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Abstract. In this paper, we characterize the directional derivatives in accordance with
the asymptotic orthonormal frame {x,a,y} in Q2. Also, we express the extended Serret-
Frenet relations by using cone Frenet formulas and we explain the geometrical understanding
of energy on each asymptotic orthonormal vector fields in null cone. Furthermore, we express
the bending elastic energy function for the same particle according to curve x(s, §,n) and we
finalize our results by providing energy variation sketches according to directional
derivatives for different cases. Additionally, we explain a geometrical interpretation of the
energy for unit vector fields and we express Maxwell’s equations for the electric and
magnetic field vectors in null cone 3-space.

Keywords: Electromagnetic field vectors; asymptotic orthonormal frame; null cone;
energy.

1. INTRODUCTION

The theory of integrable systems has an enormous impact in mathematics and in a
wide variety of non-linear phenomena in physics. For example, the curves and surfaces arise
naturally in numerous areas of the physical sciences and within areas of pure mathematics
itself. The greatest effect in the research of curves and surfaces was the discovery of the
calculus. In [1, 2], the impact of magnetic fields on the moving particle trajectories by
variational approach to the magnetic flow associated with the Killing magnetic field on
lightlike cone is examined and different magnetic curves are found in the 2-dimensional
lightlike cone using the Killing magnetic field of these curves. Also, some characterizations
for x-magnetic curve and x-magnetic surface of rotation are given using the Killing magnetic
field of this curve in Q2. In [3, 4], the energy and volume of vector fields are investigated by
the authors. In [5], the similar studies are made about volume of a unit vector field defined as
the volume of the submanifold in the unit tangent bundle. In [6, 7], the effects of geometric
phase rotation are expressed topological features of traditional Maxwellian theory originating
at the quantum level but surviving the associated principle limit into the classical level and
differential geometry to broaden the preceding traditional analysis of the uniform helix and
attain the comprehensive consequence for arbitrary fiber trajectory are comprehended. In [8],
the pioneering connection between the solutions of the cubic nonlinear Schrodinger equation
and the solutions localized induction equation are investigated by the authors. In [9], the
kinematics properties of a moving particle lying in De-Sitter 3-space are given and the
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bending elastic energy function for the same particle are determined by the authors. Also, the
change of the Willmore energy of curves in 3-dimensional Lorentzian space is investigate and
given the variation of Frenet vector fields, the curvature and the torsion of the curve by the
authors, [10]. In [11], the rotation of the plane of polarization of light spreading in a
monomode optical fiber tracing a non-planar trajectory are expressed and are given the
rotation in the helical optical fiber with a constant-torsion with some measurements on the
fiber bent into a helix. In [12], the geometric generalization of the action belonging to
curvature of the moving particle’s trajectory in different spacetimes are given by the authors.
In [13], a classical problem in hydrodynamics originally posed by Gilbarg has been reduced to
that of solving a solitonic Heisenberg spin equation subject to a geometric constraint and
some formulations are given to lead to a class of solutions of the Gilbarg problem according
to travelling wave solutions.

Broading speaking, the study of the vector fields of curves represents the beginning of
a major area of mathematical physics. In mathematical physics, one of the important topics is
electromagnetic wave that is constrained to travel along with a space curve. In this context,
the geometry of the curve provides to relate the geometric phase and the rotation of the
polarization of the electromagnetic wave vectors. In the light of this information, some studies
have been made. For example, a rotation of the polarization of light propagating in a
monochromatic optical fiber wrapping around the conductor induced by the magnetic field
according to the electric current flowing in an optical fiber current transformer are examined
in [14]. The unit vector field’s energy on a Riemannian manifold is described to be equal to
the energy of the mapping defined as unit tangent bundle equipped with Sasaki metric [15].

2. MATERIALS AND METHODS

Let E3 be the 3 —dimensional pseudo-Euclidean space with

GX,Y) =(X,Y) = x1y1 + X5, — X3Y3,

for all X = (x1,%x2,%3), Y = (y1,¥2,¥3) € EZ. E3 is a flat pseudo-Riemannian manifold of
signature (2,1).

