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Abstract. The aim of this article is to give new generalized Hermite-Hadamard type
inequalities involving the Riemann-Liouville fractional integral for functions whose absolute
values of third derivatives are s-convex in the second sense. In order to do that an integral
identity for three times differentiable mapping involving fractional integral operators is
established. Several consequences are then presented in some special cases.
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1. INTRODUCTION

Convexity is an essential notion used in mathematics, mathematical statistics, convex
programming, approximation theory and many other fields. In the recent years many variants
of convex functions have been defined and are intensively studied by many researchers in
applied sciences. Convex functions are very important in the formulation of new inequalities.

The Hermite-Hadamard inequality [1], discoverrd in 1893, is one of them, which
describe lower and upper bound of the integral mean of a convex function over an interval
[a,b]. This inequality was first generalized by Fejér in [2]. Nowadays this inequality is
generalized by defining new classes of convex functions which are clearly related to classical
convex functions and by establishing similar results

The Hermite-Hadamard inequality is considered one of the most useful inequalities in
mathematical analysis having a lot of generalizations, extensions refinements and many
applications, see for example [3-15].

The aim of this paper is to establish type Hermite-Hadamard like inequalities for
functions whose third derivative in absolute values are s-convex in the second sense, by using
as a main tool a new integral identity involving the Riemann-Liouville fractional integral.

. . . +b
Several consequences are pointed out for some special cases as setting x = aT ors=1.

2. MATERIALS AND METHODS

Let f:1 — R, be a convex function on the interval I in the set of real numbers R. Then

for any a,bel,a<b, f (aTH’) < ﬁf; fo)dx < M, and this is the classical

Hermite-Hadamard inequality [1].
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In the following the necessary definitions and results which will be used below will be
stated.

Definition 2.1. A function f:[0,00) — R is called s-convex in the second sense if f(tx +
A-y) <t5f(x)+ A —-t)’f(y), forall x,y € [0,0), t € [0,1] and se(0,1].
The definition of s-convexity in the second sense was given in Breckner’s article [16].
A hierarchy of convexity and several classical inequalities was presented in [17].

Definition 2.2. ([18]) Let f € Ly[a, b]. The Riemann-Liouville integrals J7+f and J§-f of
order ¢ > 0 with a > 0 are defined by

a 1 x —
J+f(x) = m[ (x—t)*f(t)dt, x>a

1 b
Jo-f(x) = m[ (t—x)*1f(t)dt, x<b

respectively where I'(a) = f0°° u®le *du is the Gamma function of Euler and ]3+f(x) =

Jo-f(x) = f(x). In the case when a = 1 the fractional integral becomes the classical integral.
The following class of functions was defined formally by Raina in [19],

o(k)

FO (x ZTG(O)'U(I)"" x) = x
p,/l( ) p’). ( ) k_OF(pk+A)

k (p,A>0;|x|] <R),

where the coefficients o (k) (k € N) is a bounded sequence of positive real numbers and R is
the set of real numbers and T is the function Gamma of Euler, see also [18]. The following
left-sided and right-sided fractional integral operators were respectively defined as below, by
Raina [19] and Agarwal et al. [20],

(T2t ®) @ = [Xc = O F L [wlx — P lo(dt (x> a > 0) )

(T ®) () = [ (t — )2 1FS, [w(t — )Plp(O)dt (0 < x <b), )

where p,2 > 0,w € R and ¢@(t) is such that the integral on the right side exists. More integral

inequalities involving this operator can be found in [20]. It is known that if It =
Foa41lw(b —a)P] < oo, then (Zl;fm+;w<p) (x) and (77 ,-.,9)(x) are bounded integral

operators on L(a,b) and moreover, for ¢ € L(a,b), ||( p‘_’m+;w<p) )], <I(b — a)A||<P||1
1

and [1(72,5- ) Olls < M(b — )*lol|,, where |||l = (f lp(t)[Pdt)". The classical
Riemann-Liouville fractional integrals J5+ and i~ of order A can be obtained from (1) and
(2) by takingA =a, ¢(0) =1, w = 0.

