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Abstract. In this article, new variety types of exact solution to the Fujimoto-
Watanable- equation (FWE) that equivalent to the modified Korteweg- de Vries- equation
have been derived. These new types of solutions which weren'’t realized before by any other
technique have been established in the framework of the Ricatti-Bernolli Sub-ODE method
(RBSODM). Also, the identical numerical solutions whose initial conditions are emerged
from the achieved exact solutions have been constructed by using the famous numerical
variational iteration method (VIM).
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1. INTRODUCTION

Throughout this research, we will investigate the exact solutions of the FWE [1-4] to
detect the soliton behaviors arising from it. The suggested model has been discovered when
classifying the 3th -order uniform rank evolution equations with non-constant separates and
derived the 8th and 3th -order differential equations that describe symmetries (non-trivial Lie—
Backlund algebras). Furthermore, Sakovich [5] explained the connection of these differential
equations with the famous KdV- equation and Qiao equation. The suggested equation
amounted to the modified Korteweg- de Vries (KDV) equation that represents a mathematical
model of surface shallow water wave. The RBSODM [6] is the only one of the ansatze
methods that doesn't depend on the balance rule has been used effectively to obtain
impressive description to the exact solutions to this equation. The homogeneous balance fails
of this equation, hence all the ansatze approaches methods [7-22] that depend on this rule will
be fail to realize any solution for this equation. In addition, we will apply the VIM [23-24] to
demonstrate the identical numerical solutions for all achieved solutions of this equation. Some
unique form solutions, such as soliton solutions, may only be reliant on a single combination
of the variables among the possible solutions to nonlinear evolution equations [25-32].

Few studies of this equation have been admitted sea for example, Shi and Wen [1-3]
and [4] studied the bifurcation and dynamics of solitary wave solutions and the dynamical
behaviors of solitary wave solutions to the FWE in two individually different published
articles.
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The goal of this work is to introduces variety impressive solitary wave and numerical
solutions to the Fujimoto-Watanable using the RBSODM and VIM respectively.

2. THE RBSODM ANALYSIS

According to [1] the solution is,
H = AH*” +BH +CH”, 1)

When AC = 0and g =0 Eq. (1) tends to Riccati equation, if A0, C=0, and g =1it
represents Bernoulli equation while A, B,C and P are unknown and must be defined later.

When we substitute for u and its derivatives at Eq. (1), one can locate the following system of
equations in these unknowns with the aid of a suitable choice of B and setting equivalence for
the various exponential powers of H to zero. Consequently, the constructed method admits six
different cases of solutions according to the transformation ¢ = x—ct and the values of these

constants namely,

H()=C,e** 9 for g-1 )
H() = (AB-D( +C))' ", for p=1, B=0andC =0 3)
A 805D U (p-1)
H(&) = —E+C1e phe , for =1, B=0andC =0 4)
H(C){;—i A2 B an I ANAACE (4+01)J ,
- (%)
H“):{;_i‘ 4AZCA—B - ﬂ)x/4AC B s C)]
Forp # 1,A # 0 and B> — 4AC < 0.
H(g){g_ BZA4AC I ﬁ)w/BZ 4nC ., C)J |
- (6)
H(§)=(§— BZZ—:AC coth & ﬁ)«/B2 4AC C)]

Forp # 1,A # 0 and B> — 4AC > 0.
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1 B 1/(1-8)
TN -
AB-D(C+C) 2A
For B # 1,A # 0 and B2 — 4AC = 0, where C1 an arbitrary constant.
Now, we will extract the solitary wave solution FEW [1] which is
C 3 2 2 _ O
W, = WW,,, +EW W, W,, +aWW, = (8)

In the framework of the RBSODM as follow
When Eq. (8) surrenders to the transformation w(x,t)=H(¢),< =x—ctit will be

converted to

—CH’=H3H’”+gH2H’H”+aH2H’, 9)

Divide by H ?, integrating once with respect to H , we get,
1
HZH”+ZHH’2+aH2+gH—C:O, (10)

Now from Eq. (1) by differentiate we get,

H”=ABB-B)H*” + A*(2— B)H>?

(11)
+,8C2H2/3’1 + BC(,B+1)Hﬁ +(2AC + B*)H,
According to the proposed method, inserting H’2, 4~ into the suggested equation Eq.
(10), with suitable choice of g and equating the coefficients of different powers of H to
zero, we get system of equations from which the following results achieved

_ . 2
B=—iv2/AC,C=0, o = BgB g = 2 , (12)

The obtained results lead only to the solution form (2) of the proposed method which
is H(O) =(AB-)(+C))" for+#1,B=0and C =0

+2./9 i

H(Q) =8
&=y

(13)
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Figure 1. a) The solution behavior of Eq.(13) in 3D and 2D with values:
A=2/gi,B=0,C=0,C,=15=2,g=4.