Let M be a submanifold of E3. If the pseudo-Riemannian metric § of E3 induces a
pseudo-Riemannian metric g(respectively, a Riemannian metric, a degenerate quadratic form)
on M, then M is called a time-like( respectively, space-like, degenerate) submanifold of E3.
Let c be a fixed point in E3. The pseudo-Riemannian lightlike cone (quadric cone) is defined
by

Q(c)={x€Eg(x—c,x—c)=0},

where the point c is called the center of QZ(c). When ¢ = 0, we merely indicate Q?(0) by Q2
be and call it the null cone.

Let E3 be 3-dimensional Minkowski space and Q? the lightlike cone in E3. A vector
V#0 in E is called space-like, time-like or light-like, if (W, W) >0, (W,W) <0 or
(W, W) = 0, respectively. The norm of a vector x € E3 is given by ||x|| = /(x, x), [16].

We suppose that curve x:I — Q2% c E3 is a regular curve in Q? for t € I. Below, we
always suppose that the curve is regular. A frame field {x, a, y} on E3 is called an asymptotic
orthonormal frame field, if

(x,x)=y)=xa)=(ya)=0{y)=(e,a)=1
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By using x'(s) =a(s) we have that {x(s), a(s),y(s)} from an asymptotic
orthonormal frame throughout the curve x(s) and the cone Frenet formulas of x(s) are
written as

x'(s) = a(s)
a'(s) = k(s)x(s) — y(s) (2.1)
y'(s) = —x(s)a(s),

where the function «(s) is called cone curvature function of the curve x(s), [17].
Let x: 1 -» Q% c E3 be a space-like curve in Q2 with an arc length parameter s. Then
x = x(s) = (xq, x5, x3) can be given as

x() =52 (F2— 1,21, f2 4 1), 2.2)
for some non constant function f(s) and f; = f', [18].

Definition 1. For two Riemannian manifolds (M, o) and (N, h) the energy of a differentiable
map f: (M, o) = (N, h) is given as

energy(f) =11, ¥ h(@fea). df e 23)

where {e,} is a local basis of the tangent space and v is the canonical volume form in M
[15, 19].

Definition 2. Let Q: T(T*M) - T'M be the connection map. Then, the following conditions
satisfy:

i) woQ = wodw and woQ = wow where w:T(T*M) - T'M is the tangent bundle
projection;

i) for o € T,M and a section &: M — T1M; we have

Q(d§(0)) = Dy, (2.4)
where D is the Levi-Civita covariant derivative [15, 19].
Definition 3. For¢y, ¢, € T¢(T*M), Riemannian metric on TM is defined as

05(61,62) = e(dw(sy), dw(sz)) + 0(Q(s1), Q(s2)). (2.5)

Here, as knowngs is called the Sasaki metric that also makes the projection
w:T*M - M a Riemannian submersion [15, 19].

3. THE REPRESENTATION OF THE EXTENDED SERRET-FRENET RELATIONS
IN NULL CONE Q?

In this section, we describe the directional derivatives in accordance with the
asymptotic orthonormal frame {x,a,y} in Q2. Also, we express the extended Serret-Frenet
relations using cone Frenet formulas.
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Let x = x(s,¢&,n) be a space curve lying in null cone 3-space. we know that some
Formulas used to characterize 3D vector space and geometry of curvatures of vector lines in
anholonomic coordinates. Then, the following cases are held:

1) s is the distance along the s-lines of the curve in s —direction. Hence, tangent
vector of s-lines is described by a = a(s,&,n) = x'.

2) & is the distance along the &-lines of the curve in & —direction. Hence, tangent
vector of ¢-lines is described by x = x(s,&,1) = 0zx.

3) n is the distance along the n-lines of the curve in n —direction and tangent vector of
n-lines is described by y = y(s,§,n) = 9px.

First to find the extended Frenet relations let’s think the the gradient operator V given

by
v=52 FrRC 2
(’)E a
Thus, we obtain the other geometric quantities given by
a) For divx, smce — = a we get
e o e o <-0_55 <—a_5€
divx=Vx =a«a E+y m
b) For diva, since — = kx — y we get
diva =Va=-1+y oé
iva =Va = y o
c) For divy, since 6—37 = —Ka we get
oy
divy =Vy = a=.
vy y=a«a 3¢

d) For curlx, since g—f = a we get
dox 0x
curlx = (y—— &—,0,1) = (=p%, + M}, 01).
n
e) For curla, since % = kx — y we get

. aa _0a _0a o £
curla = BE x— — K, xﬁ = (—dlvy, My, — K, —an).

