =|—————| N - — :
W2 Wil \wil N4l

So, we calculate

W' =A'N + (kA — )T + (1A + k")B

. (K’T - KT’)
W |2

where

and

WWW.josa.ro Mathematics Section



On ruled surface generated by... Seyma Afsar et al. 13

(K"t kT WIE = 26t ()2 — (19)?) — 2i'T (2% — K2)

A BE

The striction curve is
—kA’
—(A")2 + A%2(k? + 12) = 2A(kT" — ") + (K')? + (7')?

“:

The distribution parameter is

—2k(—x't + k1')
—(A")2 + A%2(k? + 12) — 2A(k1" — K") + (K')% + (77)?

Py =
The Gaussian curvature is

v2A%(Kk? + 12) + 24v%(tK’ + k') + v2((k")? + (1')?) — k? — 2kvA’ —v2(4')?
+ (k242) ... (0).

Then we have
—4K?(—k't + kT')?

o) ==
The mean curvature is calculated by
_ )
H(S, U) = W
where
® = —2((kA)N — T + kB)(—kA")
—(Kz + v(kA' + (kA — T’)’))(—UK(K +vA") +v(tA + k")A)
+ (K’ +v(A" + k(KA —1)+ @A+ k) (kv(KA —T) + vT(TA + K')))
+(kt + v(rA" + (A + k")) (—vAKA — T') + (K + vA))
and

Q=v2A%(k? + %) + 24v2 (1’ + k1') + v2((k")? + (t))?) — k? — 2kvA’ — V2 (A')?).

iii) Assume that a is a unit speed spacelike curve with a timelike binormal. The ruled
surface x(s,v) is parametrized by

x(s,v) = a(s) + vW(s).

The striction curve is calculated as

,l.l

The distribution parameter is obtained by

A

ISSN: 1844 — 9581 Mathematics Section



14 On ruled surface generated by... Seyma Afsar et al.

Hence, we deduce that the ruled surface is developable. The Gaussian and mean
curvatures are obtained as

K(s,v) =0
and
(K +v(—1t'k + K’T))(K(l —vt') +vk'r)

H(s,v) = 2((1 —vt")2 = (vK')2 — (—1)2)3/2

Assume that @ is a unit speed spacelike curve with a timelike binormal. The ruled
surface X (s, v) is given by B
X(s,v) = a(s) + v (s)

Here, Darboux vector is given as

_ o —k'T + k1’ K2+12 /1 K
W=—-1tT+kB = —|——5— ( )

T + B
4|5 (174N (1741 174l
Then, we obtain

W' = (A" + 2tkC)N + (—=kA + tC)T + (tA+ kC")B

A (—K’T + m”) o (KZ + T2>
4|5 ' 4|5
(=K rrrt ) IWI2 -2t (22 +x2) + 2067 () +(7))
- (Iw(12)2 ’

where

and

AI

= 4rt(k't — kT')
- (12 — k?)2

After some calculations, we obtain the some elementary results as follows:
The striction curve is

B k(A" + 2tkC)
(A" + 2TKC) + (k2 — T2) (A2 — (C1)?2)

U

The distribution parameter is denoted as

—kCA(t? + k?)

(A" + 2tKC) + (k2 — 12)(A%2 — (C)?2)
The Gaussian and the mean curvatures are

By =

—K2C2A%(1% + K?)?

Ko ==

where

¢ = k2 + 2Kkv(A’ + 2tkC)v2((A)? 4 24'TKC + 4T%K%C? + A?(k? — T2) — 4KATC’
+ (€)% (K + 12)) — K242,

WWW.josa.ro Mathematics Section
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)

H(s,v) = TSR

Here
S = —2((kA)N + 2CT + kCB)(—kCA(K?* + 12)) —

((K’Z +v(—k(4d" + ZTKC)) + (—kA+1C")’ (—(K’ +v(A" + ZK‘L'C))) kCv(tA + KC’)A’)
+ ((K’ + v(A" + 21kC)") + (—ka + C") + (TA + kC") (vKC(—KA + TC"))
— v((TA + KC’))TC)
+(kt?(A" + 27KC) + (TA + KC’)’)(—UA’(—KA +1C")+ Kk +viC(A" + ZK‘L'C)),

S = k% + 2kv(A4' + 21kC) + v2((A)? + 24'tKC + 47%K>C? + A*(k? — 12) — 4KATC') +
(C)2(% +12) — (k242 + C2(1% — k2)).

Now, we will consider some examples to verify the obtained results given above:

Example 3.1. Assume that a(s) = (i coss, 1 — sins coss) is spacelike curve with

V3 '3
timelike binormal. Frenet operators of a are calculated as
() ( 1 2 )
s) = | ——=sins, —coss,—sins
V3 V3

1 2
N(s) = (— ﬁ coss, sins, ﬁ coss>,

-Gk

k(s) =1,
(s) = 0.
Hence, Darboux vector is W = —tT + «B = (\/E 0, \/_) The ruled surface generated
by a (Fig. 1) is
(5,v) = (S coss, 1 - sins, = coss) + v (72,0,
S, V) =|—=coss,1 — sins,—coss v|l—,0,—
’ V3 V3 V33
4»*\
2 _»-’/{"H ' -\
G > ' o
%é - Y

Figure 1. Timelilzer ruled surface generated by a.
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16 On ruled surface generated by... Seyma Afsar et al.