Lemma 2.1. ([18]) Let f:[a, b] — R be a twice differentiable mapping on [a, b] With a < b and
A>0. If f”eL[ab] then the following equality holds:
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b 1
Foasalwlx — w2 erf( : 26— |(Trat el ) B+ (Tp-w @] =

= & [4eFe o [wlb — )] = EH1FG [w(b — )]} [f (ta + (1 — Db) +
f'((1—t)a+tb)]de.

Next lemma is the main result given in [21] and used for establishing new Hermite-
Hadamard’s inequalities for differentiable convex functions.

Lemma 2.2. Let f:1° - R be a differentiable mapping on 1°,a,b € I° with a <b. If f"€
L[a,b] then forall x € I° the following equality holds:

(b-0fb)+x-a)f(a)+fx)b—-a)
2(b—a)

J (6= ) (= a)*f (tx + (1 = ©)a) — (x = b)*f"(tx + (1 — £)b) )dt.

1 b
S f F@©)dt =

2(b a)
The integral identities from Lemma 2.1. and Lemma 2.2. are the starting point for

result from Lemma 3.1. and this identity is connected with Hermite-Hadamard’s inequalities
for different type of convex functions which will be presented below.

3. RESULTS AND DISCUSSION
3.1. RESULTS
In this section there are presented new Hermite-Hadamard type inequalities for three

times differentiable convex functions and also some consequences.

Lemma 3.1. Let f:[a,b] - R be a three times differentiable mapping on [a, b] with a < b and
A>0. If £ €Lla,b]and x € (a,b) then the following equality holds:

s [Forrawle = a)P] = 2F75,5lwx — a)P] - Foapalw(b — x)P] = 2F 75,5 [w(b — x)°]
f (X) (x _ a)Z (x — b)2 } +
- b
w 7 ealw(x — a)P] - % o Wb - x)°] -

Foaralwlx —a)P]  FJapqlwb —x)P] ( % el ) (@) (7;7(,7/1.x+;wf) (b) ~
(x —a)’ - (x —b)3 (x — a)A*3 * (b—x)M3

o]
f (2F7, o [w(x — )P] — t72F7, L [w(x — )PeP]} £ (tx + (1 — Da)dt —
—Jy {tZT”,1+3 [w(b — x)P] = t**2F7, o [w(b — x)PtP]} f (tx + (1 — t)b)dt. (1)

Proof: It will be used the following notations,

f t2F S pslwlx — )P " (tx + (1 - t)a)dt,
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f t2F g palw(b — )P f""(tx + (1 — t)b)dt,
I; = f t“ZT"AH[W(x —a)PtP] f" (tx + (1 — t)a)dt,
I, = fol t“zﬂfgﬂg[w(b —x)PtP] f""(tx + (1 — t)b)dt.

Integrating by parts I; and then changing the variables u = tx + (1 — t)a we have,

tf' (tx+(1-t)a) 1 f'(tx+(1-t)a)
[, ——dt} =

f”(x) 2
11 = TU)_+3 [W(-x - a)p]{_ - 0 xX—a

P, x—a x—a x—a

= Fpae3lwlx — a)f] {f @ _ 2/’ | 2[f(x)—f(a)]}_

x—a (x—a)? (x—a)3

' 2’ 2[f(x)—f(b)]}

Analogously, for I, we get, I, = F7,,3[w(b —x)P]{ b py? b7

For I; by the same method, we obtain sucessively,

13 — g:-p /1+3[W(x _ a)p] (X) f tl+1g;'all+2[w(x _ a)ptp] (tx+(1 t)a) dt =

o f) . Fax+a-na)
= J5pa43 w(x — a)p] Y —a — {tl+1?p,l+2 [w(x — a)PtP] = O
j tAF /1+1[W(x _ a)PtP]f (tx+ (1 —t)a) dt) =
0 X —a
= Fpa3lwlx — a)P] ]; _(x) — F a2 w(x — a)?] = f_(’;))z
HCEE {EFoamlw(x — )P t] W lo— f tA1F S [w(x — a)PtP] f—(tx;‘(_l,;—t)a) dt} =
fa = sl = )10 - D LD 4 B - ) L

. j (u - @I — ) 1f (wdu.

