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Abstract. In the present study, we work on the Hasimoto surfaces in three-dimensional
Euclidean space by using g-frame. Calculating the coefficients of fundamental forms, we
present Gaussian and mean curvatures of these Hasimoto surfaces. Lastly, we find some
characterization of parameter curves of these Hasimoto surfaces.

Keywords: curvature; Hasimoto surface; g-frame; vortex filament.

1. INTRODUCTION

As well known, the study of surfaces like ruled surfaces, canal surfaces, Hasimoto
surfaces, and so on is a long-standing interest for mathematicians and having an
understanding of how surfaces are constructed is very important. Hasimoto surfaces are
special type of surfaces generated by evolving a regular space curve p(u, v) formulated as

Pv = Pu X Pyuy-

The approximation of the local induction approximation to solutions of the nonlinear
Schrodinger equation was introduced and the relation between vortex filament equation and
non-linear Schrodinger equation was given by Hasimoto [1].

After this physical exploration, there have been studies of the relationship between
moving frame curves and soliton equations in ambient spaces. In [2], geometric interpretation
of Backlund transformations related to Hasimoto surfaces and regular space curves was
explained; that is, using a special Hashimoto flow for doubly discrete curves, an evolution
using double Backlund transformations was obtained. Based on the Gauss-Weingarten
equations, the Hasimoto surfaces in Euclidean 3-space by applying numerical integration to
their fundamental form coefficients were derived [3] while a description of parameter curves
of these surfaces in Minkowski 3-space was given in [4]. Kelleci et al. [5] and Elzawy [6]
worked on Hasimoto surfaces in detail. Using Hasimoto surfaces, both parallel surfaces and
harmonic evolute surfaces were recently obtained and characterizations of these surfaces were
given in Euclidean 3-space [7, 8].

In this present paper, we give the formula for the differential of the Hasimoto
transformation in Euclidean 3-space, and various geometric properties such as the Gaussian
and mean curvatures are calculated.
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2. GEOMETRIC BACKGROUND

In this part, we focus on some geometric background information about metric and
frames; especially, the basics of g-frame can be found in detail [9-12]. Suppose that u =
(uq,uy,u3) and v = (vq,v,,v3) be two vectors in three dimensional Euclidean space
endowed with the metric

< u,v >= u1v1 + quz + U3v3.

The norm of the vector u is given ||u|| = v/< u,u >, and the Euclidean cross product
of the vectors u and v is defined as

U XV = (UpV3 — UzVp, UzVy — Uy V3, Uy Uy — Up Vg ).

Let a(s) be a space curve with a” (s) is not zero. The Frenet formulas are written as

R R .

where v = ||la’(s)||. Frenet vectors and curvature functions are

a’ a ANa

t= b= n=bAt
la'll” o’ Aa”|l’ '
”a/ A au” det(a’,a”,a”’)
= T =
'l la' Aa”l]?

respectively [13]. Besides Frenet frame, we use g-frame {t,nq,bq,k} where k is the
projection vector. We choose the Euclidean angle between the principal normal n and g-
normal n, vectors to establish the relationship between the g-frame and Frenet frame. The
relation matrix can therefore be stated as

t 10 0 t
Ng| = [0 cos6 sin@] [nl (2)

bq 0 —sinf cosfllb
or
t
ll \ cos@ —smel Ng|. (3)
sinf cos@ 1|b

q

where g-frame vectors and g-curvatures are
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t 0k k[t
nq = [_kl 0 k3] nq ,
bq s _k2 _k3 0 bq

ki = <t,ng>
k, = <t',bg> 5)
k3 = < n:], bq >,

respectively.

Let M be a regular surface given with the parametrization ¢(u, v) in E3. The vectors
¢, and ¢, span the tangent space of M at every given location. Then the unit normal vector
field of M is defined as

Py X Py

=+ 7 3]
10w X @0]] ©)

The coefficients of the both first and second fundamental forms of the surface M are
given as

E = (o, ou),
F = ((pw q)v)' (7)
G = {Pv, Pp),

and
e = (P, N),
f= (@, N), (8)
g = ((pvv: N)

respectively, where (.,.) be the Euclidean inner product. The Gaussian curvature and the
mean curvature of M are given by

eg — f*
— 9
K=t ©)
and
Eg + Ge — 2Ff
~ 2(EG-F?) '’ (10)

respectively.

3. THE HASIMOTO SURFACES WITH Q-FRAME

In this part, we use the g-frame {t,n,, b,} to calculate the time derivatives, which are
given by
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t 0 a ﬁ t
Ng| = [—a 0 V] Nq (11)
bq . - -y 0l|b,

by the help of the equation (4) where the «, f and y are smooth functions. Taking derivatives
of (4) and (11) with respect to t and s, we get
toe = (—aky = Bl)t + ((k1)e — vka)ng + (kyy + (k2)e)bq
and
ts = (—aky — Bky)t + (a5 — Bk3)ng + (aks + Bs)bg,
respectively. Applying the compatibility condition t,; = t;, we get
(k1)e = as—PBks+vk,,
(k) = Bs+ aks —kyy.
Similarly,
(Mg)es = (—as — kyy)t + (—aky — yks)ng + (—ak, + ys)by
and
(ng)st = (= (k)¢ — ksP)t + (k@ — k3y)ng + (ki + (k3))bg.

