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Abstract. This paper is investigated geometry of vector fields along spacelike curve
with timelike normal vector by using anholonomic coordinates. Derivative formulas of Frenet
Serret frame of the curve are stated which includes eight parameters. Surfaces with vanishing
abnormality of normal direction in Minkowski space are examined. Intrinsic geometric
properties of these spacelike surfaces are investigated. Finally, the relations between
spacelike surfaces with vanishing abnormality of normal direction and NLS, Heisenberg spin
equation are investigated as applications.

Keywords: anholonomic coordinates; abnormality of normal direction; spacelike
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1. INTRODUCTION

The importance of non-Euclidean geometries such as Euclidean geometries is
emphasized in many studies. Lorentzian geometry is the best known of the non-Euclidean
geometries. The fact that there is a lot of interdisciplinary interactions make this geometry
important. Lorentzian geometry has the most well known applications [1-5]. This geometry is
a popular differential geometry research topic with physical issues involving integrable
systems, soliton theory, fluid dynamics, field theories, etc. [6-9]. General relativity has been
based on the mathematical theory of Lorentzian geometry ever since Albert Einstein extended
Minkowski space-time to a curved space-time to explain nonzero gravitational fields. This
circumstance served as a significant impetus for the advancement of novel methods in the
investigation of cosmological models that are increasingly tailored to the physical world. It is
crucial to use vector analysis to examine the geometrical properties of curves. Consider that
s,n, and b are the distances along the space curve a = a(s,n,b) in tangential, normal and
binormal directions, respectively in three-dimensional Euclidean space. The primary focus of
[7] is the system which is obtained by directional derivatives of Frenet Serret frame.

The purpose of this study is to exhibit normal congruence surfaces in Lorentzian space
containing spacelike curve flow with timelike normal. We examine generating surfaces with
normal congruence that have spacelike curve flow with timelike normal. The metric for three
dimensional Lorentzian space

(X,9), = =x1¥1 + XY, + X33

! Hangzhou Normal University, Department of Mathematics, 311121 Hangzhou, China.

E-mail: liyl@hznu.edu.cn.

2 Necmettin Erbakan University, Department of Mathematics and Science Education, 42090 Konya, Turkey.
E-mail: ayasar@erbakan.edu.tr; merdogdu@erbakan.edu.tr.

https://doi.org/10.46939/J.Sci.Arts-22.4-a12 Mathematics Section



mailto:liyl@hznu.edu.cn
mailto:ayasar@erbakan.edu.tr
mailto:merdogdu@erbakan.edu.tr

908 Surfaces with vanishing abnormality of ... Yanlin Li et al.

where %,y € R3. Through the use of anholomonic coordinates, section two aims to examine
the three-dimensional vector field as well as geometric elements. We describe Frenet Serret
frame by means of anholonomic coordinates. It is proved that there are no components in the
direction of the principal normal vector field in the curl of the tangent vector field. This

demonstrates that a surface with both T and B directions exists. As a result, the last section
describes a normal congruence of surface. Important results are provided together with the
intrinsic geometric features of this congruence.

2. EXTENDED SERRET FRENET FORMULAS OF SPACELIKE CURVE WITH
TIMELIKE NORMAL

In this section, the fundamental formulas are given by using anholomonic coordinates.
Assume that @ = a(s,n, b) is a given spacelike curve with timelike normal. Then, s denotes
the distance along the curve in tangential direction and unit spacelike tangent vector is is

defined by
Jda

The distance along the curve in normal direction is denoted by n and unit timelike

normal vector of N is defined by
= Jda
N =—.
on

Moreover, b denotes the distance along the curve in binormal direction and the unit
spacelike binormal vector is is defined by
= Jda
B =—.
ab

We need to know curvature and torsion which are two independent parameters to
explain the intrinsic differential geometric structure of a spacelike curve in three-dimensional
Minkowski space,

Theorem 2.1. Assume that a = a(s,n,b) is a unit speed spacelike curve with timelike
normal. Derivatives of {T,N, B} are stated as follows:

ST o o« 0pT
i) ~IN[=]c 0 t||N @
B 0 t 0l
_T)_ 0 _an Hp — T T’
i) ZIN|=|-Bns O —~divB| [N 2
B [T — Up —divB 0 B
—T)_ 0 T— Up Bbs T’
i) ZIN|=|t—m O divN — k| |§ (3)
B | —Bps divN—x 0 B
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such that
— 9T

= T
an - <N' a_n>L, Bbs - <B, £>L

W, = (curlﬁ, N))L, W = (curlﬁ, §)L

where

are abnormalities of N and B, respectively.