From here,

e

-a

—T",—Hz[w(x a)p] /) +T",—l+1[w(x a)p]—f(x) —

(x-a)? (x-a)?
(T ) (@

(x_a)A+3 !

I3 = Foaslwlx — a)P] =

and

Taaalwb =071 L8 1 7, [w(b - x0P) L8 4

x—b)? (x-b)3
(Tp(TA,x"';wf) ()

(b _x)l+3

Iy = FJp43lw(b — x)p]

Substracting I; from I, and I, from I,, we have,
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I — s (3;))2{ oarzw(x —a)f] —2Tgl+3[w(x—a)p]}
P OO gt ) = 5l - 0 L0
+ ( p(,TA,x_;wf)(a)
(x — a)A*3

and
! 2 b
b= 1 = Z T Wb — 0] = 27 w(b — )1} + LD pe, (b -
(T A,x"’;wf)(b)

fx) )
x)p] - ‘(F,g:l+1[w(b - x)P] (x—b)3 - p(b_x)/1+3

Computing now the expression I; — I; — (I, — 1,) the desired equality will be obtained.
This lemma can be used for obtaining the following inequalities via fractional integral
operator for three time differentiable functions whose value are s-convex in the second sense.

Theorem 3.2. Let f:[a,b] —» R be a three times differentiable function on the interval [a, b]
with a < b, 2> 0. If |f"] Is s-convex in the second sense on (a, b) then we have the following
inequality:

If' () p/1+2[W(x a)’] — 2T61+3[W(X - Cl)p] pa,/1+2[W(b —x)P] - 2TUA+3[W(b x)p]}
(x — a)? (x — b)?
2 _ b
- % T salw(x — a)P] - % pa+3w(b — x)°]

o [T WG =@ F w0 =) | ()@ (Toaaf ) )
fx (x — a)3 (x — b)3 (x — a)}*3 (b — x)A+3
< @FE2 W = @)1+ F i wb — 01} + | (@)

{F72 wx — @)1+ |F" 0| 72 lw(b — )71},

where
A+ pk

(s+3)(pk+A+s5+3)

O1,s (k) = U(k)

and o, 4(k) =0(k)[B3,s+1)—B(pk+1+3,5s+1)], p,A>0,w e R,s € (0,1]. The function
B(.,.) is the beta function of Euler.

Proof: It will be used here Lemma 3.1 and the properties of modulus. We will obtain then,

L =1 — ;= 1)| =

I ){ oarzwx —a)P] = 2F7; 5lw(x — a)] T;,Hz[w(b —x)P] = 2F 75 slw(b — x)p]}
(x — a)2 (x — b)2
- 2 —f
+w parsw(x —a)f] - % par3lw(b —x)P]
p S wx —a)P] ,;‘_)L+1[W(b —x)*]
R ST E e,
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(x - a)"1+3
7, xtw (b)
| RO )“3 f |2 aaa W — @)P] = 72 F ], o wlx — a)PeP]| 1 (e
+ (1 -t)a)|dt

[ 1l (0 = 099 €255l — P I+ (= OBl <

i o (k) lwl*(x — a)P*

F(pk + A+ 3) f(tz _ tpk+ﬂ+2) Iflll(tx + (1 _ t)a)ldt n
0

o 1
3 "(ri,'fi'é + g f (£ = PFHA*2) |f 7" (ex + (1 = D)b) .
0

Taking into account that |f"| is s-convex in the second sense, we get

co k k _ ok 1
=ty = Gy =11 =y TOEC I [ oo ey 1 - 1 (@l +
k=0 0

® k k(p — x)Pk ;
+Za( Mwl[*(b — x) J'(tz_tpk+/1+z)[ts|fm(x)|+(1_t)5|f”’(b)|]dt=

" T(ok +2+3)
o X Kk _ ok
:ZJ(FELV;|+(;C+§)) U )l(s+3)((5k :/1)4-5+3)+ F7(@IBG,s +1) = Blpk + 4+ 3,5 + D]}
i +
oWl — 0Pk (ok +2) .
+Z r(pk+,1+3) Ol norrassen (b)I[B(s,s+1)—B(pk+/1+3,s+1)]}

= " WI{F 2w = a)P ]+ F i wb — 021} + | (@)
Fraeslwlx —a)f] + | (b))

F2 w(b — x)°].