Therefore, we have the time derivative of the first and the third g-curvature functions
as follows:

(k1)e = as—Bks+vk,,
(k3)e = ys—ak, +kf.
Similarly, applying the compatibility condition (b,):s = (bg)s: to the equations
(bg)es = (=Bs + vkt + (=vs — Bki)ng + (=Bkz — vk3)b,
and
(bg)se = (=(k2)¢ + kza)t + (=kpa — (k3)e)ng + (—k2B — k3y)bg,

we get the following functions

(kz)e = Bs+aks—kyy,

(k3)e = Vs —aky+kf.

Each of the three cases can be combined to have
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(k1): = as—Bks +vyk,,
(k2): = Bs+ aks;—kyy, (12)
(k3)e = v¥s—aky,+kqf.

The velocity vector can be written as
pt = At + ung + nb,.
The derivative of p, with respect to s is given
(Pr)s = (As — pky — k)t + (us + Aky — pkz)ng + (s + Aky + piks)bg.

Since (py)s = (ps):, We derive the folllowing equalities

As —pky —nk, = 0,
ps +ky —pks =«
T]S + /1k2 + llk3 = B

If p(s, t) is the position of vortex filament, then one can write
Pt = Ps X Pss-
The velocity vector can be rewritten
pr = ps X pss = t X (kyng + kyby) = —kyng + ke by
for a solution of smoke ring equation. Then, (4, u,n) = (0, —k,, k;). That is,
a = —(ky)s— kiks,
B = (ks — kaks.

Substituting these findings in third equation (12), and differentiating with respect to s
give us

k% + k3
y= | ks -
Therefore, the equation (11) turns out to be
¢ I[O —(kz)s — kiks (k1)s — kzks ]I
2 2
ng| =|CUe)s + kiks 0 [ (s)eds =22 |
Pl it — e S5 s 0 J12

2
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Theorem 3.1. Let p(s,t) be a position vector for the surface ¢(u,v) in E3. Then the
Gaussian curvature and the mean curvature of ¢ (u, v) are given by

_ 1 (k2) k1 — ko (kq)e +f (ky)eds — ki + k3 _(kakq)e
k? + k2 k2 + k2 3t 2 k2 + k2 (13)
+k3)?]

and

k? + k2

1 (k2)¢ekey — ko (kq)e :
> 1

H =
2(k? + k3 k? + k2

+f (k3)cds + (14)

respectively.

Proof: Basic calculations show that the coeeffients of the first and second fundamental forms
of p(s, t) are given

E=1,
F=0,
G=k?+ki
and
e = 1
(k2k1)¢
= k
! PR
_ (k)iky — ko (k1) J ki + k3

Using these findings and equations (9) and (10), (13) and (14) are easily found.

Theorem 3.2. Let p(s, t) be the Hasimoto surface in E3. In this case, the following conditions
are satisfied.

1) s- parameter curves of the surface is geodesic.

i) t- parameter curves of the surface is geodesic only when

(k1)sky = —ka(k2)s

and
k2 + k3 2+ k3

B k2 + k2
= | ks = k) = bl | (ydeds =24 ()

ka{
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Proof: i) We know that
pSS = klnq + kZbQ'

The normal vector of the surface is

1
N = —m(klnq + kzbq).

Thus, the normal vector of the surface and the s-parameter curves of the surface are
linear dependent; that is, s-parameter curves of the surface is geodesic.

i)
pee = (“kang + kibg)s = —{(k1)sky + ka(kz)s}t
k2 + k3
= 1; 2 - f (k3)eds — (k) Ing
k2 + k2
= (] teeas - E 2w G Iby

Using the similar argument in i), we can prove theorem easily.

Theorem 3.3. Let p(s, t) be the Hasimoto surface in E3. In this case, the following conditions
are satisfied.

1) s- parameter curves of the Hasimoto surface is asymptotic when k; = 0.
i) t- parameter curves of the Hasimoto surface is asymptotic only when

413 =20 (k)eds + (o))

Proof:
I) Since pgs = kyng + k,by, ki must be zero in order that s-parameter curves of the
Hasimoto surface is asymptotic.

i) We say the normal component of p,; becomes zero if and only if

ki + k3
= | keds = (k) =0

Therefore, t-parameter curves of the Hasimoto surfaces are asymptotic curves if and
only if

413 = 2 Geedds + (e
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4. CONCLUSION

In this paper, g-frame is used to study Hasimoto surfaces in three-dimensional

Euclidean space. Later, some geometric properties of these surfaces are presented by finding
coefficients of fundamental forms. Lastly, necessary and sufficient conditions are given for
the parameter curves of these Hasimoto surfaces to be asymptotic and geodesic.
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