P

« 0
f) For curly, since a—i = —Ka we get

curly = <—a JX=—,—K —Xx==

1,M! ,—x — P
oy’ 9¢ diva + K )

Xy’

oy _0dy 0y> (

where the previous equations can be written as
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ea&_&ai_d da e69?_P5_6637_ . 0x £
R e
ay doa ay dx oa dx
_<—_=<—__ 1(—_ _(—__MT] < :—(_—_MT”
a ” ya77 diva + xan yan i XS aan o
&aﬁ_d_ . o0a divé + 1 di 89?_'_ dx
aaf— wy,yan— v wx—aa yan

For the derivatives of the vector fields x, a, y with respect to &, we can calculate as
follows, respectlvely
a) For 2 we have

a¢’
0x . . _0x _0x
%= alx + ala + aly = a} =y§= —Pxfy;a% = a—fz —PS i at =0
0x .
%z_Pxfy _Pxfaa
Ja
b) For P2 we have
oa . . . 0a . . oa
2% a?x + asa +aiy = a? = yﬁ = —divy; a3 = 0;a% = x¥= P
a& . e e f
&z —divyx + P, Y.
9y
c) For 7% we have
aj_l <« « a(_ L aj_]
a—gzafx+a§a+a§’y:>af =0;a —aa—f—dwy;a3 —xa—szan
ay £ o
af—dlvya+Pyy

Therefore, from the last equations, we write Serret-Frenet relations in the following
forms

P 0 ]y
= ivy 0 P;
divy Pny Y

Also, from the equations curlx, curla, curly, we can write as follows
e _ f n « <.
curlx = (—P;, + My, ) X + Y;

curla = (—divy)x + (M;’a — K)& + (_Pxfa) z

ISSN: 1844 — 9581 Mathematics Section



526 The notes on energy and ... Fatma Almaz et al.

curly = (diva + 1)x + (M;'y)& + (—K - Pjy) y

and by using these equations, we obtain

ycurlx = —Pxfy + M, ,; Xcurlx = 1;
yeurlqd = —divy; acurla = MY, — k; Scurla = —P;
yeurly = diva + 1; acurly = M;’y; Xcurly = —k — P,f;,
or
divy = —ycurla; diva = ycurly — 1; M}, = acurly;
M}, = acurla + x; Pxfa = —xcurla; sz‘y = —K — xcurly
and
al* kK + xcurly Xcurla 0 x
— a‘ = |—-divy 0 —Xxcurla d].
d§ . e
y 0 divy —k — xcurly |
For the derivatives of the vector fields x, a, y with respect to n , we can compute as
follows

0%
a) For pa we get

dx 0x X

b% Jdx
%=b%§c+b%a+b§§/=>b% =5/%= —M;’y;b% =&%= —M, ;b =0
dx . .

% = —M,’Zyx—MQaa.
o
b) For p we get
oa oa oa
%zbf§+b§&+b§§/:>b12 =§/%=div&+1;b§ = 0; b2 =£%=M;’a

-

da . e - n «
o = (diva + 1)x + M, y.

Frie b3x + b3a + b3y = b3 =0;b3 = a% = —(diva + 1); b3 = ko= M);
oy e s .
%= —(diva + Da + M, y.

Therefore, from the last equations, we write out Serret-Frenet relations in the
following forms
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X _Mprc’y _M;c’a 0 X
an al =|diva +1 0 M H
Y1 o —(diva+1) MY

Also, from the equations curlx, curl@, curly, and by using these equations, we
obtain

Jeurl¥ = =P, + Ml %curlk = 1;

yeurlqd = —divy; acurla = MY, — k; curla = —P;
yeurly = divd + 1; acurly = M,.; ¥curly = —k — P,f;,
or
divy = —ycurla; diva = yeurly — 1; M, = acurly;
M}, = acurla + x; Pxfa = —xcurla; sz‘y = —K — Xxcurly
and
X —acurly —(acurla +k) 0 X
I al=|diva+1 0 acurla + k ]
My 0 —(diva + 1) acurly y

4. THE REPRESENTATION OF MAXWELL’S EQUATIONS OF
ELECTROMAGNETIC WAVE VECTOR FIELDS IN NULL CONE Q?

If we want to understand the electromagnetic theory, we have to know Maxwell’s
equations. So that Electromagnetic waves propagated along the optical fiber and the
electromagnetic waves spread through the optical fiber in which its axis is expressed by the
curve x. On account of the vectorial nature of the light electromagnetic waves are defined by
using the vector fields. The orientation of the electromagnetic wave in the fiber is defined by
using the asymptotic orthonormal frame of vectors {x, a, y} in null cone 3-space.