Corollary 3.3. If it will be considered in previous theorem s = 1, then we have,

' Fpar2Wx—a)P]=2F7 5 s [w(x—a)P] :F;,’,m[w(b X)P1=2FF 343w (b—x)P]
If'(x)
(x-a)? (x-b)?
2[f(0)=f(@)] 1o
= —=F

FS raalWe-a)P]

w(x — a)p] - LOTOlgo 16y 0]~ fx) {— _

(x—a)3 p,A+3 (x—b)3 (x-a)3
FOaaaw®=xP1) (T f)@ (T4, F)®) o1 o1
- (x-b)3 } (x—a)A+3 + p(b x)A+3 = |f (x )|{ P/'ll+3 w(x —a)? ]+Tpli3[ wib -
1 A+pk
0PI} + I @] F2t lw(x — )P] + £ (b)| Fr2r, [w(b — 1)), where oy (k) = o(k rerrevws

and
0,1 (k) = a(k)[B(3,2) — B(pk + A+ 3,2)], p,A>0,w €ER.
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Corollary 3.4. If in previous theorem we take x = aTJ’b, then we have,

e (59 255 [0 (5 1= 750 [ (5 D - @) + £ 0172005 [w (59) T} +
<T:Am . )(a)+<Tpalm+lwf>(b)
(5™

2| (%5 w (52 T+ ar @i+ i ozl [w (5]

| <

where
A+ pk

(s+3)(pk+A1+s5+3)

O1,s (k) = o (k)

and
o,5(k) =0(k)[B(3,s+1)—B(pk+1+3,s+1)], p,A>0,weR,s € (0,1].

Theorem 3.5. Let f:[a,b] - R be a three times differentiable function on the interval [a, b]
with a < b. If || is s-convex in the second sense on (a, b) and q > 1, where %+$= 1, then
the following inequality holds:

FparaWlc = )P] = 2F 5 wlx = P Faalwb = x0°] = 2F 550w — x)°]
If"(x) (x — a)? (x — b)?
2[f(x) = f(@)] _, 2[f(x) = )] _,
t ooy eanslw — Pl = e T s w (b = )7
_ ( ) p/'l+1[w(x a)p] _ g,/l+1[w(b - x)p ( AxT wf)(a)
R e = b)? G
( p(rf/l.x":wf ) (b)
+ (b — x)/1+3
q
L @' +1f ( I Fo3 (- )]
(s+ 1)q
q
rer+ Ifl(b)l ik F7w(b - 0],
(s+1Da
where o5(k) = o (k) w, p,A>0,w€R,s € (0,1] and B(.,.) is the beta function of Euler.
(pk+A)P

Proof: From Lemma 3.1, Holder’s inequality and the s-convexity in the second sense of
|| we obtain the following inequality,

If'(x) Fp a2 [Wx—a)P1-2F 3, s [w(x—-a)P] 7:0,1+2[W(b X)P1-2FZ 3 45 [W(b—-2)P]
(x—a)? =b)?
T3/1+1[W(x—a)f’]

2/ ) —f(@D] 1o _ el 2 -fD)] e _.\P , _
QO pe, wix - 0] - LT ge, (b — 0001 - £0o {722

p/1+1[W(b -x)P] ( p.l.x_:Wf)(a) (Tp,A,x"';wf)( )
(x— b)3 (x— a)/1+3 (b- x)l+3
a)PtP]| If" (tx + (1 = a) + f LA 2FS s w(b — x)PtP] = t2F7, s Iw(b — 0PI |f" (tx +

k pk
(1 - Ob)|de < Tiizy LoD [l(e2 — okt d42) |77 (x4 (1 = ) e +

| < f |t2F 5 1 palw(x — @)P] — t**2F], o [w(x —
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o kep . 1
Z O'(ﬁzllo‘;il-l_(ﬁ - ;?p f(tz _ tpk+/1+2) |f///(tx + (1 _ t)b)ldt <

p— k a
< Z 0'(];22’;'-'-(; — :))p (f (tz tpk+l+2) dt) <f |f”’(tx + (1 — t)a)lth>q +