Proof: Equation 1 is clear. Thus, we will only give the proof of ii) and iii). There exists
smooth functions; 4; and ¥; such that

G [T 10 A AT
%ﬁ=[l1 0 AJN),
§ -1, A3 0 §
s [f] [0 v wiff
%N=[¢1 0 ¢3]N-
B -, Y3 0 I|B

for i = 1,2,3. For the proof of the theorem, we need to consider these functions. First of all,
we get

—

oT
on’

, oT
M= N) = —Pns, Y, = %»B = Pbs-
L

L

Divergences of Frenet Serret frame fields are obtained as follows:

divT = Bos + Py,

divN = K + 5
and
So, we obtain
Y3 = divN —k and Az = —divB.
Therefore, we get
curlT = (Y1 — /12)? + kB,
curlN = (divB)T + (1 — TN + BnsB
and

curlB = (divlv — K)T — ,Bbslv + ubﬁ.
Then, we have

s = (W1 = DT + kB, T), =1 — 2y,

Un = ((divﬁ)? + (1/)1 - T)ﬁ + (ﬁns)ﬁf ﬁ>L =T7—1Yy,
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Up = ((divﬁ - K)T —,N + (1 + 1,)B, E)L =T+ A,

This implies
Y1 =7— Un, Ay =pp — T

Finally, we obtain

9 -T‘) 0 _.an Up — Z Tf
on N| = |Bns 0 —divB| [N,
B T— Up —divE 0 Bl
9 T)_ 0 T—Un Bbs . _T)
a—bﬁzr—un 0 divN — k| |N|-
B —PBps divN —k 0 B

3. THE INTRINSIC REPRESENTATIONS OF CURL OF FRENET FRAME FIELDS

Following equality is obtained by using relationship between abnormalities

1
ps =T =5 (Us =t — tp)-

This relation shows that an important result involving Dupin theorem. By the proof of
above theorem, we also get

curl T = u,T + kB. (4)

curl T has no component along N. Therefore, there exists a surface which contains both s and
b lines.

Then, we have

_dg — dg _ dg - 0%g 0%g -
0= 3 curl T + ancurlN + b curl B + (aban anab)T
d*g 0*g_ - 0*g 0%*g -
*(= 5595 T b0 t Gson ~ amas”

by the equality 0 = curl(gradg). Then, we get

d’g 9’y 9dg 99 ., = g . - -
3ban _ andb —gus +%dw3 +%(dlvN + )T

0=(

d%g 0%g Odg dg -
959b _ 9bas T antn ~ gp PN

+(
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a*g d%g o9 ag
+(650n  Onds *os as '8”5 db #b)B

Thus, we get the followings

d*g 0%g dg 09 ,. - 09 ., -
abon _anab - 9sts T gn HvB — 5y (divN —x),

d*g 0*g Og
~3sab T abas ~ antn T p Prs

a’g 9*g 99 ag
dson  onds __ 0s ﬁns ap M

(5)

(6)

(7)

Theorem 3.1. The following conditions on k, T, p, wy,, divN, divB, B, Bps are stated by

compatibility of the linear systems

aﬁns + a(T - .un)
db on

J0(t —u,) Ok
- Tn + % = —Bnstn + Bps (2T — .un):

0B, Ok

5 T an (p — DT+ K? = Bis — (U — D,

ddivB 0t — .
35 + - —divBf,s + (divN — ©)up + (—up + 1)k + 7K,

a(dwN — K)
ds

o(up — 0By o .
(Hgb T) ﬁb = (Bus — Bps) (divN + k) — (up — 1) divB,

_—= (dwN — ZK)ﬁbs — dlvBun,

2B =
_a:S = k(divN — k) + (tn — )T — tn(tp — T) — Bjs,

O, — 1) _

ds KdLVB + ( Up + Zr)ﬁns lgbsﬂb'

ddivB a(dlvN — K)
ob an

.Bbs.an + (.un - T) (.ub - T)

—(divB)? + (divN — k)% + p,t.
Proof: By using Equation 5, following equality can be obtained
02T 92T oT  oT

a—)
59" 3795 " %‘“5 ~ —divB — — (dwN + k).

ISSN: 1844 — 9581

= Kits + (Up — ) (divN — k) + (Bys — Prs)divB,

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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By compatibility condition, we get

627 627 _ aﬁnsﬁ T-|- di ]V §
obon 0nob ob Bns((T — tn) (div K)B)

+$§ + (p — ) (=BpsT + (divN — K)N)

g W T — (divB)B
_%(T—‘un) —(T—Hn)(_.gns _( w ) )

0Bps — . oy
631: B — Bps((—up + )T — (de)N)

= (_an(T - .un) - ﬁbs(.ub - T) + ﬁns(f - Aun) - ﬁbs(_.ub + T))?