The spreading of the electromagnetic wave is in the direction of «, direction of the
electric field vector E are expressed as the polarization of the electromagnetic wave. Also, the
electromagnetic wave carries magnetic field vector B. Consequently, the electromagnetic
vectors E and B may be considered as a physically coordinate frame, which are expressed
according to asymptotic orthonormal unit vectors {x, a, y}. For an electromagnetic wave of a
space curve, the electric field vector E and the magnetic field vector B are expected to
perform a rotation in the tangential @ —direction according to the asymptotic orthonormal unit
vectors {x, a, y}.

Let £ and B be the vectors of the electromagnetic wave, so that E and B are
perpendicular to the tangent vector field @ = x" along x(s,&,n) [20]. The change of the
electric vector E with respect to & —direction along the curve x is written as

0F
0

Also, since E and B are perpendicular to the tangent vector field a = x’ along
x(s,&,m), we have

ciX + c2a + c3y.
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(a,E) = 0,(E,E) = 598 _ Ea&
a,E)=0,(E, —cons.,a.af— ¥
(a,B) = 0,(B,B) = &8 Ea&
a, = 0,(B, —cons.,a.af— 'af
and
(—aE 2(——<_ 2<—<_ 2(——<_ 2(—(_ -
E.—€=clE.x+c2E.a+c3E.y=clE.x+c y=0

by using previous equation E.¥ = 0 AE.y = 0, hence we obtain E = E'% + E3y, for the
components of the electric vector field we write

_L0F Eajz_ ) Ea&_ ,  JOE Ec’b?
IR A T T T R T 1
y aa ax
by using the derivatives 22 ag % 7% we have

Z_f - (E3Px$y) X+ (Eldivjz + B3P, ) @+ (Eley) y.

-

The change of the electric vector field E with respect to n —direction 3—5, we can write

— = d}% + d}& + d35.

<—aE 2(—(_ 2<—(_ 2(—(_ 2(—(_ 2(—(_
.%zdlEx+d2Ea+d3E.y=d1Ex+d3Ey=O,
Ex=0AE.y=0=F eSp{%y}and E = E'% + E3,
hence, we get
dz_&aE_ Eaf'-dZ—*aE— Ea&_dz_eaﬁ_ 0%
l_y(')r]— on’ 2_“677_ on’ 3_x6n_ on’
from the derivatives of the vector fields = 2 ZZ % \ve obtain

«—

E

P

Similarly, for the change of the electric vector field E with respect to s —direction ‘;—5,
we obtain
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(——aE 3<—(_ 35 < 35 <« 24——(_ 24——(_
EXx=0AEy=0=FE eSp{% y}and E = E'% + E37.

Therefore, the components of Z—f are obtained as follows

d3_&az§_ oL dz_eaE_ po& ., 0E 0%
1= Y55 T as’ 2T %% T as’ B3 T %8s T ds
Also, from the e uationsg oa a—’?We have
! q ds’ ds’ 0s
aE = -\ « = « “\ < S e «
£=—E.(—Ka)x—E.(Kx—y)a—E.ay=—(E1K+E3)a.

Hence, we compute that

+a

/N

(E3B%) % + (E'divy + B3P,

I E'(diva |
—~ +1) :
317 ) v .

+(MyEY)y

Q1
+
—~
ey

A
&>
~
<
~——

V.E =

which implies that
v.E = F'divy + B3 (P}, + MJ,) = 0.

The Hall effect is a classical phenomenon for uniform magnetic fields in Euclidean
space and thus in a non-gravity environment. The dynamics of an electric current flow E in
R3 is expressed when exposed to a perpendicular uniform magnetic field B. The basic
physical principle underlying the Hall effect Lorentz force appearing in the Lorentz force
equation. Therefore, E experiences a force, the Lorentz force, acting normal to both E and B,
and it moves in response to this force and the force affected by its internal electric field. The
Lorentz force of a magnetic field B on (M™, g) is defined to be the skew-symmetric operator
given by g(®(X),Y) = B(X,Y), VX,Y € y(M) [21].