© 1
a(k)|w|k(b — x)P* [ [? cient N[ :
Z T'(pk + 1+ 3) (jo (£7 — epieta+2) dt) (fo |f (tx+(1—t)b)|th> <

OOO'(k)|W|k(x—a)Pk e _ +pk+1)P )%( el — S| F )q
S; T(pk +1+3) (J;tp(l P+ de J;[t IF 0O + (1 — 0)%|f" (@)]9]dt | +

1
N U(k)|W|k(b—x)pk< 1 2 . >§< 1 )
1 — P+ 4 S| £I111 q 1 =51 (b)91d
+kZO T'(pk + A+ 3) fot (1 —Pi*4) de fo[t If"" ()9 + (1 — )| (b)|9]dt
1
o =, 3
s () wlk (x — a)Pk BP Grg7P)

1

_ UGl + 1" (@)1 94
= 1 E 1
F(pk +21+3) (ok + )P

(s+1)a k=0
S Bp L
[If”’(x)l" + If”’(b)l" 1 z a(l)w|*(b — x)P* (pk TP _
['(pk +A+3 e
(s + 1)q =G ) okt 2y
1
_ " eola+ir (a)|q]qT [w(x — a)P] + [If (X)|‘7+|f1 (b)|q]quﬁ+3[W(b — x)P].

1 pl+3
(s+1)4

(s+1)4

Corollary 3.6. If in previous theorem it is taken x = % then we have,

16 a+b [ /b —a\"] - b —a\”
I(,,_a)g{f( 7) 25w () _—:Fp,m[w( ) ]]—[f(a)
N (o) [P CAP [
+ FONF s w () } — |
' , ' =)
o b—a
Fae|w (570
< | : ]{[If”’( S Dy a4 1 (@) e
(s + 1)5
[If”'( )Iq + " (b)]9]a }
Theorem 3.7. Let f:[a,b] —» R be a three times differentiable function on the interval [a, b]
1 p—

where a < b. If |f"’]9 is s-convex in the second sense on (a, b) and g > 1, where Sto= 1, then

the following inequality for generalized fractional integral operators holds

Mathematics Section
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o (P2 = @) = 2ol wx = @) Faaliw(h = %) = 27l = )
S o) o= b2
2 - 2 —f(b
e Pt = 01 = SO o - )
Fo ol —a)P]  Fowb — 0P} (T -nf) @
p,A+1 p,A+1 pAXT ;W
_f(x){ G-a® =Dy }J’ Cx — a)i*3
T e f)B) .
%| < 3wl — )]+ 3 lw(b — 007,
where
k+2 1 k+2
0350 = 00 (o7 73) O g @I B G + 1) - Bk + A
+3,s + 1))]%
1
k+2 =3 k+2
0150 = 00 (3o ) IO s I B G s + 1 = Bk + A
+3,s+ 1))]%

p,A>0,w € R,s € (0,1] and B(.,.) is the beta function of Euler.
Proof: It will be used again the Lemma 3.1, and properties of modulus and we have,

| — I3 — (I — 1| <

, Foaralwlx — a)P] = 2F 7 3[w(x — a)P]  FJaialw(b — x)P] — 2F7; 45[w(b — x)P]
<If'() G - CEL
2 - 2 —f
LR (TP WA R (OIS
Foamwx —a)Pl  Foaawb —xPN) (55w f)(@)
AR { (x —a)3 B (x —b)3 } + (x — )3
(g;fl,xﬂwf ) (b)
1

< f|t2T£A+3[W(x —a)f] - t“ZTZAH[W(x —a)PtP]| If"" (tx + (1 — Da)|
0

1
+ f tA2F T, s [w(b — x)PtP] — 2F, s [w(b — )P |f" (tx + (1 — )b)|dt <
0

[oe]

1
k _ k
< Z o(B)w|*(x — a)? f(tz _ tpk+l+2) If""(tx + (1 — t)a)|dt +
- 0

T(pk + 1+ 3)

