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Abstract. In the case of response missing at random conditioned by a functional
explanatory variable, this research investigates non parametric estimate of the conditional
quantile using the kernel approach. Under an a-mixing assumption and properties of the
small ball, we establish the uniform almost complete convergence (with rate) of the proposed
estimator.
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1. INTRODUCTION

One of the most encountered problems in non-parametric statistics is the question of
forecasting. In some situations regression is the main tool adapted to answer this question.
However, in other situations, such as the case where the conditional density is asymmetrical
or multimodale, this tool is inadequate. Therefore, the conditional quantile better predicts the
impact of the variable of interest Y on the explanatory variable X. The study [1] was the first
to treat the conditional quantile estimate in the case of Markov processes. Stone established
the convergence in probability of an estimator of the empirical conditional distribution
function [2]. The uniform convergence of the kernel estimator of the conditional quantile and
the asymptotic normality was obtained [3]. Another way to estimate conditional quantiles is
the robust statistic; let us quote in this context, [4-5] for the asymptotic normality and
quadratic mean convergence, by considering independent identically distributed (i.i.d.), a-
mixing or B-mixing observations.

In the context of functional data, the first results were introduced by [6] where they
studied the almost complete convergence of a kernel estimator of the conditional quantile in
the case of i.i.d. This case has been generalized [7] to the a-mixing case and they applied their
result to the climatic EI Nino phenomenon. The articles [8, 9] studied the asymptotic
normality of this estimator in both cases (i.i.d. or strong mixing conditions). The spline
function method was introduced [10] for the conditional quantile estimator. In [11] it is
considered the convergence in LP-norm of nonparametric quantile regression under the mixing
hypothesis.
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The aim of this paper is to contribute to the research on the functional non parametric
model by studying the estimation of the conditional quantile when the response variable is
missing at random conditioned by a functional explanatory variable and under a-mixing
condition. Note that missing data at random are a kind of incomplete data, however, data are
often incompletely observed and part of the responses are missing at random (MAR) in many
cases, such as sampling survey, pharmaceutical tracing or reliability. The literature
concerning MAR in the case of functional data is still limited, see among others [12-14].

The organization of the paper is as follow: the estimation model of the conditional
distribution function and conditional quantile is presented in Section 2. Section 3 describes
the assumptions necessary to demonstrate the main results found in Section 4. Finally, the
proofs of the auxiliary results are given in section Appendix.

2. MODEL AND ESTIMATOR

Let (X;,Y;);=1..n be the statistical sample of pairs which are identically distributed
like (X,Y), but dependent. Where Y is valued in R and X is valued in some infinite
dimensional semi-metric vector space (F,d). Let x be fixed in F, the conditional distribution
function F*(y) of Y given X = x is defined as follows:

F*(y) =P(Y < y|X = x).
The conditional quantile, of the order « € (0,1), is defined by:
to(x) = inf{y € R: F*(y) = a}.

Vx € F, F*(y) admits a unique conditional quantile. Let a € (0,1), the a th conditional
quantile, denoted t, (x), satisfies the following equation:

F*(te(x)) = a. 1)

In the case of complete data, the estimator of the conditional distribution function
F*(y) of Y given X = x is defined as follows:

fx _ it K(hg'doX))H(hg' (=Y )
0 = Yim1 K(hg' d(x,X))) ’

vy € R. (2)

where K is the kernel, H is a distribution function and hx = hg, (resp. hy = hy,) is a
sequence of positive real numbers such that lim hgy = lim hy = 0.

n—-+oo n— +oo

Then, it naturally follows an estimator of conditional quantile £, defined as follows:
t,(x) = inf{y € R: F*(y) > a},

which satisfies
F*(i,(x)) = a. (3)

In the case of missing response, we consider a random sample of incomplete data

.....

otherwise. The MAR assumption implies that § and Y are conditionally independent given X.
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Such that
Pl =1X=x,Y =y) =P = 1|X =x) = p(x).

This assumption was introduced by [15]. The new functional estimator of F*(y)
adapted to MAR response can be defined as:

Aoy IR SiK(hg (X)) H(RE (v =Y1)
)= Y, 8K (higtd(x,X))) ’

vy € R. 4)

In order to simplify the notations, we pose:

Ki(x) = K(hi*d(x, X)) and H,(y) = H(hi' (y = Y))).