The associated magnetic trajectories are curves in M™ that satisfy the Lorentz
equation. That is, a-magnetic trajectories of B are x on Q? that satisfy the Lorentzian
equation [21]:

Vox' = d(x').

A very special class of magnetic fields on a Riemannian manifold is that made up of
parallel 2-forms, VB = 0 [21]. If B is a Killing vector in Q2, the equation for Lorentz force of
Fgis ®(X) = B x X, VX € Q2. Therefore, the Lorentz equation is defined as

Vox'=®(x")=Bxx',
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then every Killing vector field is defined a magnetic field which will be called a Killing
magnetic field. In particular, uniform magnetic fields, VB = 0, are obviously Killing, [21].

Hence, since £ = (E,0, E®) we can suppose
B = (B1,B% B?),
also we know that (B, E) = 0, we get
(B,EY =0 = ((B',B?B?),(E'0,E®)) = B'E' — B3E3 = 0;

B! = +E3and B3 = +E' or B = +(E3,0,EY).
5. THE ENERGY OF THE VECTOR FIELDS ON A PARTICLE IN NULL CONE Q2

In this section, we investigate the bending energy formula for tangent vector of s-lines
(¢ —lines, n —lines respectively) of elastic curve written by extended Serret-Frenet relations
along the curve x in null cone 3-space.

5.1. THE ENERGY OF UNIT TANGENT VECTOR OF s —LINES ON A MOVING
PARTICLE IN NULL CONE 3-SPACE

In the section, we calculate the energy of the unit tangent vector of ¢ —-lines of the
curve in Q2 and we also investigate the bending energy formula for an elastic curve given by
extended Serret-Frenet relations along the curve x(s, &, 1) in Q2.

Let A be a moving particle in null cone 3-space such that it corresponds to a curve
x(s,&,m) with parameter s, which s is the distance along the s-lines of the curve in

s —direction and tangent vector of s-lines is described by ‘;—j. Hence, by using Sasaki metric

and the equations (2.3), (2.4), (2.5), the energy on the particle in vector field Z—Z can be
written as

energy, = % f p(dx(x), dx(x))ds
and
ps(dx(x), dx(x)) = ps(x,x) + ps(Dyx, Dyx) = p(a,a) = 1,

since D,.x = @, we obtain
1
energyy, = Ef ds = % + c.

Also, the energy on the particle in vector field Z—Z IS written as

energy, =5/ py(da(@),da(a))ds,
ps(da(a),da(a)) = ps(a, a) + ps(Dga, Dya) = 1 — 2k,

since D,a = kx — y, we get
1 s
energy, = Ef (1-2Kk)ds = 37 f Kds.
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Similarly, the particle in vector field z—’s' IS written as

1
energy, =3 | Py dy())ds
and
ps(dy), dy(»)) = ps,¥) + ps(Dyy, Dyy) = K2,

since D,y = —ka, we get

ener = lf 2d
9y, =5 | K*ds.

Then, the following theorem can be given.

Theorem 1. Energy of asymptotic frame field of s —lines with Sasaki metric in null cone 3-

space are given by
S
energyy, = > +c;

energy,, = %—f Kkds;

ener = lf 2d
Yy, = K2ds.

5.2. THE ENERGY OF UNIT TANGENT VECTOR OF & —LINES ON A MOVING
PARTICLE IN NULL CONE 3-SPACE

In the section, we calculate the energy of the unit tangent vector of & —lines of the
curve in Q2 and we also investigate the bending energy formula for an elastic curve given by
extended Serret-Frenet relations along the curve x(s, &, 1) in Q2.

Let A be a particle moving in a zero cone corresponding to a curve x(s,&,n) with
parameter &, which & is the distance along the & —lines of the curve in & —direction and the

tangent vector of & —lines is described by Z—’;. Hence, the energy on the particle in vector field

9 .
£ can be written as

energys, = [ pg(dx(x), dx(x))ds,

from (2.3), (2.4), (2.5), we get

pg(dx(X), dx(x)) = P{(x, x) + pf(Dxx: Dyx) = p(Dxx' Dyx) = (Pan)Z'

by using the extended Serret-Frenet relations according to parameter &, since

Dyx = —Pxi,a? - sza& or Dyx = (k + xcurly)x + (xcurla)a, we get

energyy, = Ef (P,fa) dé = E,f (kcurla)?dé.