Figure 1. b) The solution behavior of Eqg.(13) in 3D and 2D with values:
A=-2,/9i,B=0,C=0,C, =1 5=2.

3. THE VARIATIONAL ITERATION METHOD

To investigate this algorithm, let us suppose
Ly + Ny =h(S) (14)

Whose correction functional is
15
Hu.1 (&) =Hy (&) + f I()(LH,, () + N H,, (1) —g(®))dt. (15)

where | appearing in this equation is Lagrange multiplier.
The general iteration formula is

¢
Hig1(€) =Hy () + 525 [ 0" (HO 4 (HHY H™. HO) - g (1),
: (16)

A= t=x)"
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where M related to the rank of differential equation, and the zeros approximation Ho(f) for
the ODE of order M is

Ho(§) =Hy (0) + H'(0)¢ + 5 H"(0)&" + 5 H" ()& ....... + i HM P (0) ™™ (7)

4. THE NUMERICAL SOLUTIONS TO THE FWE

For the FWE mentioned above which is
" 1 12 2
HH +ZHH +aH”+gH -C=0

The initial conditions are H(0) =+4, H'(0)=F4,the first and second iterations
according to the VIM are

H, (&) =H(0)+ZH(0), Hy(¢) =4-4S,

¢
H,(<£) :Ho(é’)_j( Ho(t)Ho”(t)+O-25Ho(t)H0,2(t)"‘aHoz(t) +gH, (1) _C)dt’ (18)

¢
H, =4-4§-32j(1—t)dt =4-360 +16¢72,
0

H, (6) =H,(0) = [ H.OH, ©+0.25H, (OH, (1) + &HZ () + gH, () ~C Jot

°t—yn

+( —32(4 - 36t +16t°
H,() =436 +165° - [| ~ 2204~ S00H100 ) " (19)
0.25(4 — 36t +16t7)(~36 — 32t)? + 4(4 — 36t + 16t%)

0

H,(¢) =819¢® — 4992¢° — 4160¢2 +1148¢ +4

110

Figure 2. a) The solution behavior of Eq.(19) in 3D and 2D with values:
A=2gi,B=0,C=0,C,=14=2g=4.
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Similarly, we will repeat these calculations for the second case in which,

H, (&) =H(0)+JH(0), Ho () =—4+4C,

HL(0) =Ho ()~ [ HoOH," )+ 025H,(OH, () + aHZ() + gH, (1) —C )t

. (20)
H, =4+4¢ —32[ (1-t)dt =36¢ ~16¢° - 4,
0
H.(S) =H1(§)—j( H, (H," (1) +0.25H, (H, (1) + aH/ (1) + gH, (1) —C)dt,
H,(¢) =36¢ -16¢? —4—j[ ~S(ER B4+ Jdt, (21)
210.25(36¢ ~16¢ —4)(-36+16t)° +4(36¢ 167 ~4)

H,(¢) =3277¢° —11520¢* +29568¢° —6496¢ % +1200¢ - 4.

21 108}

10 1081

Figure 2. b) The solution behavior of Eq.(21) in 3D and 2D with values:
A=2gi,B=0,C=0,C =14=2g=4.

And for these two cases we can get the other iterations as follows,

H, () =H2(;)—j( Ha(OH," (0 +0.25H,(OH,*(©) + aHZ (1) + gH, (0 C )t

HM+1(§) :HM (4/)__5[( HM (t)HM"(t)+O'25HM (t)HM,Z(t)"'aHI\ZA (t)+gHM (t)—C)dt.

Remark, the exact solutionis H(¢) = !im H,, (£)-

5. CONCLUSIONS

The RBSODM which is famous ansatze methods that doesn’t rely on the balance rule
and reduce large volume of calculation has been used for the first time to finding new exact
solutions to the FWE. While, all the ansatze approaches methods which depends on the
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balance rule fails to realize any solution. Furthermore, the VIM has been also applied to show
the numerical solutions that are identical for all realized exact solutions to this model. These
new established solutions are very important to discuss the interaction of optical fiber
phenomonos as well as other branches of applied mathematics and physical field sciences.It is
clear that there is consistent between the exact and numerical solutions in the interval (0< x
<10).
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