We can write
Fr(y) ="
Fp
where
o 1
FiO) = 1 Zi= §iKi (O H: () (5)
and
£ x 1 n
Fy = ———=—Xi-1 6;K;(x). (6)

nEK, (x) £1=1

Then, the new estimator of the conditional quantile can be defined as

t,(x) = inf{y € R: F*(y) > a},
which satisfies A
F*(ta(x)) = a. (7)

We introduce the following notations in order to define the property of the strong
mixture. Denote by F¥(Z) the o-algebra generated by (Xi,Y;),...,(XyY) and Fg,
generated by (X4, Yi+n)- - Now, for any n > 1, we have

a(n) = sup{|P(4 N B) — P(A)P(B)|,A € F¥B € F.,.}- (8)
k=1

The process (X,,, ;)1 IS said to be strongly mixing if

lima(n) = 0. 9)
n—->oo
3. HYPOTHESES

To formulate our assumptions for the almost complete convergence of F*(.), we
consider the following hypotheses. Let N, the fixed neighborhood of x and let B(x, h) =
{x' € F/d(x,x") < h} be the ball of center x and radius h.

(H1)V h >0, P(X € B(x,h)) = ¢,(h) > 0.

(H2) (X;,Y))ien is an a-mixing sequence whose coefficients of mixture satisfy:
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da > 0,3c>0:vn€ N,a(n) <cn ¢

na

(a+1)
(H3) sup;s; P (X, X;) € B(x, h) X B(x,h)) = 0 (%)

(H4) The conditional distribution function F*(y) is differentiable, continuous and it has a
first derivative uniformly bounded, denoted f*(y) and satisfies: V(y;,y;) € R X
R, V(xq, %) € Ny, X Ny, there exist some constants C, by, b, > 0, such that, for j = 0,1, we
have
N0 N0 B b
[F¥2" (y1) = F*2 (y2)| < C(d(x1,%2)™ + |y1 — y2["2).

(H5) K is a function with support (0,1) such that 0 < C;ljo ) < K(t) < Gl 47 < o0,Where
I, is the indicator function and EK; (x) imply that 0 < C; ¢, (hgx) < EK;(x) < Cy¢,(hg).

(H6) V(y1,¥,) € R?, |H(y1) —H(,)| < Cly; — .| and f |t|BZH(1)(t)dt < .

(H7) p(x) is continuous in a neighbourhood of x, such that 0 < p(x) < 1.

logn

. b _ i
(H8) lim n”hy =0, ¥ b>0and lim “o0 ==

4. MAIN RESULTS

Proposition 1. Under assumptions (H1) — (H8), and if

3—-a 1
31 > 0,Cnavi™ < ¢y (hy) < C'ni-a (10)

holds with a > 5+2_\/ﬁ we get

. logn \2z
sup|F*(y) = F*(y)| = 0,.(h2* + h?2) + 0 (—) .
ye?l (y) (y)l a.s( K H ) a.s n¢ (hK)

Theorem 1. Under hypotheses (H1)-(H8), we have

£ (%) = ta(0)] = Oqs(hi + i) + Oas <<n;51n)) )

Proof of Proposition 1: The proof of proposition 1 is based on the following decomposition
and lemmas below:

N 1 ~ N ~
F*y) — F*(y) = = {(Ff ) — EFE () — (F*(») — EFF ()}
F
FX
F

+ D (X BRY) (11)
D
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Lemma 1. Under conditions of proposition 1, we have
sup|F*(y) - E[FE )]l = 0(hi) + 0(h%?), a.co.
y

Lemma 2. Under assumptions (H1) — (H8), we get

~ ~ logn
FE(y) — EEZ()| = 0 ( ) co. 12
S;égl KO — EFf ()| o) o (12)

Lemma 3. Assume that hypotheses (H1) — (H8) and condition (10) are satisfied, we have

1
~ ~ 1 5
|F¥ —EF¥| =0 ((ﬁ)z), a. co.

and
Y P(FF <1/2) < oo,

Lemma 4. Under the conditions of Theorem 1, we have

ty(x) — ty(x).a.co. (13)

4. APPENDIX

Proof of Lemma 1: We have

X x — 1 \ y_Yi x
[EIFF )] - F¥0)| = B nm; ik (5 )]—F )

D R

i=1

= I;Kl i E (15 [SiKiH (y ;HYL') |Xi]) —F*(y)

= %E(p(x)lqm [H (yh_HYi)]) — F*(y).