The normal vector of y is

Xs X Xv <_1 , 2 )
=———"— = (—co0ss, sins,— coss
llxs X xull

V3 V3

The shape operator, Gaussian and mean curvatures, first and second fundamental
forms are given as follows:

s =74 o
K(s) =0,
HE) =
1U,V) = (U,V),
HU,V) = (SWU),V) = =={U, V).

The natural lift curve of a is

_ 1 2
a(s) = (——sms, —coss,—sms)

V3 V3

Frenet operators of o are given as

_ 1 2
T(s) = (——coss,sms,—coss),

& V3

_ 1 2
N(s) = (— sins, coss, — — smss),

V3 V3

-2 1

Thus, Darboux vector is W = —tT 4 kB = (ﬁ, O,ﬁ

o (Fig. 2) is

). The ruled surface generated by

1 2 -2 1
Y(s,v) = ——=sins, —coss,—sinss +v(—,0,—>
70 = (- 72 o)+ (505

WWW.josa.ro Mathematics Section



On ruled surface generated by... Seyma Afsar et al. 17

Figure 2. Timelike ruled surface generated by a.

The normal vector of y is

N7 XsXXv 1 . 2 .
N=--—"—= (—sms coSs ——sms).
[ Xs XXl V3 ! ERYE

The shape operator, Gaussian and mean curvatures, first and second fundamental
forms are calculated as follows:

=[5 9.

K(s) =0,

1

H(s) = >
I(U,V) =(U,V),

(U, V) = (S(U),V) = —%(U, V).

1

Example 3.2. Assume that a(s) = (\/g
timelike binormal. Frenet operators are given as

V6

sins, 1 + coss, NG

sins) is spacelike curve with

(o o)
s) = \/gcoss, sms,\/gcoss ,
N(s) = (—%Sins, —CoSs, —%Siﬂﬁ),
V6 o1
5= (20 75)
k(s) =1,
7(s) =

ISSN: 1844 — 9581 Mathematics Section



18 On ruled surface generated by... Seyma Afsar et al.

W — — (Y& g L
Hence, Darboux vector is W = —tT + kB = ( N 0, @)- The ruled surface generated
by o (Fig. 3) is
()(1_1+ x/€_>+<«/€01>
S, V) = | —sins, C0SS,—Sins v|—,0,—
* NG V5 N

'\'L_ >

Figure 3. Timelike ruled surface generated by a.

The normal vector of y is

Xs X X <_1 sins, —coss \/Es'ns>
=——_ 7 = | 7=sins, —coss, ——=si
lxs X xull  \V5 V5

The shape operator, Gaussian and mean curvatures, first and second fundamental
forms are given as follows:

=[5 9.
K(s) =0,
HE) =~
1U,V) = (U,V),
(U, V) = (S(U),V) = —%(U, V).
The natural lift curve of a is

_ 1 6
a(s) = | —=coss, —sins,—coss

V5 V5

Similarly, Frenet operators are

_ 1 6
T(s) = (—ﬁsins, —CoSss, —ﬁcoss)

WWW.josa.ro Mathematics Section



On ruled surface generated by... Seyma Afsar et al. 19

_ 1 V6
N(s) = (— — 0SS, sins, — — coss),

V5 V5
_ V6 1
B = (E’“E)’
K(s) =1,
7(s) = 0.

Thus, Darboux vector is W = —<T + kB
a (Fig. 4) is

V6 1
(ﬁ, 0, ﬁ)' The ruled surface generated by

=7

oo o) oo (3
x(s,v) = \/gcoss, sms,\/gcoss v .

Figure 4. Timelike ruled surface generated by a.

The normal vector of ¥ is

— Y XT 1 . V6
N =X — (— — C0SS, sins, — —coss).
1Xs X 2w ll V5 V5

The shape operator, Gaussian and mean curvatures, first and second fundamental
forms are calculated as

=13 9
K(s) =0,
HE) =~

I(U,V) =(U,V),

U, V) =(S(U),V) = —%(U, V).

ISSN: 1844 — 9581 Mathematics Section



20 On ruled surface generated by... Seyma Afsar et al.

4. CONCLUSION

Study mapping plays an important role to construct correspondence between
Euclidean space and dual space. In this paper, the isomorphism between the subset of unit 2-
sphere, TM and unit dual sphere, DS? is constructed. Then we obtain ruled surfaces generated
by the natural lift curves in R3. Using these results, it is possible to model motions by using
the natural lift curves on the subset of unit 2-sphere instead of the unit dual sphere. Natural lift
curves on TM can also be used to modeling motions in R3.
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