Also, the energy on the particle in vector field g—: IS written as
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1
energye, = | pe(da(@), da@)ds

and

pe(da(a), da(a)) = pe(a, a) + pg(Dya, Dya) = 1 — ZdivfIPfa =1+ 2divy.xcurla,

since
D a = (—divy)x + Pfafl or Dya = (—divy)x + (—xcurla)y,
we get
1 . e f 1 . e e <
energyq, = Ef (1 — 2dwme) ¢ = Ef (1 + 2divy. (kcurld))dé.
And the energy on the particle in vector field Z—? is expressed as
1
energyy, =5 | p(dy(), dy()dg
and

pe(dy (), dy() = ps(,¥) + pe(Dyy, Dyy) = (divy)?,

since Dyy = (divy)a + Pfyfz or D,y = (divy)a + (—k — xcurly)y, we get

1 .
energyy, = Ef (divy)?dE.

Then, the following theorem can be given.

Theorem 2. Energy of asymptotic frame field of ¢ —lines with Sasaki metric in null cone 3-
space are given by

1
energyy, = Ef (kcurl@)?dé;
1
energys, = Ej (1 + 2divy. (kcurld))dé;

1 -
energyy, = EJ (divy)?dE.

5.3. THE ENERGY OF THE TANGENT VECTOR OF n —LINES ON A MOVING PARTICLE
IN NULL CONE 3-SPACE

In the section, we compute energy of the unit tangent vector of n —lines of the curve
in Q2 and we also investigate the bending energy formula for an elastic curve given by
extended Serret-Frenet relations along the curve x(s, &, 1) in Q2.

Let A be a particle moving in a zero cone corresponding to a curve x(s,&,n) with
parameter n, which n is the distance along the n —lines of the curve in n —direction and

tangent vector of n —lines is described by g—:. Hence, by using Sasaki metric the energy on the

particle in vector field Z_;C can be written
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1
energye, =5 | padx(),axGo)dn
and from (2.3), (2.4), (2.5) we get
2 . .
Py (dx(x),dx(x)) = py(x,x) + py (Dyx, Dyx) = (Mga) = (&curla + k)?
also from extended Serret-Frenet relations with respect to parameter n, since

D,x = (—ng)fc — M}, & or Dyx = (—acurly)x + (—(&curla + x))a, we get
1 n \2 1 < < 2
energyy, = Ef (M},) dn = Ef (acurla + k)=dn.

Similarly, the energy on the particle in vector field Z—Z is written as

1
energye, = | plda(@), da(@)dr

py(da(a),da(a)) = py(a, a) + py(Doa, Dga) = 2M;, (divix + 1)
= 2(diva + 1) (acurlé + k)

since Dy = (diva + 1)x + M,y or Dya = (divi + 1)x + (&curld + x)y, we get
energye, = f M (diva + 1)dn = f (diva + 1)(acurla + k)dn

and for the energy on the particle in vector field Z—z is also obtained as

1
energy, =3 | on(@y(), dyodn
and
Py (dy(), dy()) = py(,¥) + py(Dyy, Dyy) = (div + 1),

since D,y = —(diva + 1)a@ + M),y or D,y = —(diva + 1)@ + (acurly)y, we get

1
energyy, = Ef (diva + 1)%dn.

Then, the following theorem is given.

Theorem 3. Energy of asymptotic frame field of n —lines with Sasaki metric in null cone 3-

space are given by

1
energyy, = Ef (curla + x)?dn;

energy,, = [ (diva + 1) (@curla + x)dn;

1
energyy, = Ef (diva + 1)2dn.
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6. CONCLUSIONS

In this paper, it was discussed that the analysis of the directional derivatives in
accordance with the asymptotic orthonormal frame {x, a,y} in Q% and the extended Serret-
Frenet relations by using cone Frenet formulas. Also, the geometrical understanding of energy
on each asymptotic orthonormal vector fields were given in null cone. Furthermore, we
express the bending elastic energy function for the same particle according to curve x(s, &, 1)
were expressed in null cone space in terms of geometric perspective, and the results by
providing energy variation sketches according to directional derivatives were given.
Additionally, a geometrical interpretation of the energy of unit vector fields are expressed and
Maxwell’s equations for the electric and magnetic field vectors are solved in null cone 3-
space.
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