0fns
db

— a - —
H i (= D(AVN = 1) = (1 = ) + BysdivE)N

— a - —
(o (divh — 1) + D 4 i -

aﬁbs
on

)B

9:T 02T 0B,

abon _anab ~ Cab

® + (up + 1)(divN + k) + % — BpsdivB)N

ar@bs
on

d(up + 1)
db

+(,an(divﬁ +kK)— + (- ,un)divﬁ - )E.

Then, we also have

O =T ivB — L (o = k) = (=it + s (divB) div — )
aS nu'S an w ab( w K) - ( KnuS ,an v (T l’ln)( 1% K))
—((up — 7)divB — Bps(divN — K))B.
Therefore,

a,an + a(T - .un)
dab on

= icpts + (p — Hn) (AIVN — 1) + (Bps — Ps)divB.
Again by using Equation 6, we may also write

0°T 9T _ 9T 9T
dsdb  0bds

on Un + %ﬁbs-
By compatibility condition, we get

0*T  9°T _ 9(t— i) L0
obds 0sdb as s + 5
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Bbs

—((t — pp)T — + K(dlvN - K))B

Moreover, we have

oT oT - - - N
%Mn + %ﬂbs = (=PnsN + (up — T)Bn + (T — tip)N + BpsB)Bps

= (—PBnstin + Bps(T — Un))ﬁ + ((up — Dty + Blgs)ﬁ
This gives the following equation

6(1 — Uy) L o Ok

ds ab —Brshn *+ Brs (2T — up).

Again using Equation 7, we may write

0°T  9°T _ oT +a? oT
dsan _onds - s T anlPns ~gp e

By compatibility condition, we have

9°T  9°T _ 0Pns AUy — 1) »
dson 0nds  0Os N - Bns (KT + TB) + ds B

+(up — )TN — %N — K(—LpsT — (dlvB)B)

= (- g"s + (U — DT — —)N t (—PrsT + (Mgs_ Dy kdivB)B.

Then, we get

oT oT oT - - -
_gk +%:8ns - %ﬂb = —(kN)k = (=PnsN + (tp — T)B) s

—((t — )N + Byps By
= (_Kz + .Brzzs — (- .un).ub)ﬁ + (=(up — D)Pfns — ,Bbs.ub)ﬁ-

Thus, we obtain

B ok
_ ags — =y + )T - K% — Bhs — (T — un)p,
o(up —T)

5 = Thns — KdivB — (i = T)fns = Bosity-

Again using Equation 7, we may write
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0B 9’B _ 0B s B oB
dson anas -~ as " T anPr T ot
By compatibility condition, we get
82B  9%B _ ,0(—up+1) . = = ddivB 91\
Seom  3mas = ( 5s kdivB + tB,s)T + ((—pp + 1)k — Py E)N'

Similarly, we also have

0B 0B o8 ., L L
_gk + %ﬂns - %Hb = —N)kx — ((—up + T — (dlvB)N)lgns

—(=BysT — (divN — K)N)uy,
= ((=Hp + O)Pns + Bosty)T + (—rct + (divB)Bns — (divN — i), )N.
Therefore, we obtain

ddivB  dt H _
s o= (divB),an — (divN — K)ub — (—up + DK — K.

In similar manner, we have

@ (0B\ @ (8B\ _ 3(Bys) o =
%<E>_$(%>‘( gs ~ WUWN =)+ 1= )T

. 6(divﬁ—x)+ar+ 5
( aS ab Kﬁbs) "

Therefore, we get

0B 0B S _ -
%ﬂn + %ﬁbs = (_:855 + un (7 — .ub))T + (Bps(divN — k) — p,divB)N.

Thus, we have

ot 9(divN —k) _ il 4 2 -
ab as - ﬁbs( L K) nuTl Wwh.

We can obtain the last two equations similarly to the others.

4. SPACELIKE SURFACES WITH VANISHING ABNORMALITY OF NORMAL
DIRECTION

There exists a normal congruence of surface Y = Y(s, b) which contains s and b lines
if and only if

WWW.josa.ro Mathematics Section
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Hn = 0. (17)

Theorem 4.1. Gauss Mainardi-Codazzi equations are given by

ok 0t I
ab a T.Bbs'
a =l
aﬁgs = —BZ; — 12 + k(divN — k),

dt  9(divN — k)

FTe s = fps(divN — 2k).