After integration by parts and a variables change, we obtain

E(H, (hi' v = YD)/X) = [ H (32) F* (wydu
= [ HO(OF*(y — hyt)dt.

Thus, under conditions (H4), (H6) and (H7), we have

fix —_ X _L (€Y} X(y — — F*
|E[Fy )] = F (y)l—[EKllﬁ{p(x)KljRH OIF*(y —huyt) = F (Y)Idt}

< Clhgt + ) (p(x) + 0(1))
= Og.co(hg' + ).
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Finally, the proof is achieved.

Proof of Lemma 2: The idea is to cover the compact S = {t,(x) — €, t,(x) + €} by intervals
1
of Sy, we can write that S CUi":l Sk, Where S, = (t, — Ly, te + 1), with [, = nP7z. we put

my, = argmingeg s 1|y — my| and we show that:

y

sup|F{f (v) — EF§ ()| < sup|E§ (v) — E§ (my)| + sup| £y (my) — EFf (m,)|
YES YES YES

T1 TZ
+ sup|EF§ (m,) — EF{ (¥)|.
YES

T3

Concerning T; The hypothesis (H6) lead

YT 8K ()| Hi () — Hi(t,)]

< -
1 = nEk, (x) “i=1

1 Ki(x)
< suply — t,| Xi1 6;—
N ly—tyl
< Fysup—=
YES hu
<Az
hy

1
We take [,, = n~#72 to show that

bu/h = o (logn(ng,(h,)) 7,

© ’ logn
Zn:l P (Tl > € m) < 00, (14)

Concerning T3, using analogous arguments as for T;, we have

finally, we have

1
3 < 1maon i BB (0)[Hy(y) — Hy(t))11X{]
SAl—n—>O a.co. as m — oo,
hy

So, for n large enough, we can found € > 0 such that

o 1
Yo P (T3 > € /ﬁ) < oo, (15)

However, for T,, we have

. _ mpx logn <
i <§zlé?|FN (my) — EF§(my)| > EW) =

Sx _ mpx logn
S"ke%lf.,)gn} IP’(|FN (m,) — EFy (my)| > € n¢>x(hK)>'

On the other hand, we have
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. . 1
|F¥(my) — EEf (m))| = wEK, Ly 8:;K;H;(m,) — E(8;K;H;(m,)),
iy,

So, to apply Fuck-Nagaev’s exponential inequality (see [16]), we calculate

si2 =Yy X0y [Cov(By, 4;). (16)

= Zm; Cov(Al, A;) + X, Var(a))
= s2* + nVar(A,)).

Firstly, by the same technique used in [17], we define the sets
E, ={(i,j) such that 1<i—j<u,},
and
E, ={(i,j) such that u,+1<i—j<n-1}

where u, is an arbitrary sequence of positive integer. Let /;, and J,, be the sums of
covariances over E; and E, respectively. Then

Z Cov(4;,4;)

Z B15,6,GE0K ) Hu oy ) (my )] — B O H, oy BES K GO ()

Under (H1), (H3), (H5),(H7) and because H is a cumulative kernel (Hi(my) <1),
we obtain

i < Craengp () ((222) ™ + 9,10,

For E,, the covariance can be controlled by means of the usual Davydov’s covariance
inequality for mixing processes (see [16])and condition (H2). This inequality leads to:

Vi # j, |C0v(Al, ])| <C(i—jph™“
Thus,
ZE |Cov(Al, ])| < n?u;%

-1/a
By choosing u,, = (@) and under condition (10), we get

i = Jin * J2n = 0y (hy)). (17)
Concerning the variance term, we deduce from (H1) that
Var(4;(x)) = 0(¢x(hg)). (18)
Finally, from (16), (17) and (18) we obtain
= 0(n¢y (hg)).