[ee)

1

k k(p — x)Pk

+Z O—(Fzﬁl)v;:l-i-(l n ;)) f(tz _ tpk+l+2) |fm(tx + (1 _ t)b)ldt
0

By power-mean inequality and s-convexity of |9 in the second sense, we get the
following inequality:

ISSN: 1844 — 9581 Mathematics Section
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|Il - 13 - (12 - I4)|

oo 1 1_%
W= ([, i
= Za F(p\;‘:+;€+ ;) (f(t — o )dt> (f C
k=0 0

0

— tPRAM2Y £ (£ + (1 — t)a) |4 dt)q

11
= o) wlk (b — x)P [ e
+ZGF(pMI;+/1+;) <f(t2‘tpk+m)dt> (fo (2
k=0

0
1
— tPRAAEZ)| £ (g 4+ (1 — £)D)|4 dt)q
> o (k) lwlk(x — )P /1
SZ T(pk + 1+ 3) (5

1

1 q

1—l 1
— pk — 3) q (f (tz _ tpk+/1+2)[ts|fm(x)|q + (1 _ t)slfm(a)lq] dt)
0
o a(k)wlk(b — x)Pk (1
£y (

T(pk+1+3) \3

1 1

1 q

1- 1
—_ m) q <f (tZ _ tpk+/'{+2)[t5|fm(x)|q + (1 _ t)slfm(b)lq] dt)
0
and by calculus the proof is completed.

Corollary 3.8. If in previous theorem we take s = 1, then we have,

If’(x){

Foaralwlx —a)P] = 2F) 3 [w(x —a)P]  Fpaialw(b — x)P] — 2F7 5 43[w(b — x)P]
(x = a)? - (x — b)?

2[f () = f@] _, _2[fG) = fb)] _,

* (x—a)d p.A+3 [w(x —a)?] (x — b)3 pA+3 [w(b — x)*]
T;?,AH[W(X —a)”] T;Aﬂ[w(b —x)P] (%?A,x-;wf)(a)
‘“”{ G-a? by }+ (= )+
(%?A'XJ’;W}C) (b) 031 04,1
+ (b — x)A+3 | < T;),A'+3[W(x —a)f]+ Tp,g;g[w(b —x)?],
where
k) = o (k) (=2 e g Pht2 @)9(B3.2) — B(pk + 1+ 3,2))]7
01100 = 00 (5 14) WO o gy T I @I (BE2) Bk +2+3.2)]
_ pk + 2 1_% . pk + A " 1
0000 =00 (3 1 7) I Ol oy g I IEGE) ~ Bk +2+3.2)
p,A>0,w€ER.

Corollary 3.9. If in previous theorem we take x = asz, then we have,
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s {F (422) (2750 [w (59) ] = Faa [w (59 1 - @ + F@IFG s [w (52) ]} +

<T:’LaTH’_?Wf>(a)+<T:A,aT”’+;wf> ®

035 b-a\P O4s b—a\P
o ) e o (5w
2 1
3 pk+A1 NTa_  (a+b pk + 2
000 = o0 (3 1) I ( . )I"(s+3)(pk+/1+s+3)+lf @I7(BG,s + 1
1
—B(pk+1+3,s+ 1)
1
k+1 \'a +b k+ 2
01500 = 00 (307 555) q[lf”’<a2 )|q(s+3)(§k et NG + D

1
—B(pk+21+3,s+ 1)

p,A>0,weR, se01]
4. CONCLUSIONS

In this paper a new integral identity is established for three times differentiable
mapping involving fractional integral operators in order to present new versions of Hermite-
Hadamard type inequalities, involving the Riemann-Liouville fractional integral, for
functions whose absolute values of third derivatives are s-convex in the second sense. Then

. . . a+b
several consequences in some special cases like when s = 1 or when x = —- are presented.

The particular case when 1 =a, ¢(0) = 1,w = 0 or some combinations of these three special
cases can be also analyzed as new consequences and applications. In addition, new versions
of Hermite-Hadamard type inequalities, involving the Riemann-Liouville fractional integral,
for functions whose absolute values of third derivatives are s-convex in the first sense could
be established.
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