Corollary 4.1. In the case u, = 0, N is perpendicular to the surface Y = Y(s, b).

Proof: By definitions of T and B, we know that

aY_? q aY_§
as 0 MY 5T
Then, we obtain
N o, X Fx,B= N
s “Ltop  TET T
and so
aYy oYy
as Lap _ N
[

Remark 4.1. Since N is a timelike vector field, Y = Y(s, b) is a spacelike surface.

Theorem 4.2. The geodesic curvature of b and s parameter curves of Y = Y(s,b) are stated
as kg, = —Bps, kg, = 0, respectively.

Proof: It is known that
2%y

W = _ﬁbsf + (dlvﬁ - K)IV

by Equation 3. Then geodesic curvature of b parameter curve is obtained as
kg, = (=BpsT + (divN — k)N, N x, B),

= (=BpsT + (divN — k)N, T) = —Pys.

Then, we also have
2%Y -
a5z N

by Equation 1. Therefore, the geodesic curvature of s parameter curve is obtained as

ISSN: 1844 — 9581 Mathematics Section
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aZY — —

k W!NXLT

g

N

L

Corollary 4.2. All s parameter curves are the geodesics of Y = Y(s, b).

Theorem 4.3. The normal curvatures of b and s parameter curves of Y = Y(s, b) are stated as

kn, = (divN — k),  kp =K
respectively.

Proof: By using the equation

%Y - - R
357 = —BpsT + (divN — k)N,

the normal curvature of b parameter curve is given by

—

ky, = (—ﬁbsf + (divﬁ — K)IV,N)L = divN — k.

The normal curvature of s parameter curve is obtained as

Theorem 4.4. The geodesic torsion of b and s parameter curves of Y = Y(s, b) are stated as

_ L
respectively.

Proof: We find the geodesic torsion of b parameter curve as follows

T

gp = —(—TT — (divlv - KZ)E, T) =T

L

by Equation 3. The geodesic torsion of s parameter curve is found as follows

by Equation 1.
Theorem 4.5. Gaussian and mean curvatures of Y = Y(s, b) are stated as

divN + 2k

K= K(divﬁ + k), H= >

respectively.

Proof: The first fundamental form of Y = Y(s, b) is given by

I = (Tds + Bdb,Tds + Bdb), = ds* + db>.

WWW.josa.ro Mathematics Section
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The second fundamental form of Y = Y(s, b) is given by

1l = (Tds + Bdb, (KT + TE)dS + (TT + (divﬁ + KE)db)L
= —kds? — (divN — k)db>.

Gaussian and mean curvatures are obtained as follows:

B —k(—divN — k) — 72

K
1

= k(divN — k) — 12,

i = —(divﬁ— K)—K divN
B 2 2

respectively.

Corollary 4.3. If the following equality is satisfied
k(divN — k) = 12,

then the surface Y = Y(s, b) is developable.

Corollary 4.4. The surface Y = Y(s, b) is minimal surface if and only if divN = 0.
5. APPLICATION

In this section, the relations between spacelike surfaces with vanishing abnormality of
normal direction and NLS, Heisenberg spin equation are investigated. Consider one-
parameter family of surfaces Y = Y(s, b) is given. The equality

oY y %Y _ aY

ds "t as2 " ab
is satisfied if and only if k = 1. This means that the surface Y = Y(s, b) is a NLS surface if
and only if k = 1. As an example, let

Y(s,b) = (coshs, sinhs, b)
be given. We obtain
T(s, b) = (sinhs, coshs, 0),
IV(S, b) = (coshs, sinhs, 0),
B(s,b) = (0,0,1)
and k = 1,7 = 0. Since k = 1, surface of Y(s,b) satisfies NLS equation. Moreover, one-

parameter family of surfaces Y = Y(s,b) is given with the equality B, = 0. Then the
Heisenberg spin equation

ISSN: 1844 — 9581 Mathematics Section
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oT 7 0%T
- = X, ——
ab L 9s2

is satisfied for the unit tangent vector T if and only if k = —1.

CONCLUSION

In this research, we investigate spacelike curve flow with timelike normal vector field

by means of anholomonic coordinates in Minkowski space. We describe Frenet Serret frame

{T, N, E} by means of anholonomic coordinates. Then, Frenet Serret formulas of a given
spacelike curve are described which include eight parameters related to three partial
differential equations. It is proved that the curl of tangent vector field has no component in the
direction of principal normal vector field. This means that a surface with both T and B

directions exists. Moreover, important results are provided together with the intrinsic
geometric features of this congruence.
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