Now, we can apply the inequality of Fuck-Nagaev:

ISSN: 1844 — 9581 Mathematics Section



818 Strong consistency rate of the ... Assia Bourouba et al.

By fx logn
P |FN(my) - IEFN(my)| > €o m
X
. -r a+1
2.,2m2 ogn 2

<4 <1 + o K1n¢X(hK)> + 2ner™? S
—_ 12

161rsy €onEK, ndl,o%}?K)

X

We put r = C(logn)?,

A R 1
P(|Fmy) — BFF(my)| > 6%)

—_6(2) 2a a+1 1 (a+1) —(a+1),3—a+17)
< An'sz + A(logn) 2z n o2 Catr’

Therefore, for €, large enough and v > 0, we have

P sup|E(m,) — B (my)| > e |—28
yes' "o v ey (hy)
—g2 a+1
< Al (n3_2 + n_1_7">

< An~17v,
Finally, the proof is achieved.
Proof of Lemma 3: For the demonstration of the first part of this lemma we use the same

arguments as the previous lemma, the only change is for A;, where:

~ ~ 1
Ff — EF} = n oA
D D = LEk, &i=1 i

All the calculus previously made with the variables A;(x) remain valid with the
variables A;(x) and we obtain:

o A logn
P |Fg — EFgl > € Tl(],')—(h;()
X
| -r a+1
2,2 2 ogn 2
con” E°K o o 1 8r

+ 2ncr”
16rs/?
" eon EK;

<4|1+

logn
nox(hg)

—_62 2a a+1 1 (a+1) —(a+1) 3+a, )
< An'sz + A(logn) 2N’ 2z n 2 catl
2 a+1 (a+1) —(a+1) 3+a, )

—€
<Anm +An** 2 n'" 2z n 2z G’

—€2 1-a a+1
<Ansz + An VGt ™
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For € large enough and v > 0, we leads to,
- ~ logn —1-
IP(Fx—IEFx > ¢ —)SA’n v, 19
173 5 () (19)

Finally,

logn
noy(hg)

To P <|ﬁg _EFf| > ¢ ) <TOL ANV < o,

Concerning the second part, we have
{IF3l < 1/2} € {|F§ —p(x)| > 1/2}

P{|F5| < 1/2} < P{IF — p(x)| > 1/2}

then

< P{|Ff — EF%| > 1/2}, (becauseEF = p(x)).

We come to show that
Yoo P(F} <1/2) < o,

Proof of Lemma 4: F(y|x) is a continuous and strictly increasing function that admits a

unique quantile of order a, So, we have:

Ve>0 3 8(e) >0, Vy ER, |t (x) — y| = € = |F*(t,(x)) — F*()| = 8(e).

Under equations (1) and (7), we obtain

3 8(€) > 0,P(|E(x) — ta(x)| > €) < P(IF*(£(x)) — F*(t(x))] > 8(€))

= P(IF*(to(x)) = F*(t,(x))| > 8(€))
< s;égIF"(y) - F*()l.

Since F*(y) is continuously differentiable, we have

Zn P(lEe(x) — t, ()] > €) < %y P(SUDIF“"(Y) - > 5(6)) <

yES

which complete the proof.

Proof of Theorem 1: Writing a Taylor expansion of order one of the function F* at point
t,(x) leads to the existence of some t,*(x) betweens £,(x) and t,(x) and taking into

account Lemma 4 such that

F*(£,(0) = F*(t2(0) = (fa(0) = ta)F* (t5,(0))
() = ta(O)] = Fre = P (60 () = F* ()1
Then,

160.(%) = ta COFX (t5(%)) = Ouco(|F* (ta (%)) — F*(t(x))])
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The result provided by Lemma 4 insures that ¢, *(x) tends to t,(x) as it follows that

|f¢\x(x) - ta(x)l = Oa.co.(lﬁx(ta(x)) - Fx(ta(x))l)-

So, the result of the Theorem is an easy consequence of Proposition 1.
5. CONCLUSION

In this paper, we have established under certain mild conditions the almost complete
convergence of the conditional quantile estimator. In the case of missing data at random and
a-mixing structure our estimator has good asymptotic properties. The k-NN method is a
smoothing method that includes an adaptive estimator. A very important feature of this
approach is that it allows building a neighborhood that adapts to the local structure of the data.
It is also interesting to investigate the asymptotic properties of the k-NN estimator of the
conditional quantile function.
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