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Abstract. The parallel curves are especially used in numerically controlled machining
where a biaxial machine defines the shape of the cut made with a round cutting tool. In this
study, trajectory ruled surfaces are investigated whose base curve is the parallel curve of a
prescribed curve. Some results related with their developability and minimality are obtained.
In addition, the conditions are investigated for the base curve to be a special curve. Parallel
trajectory ruled surfaces are illustrated with examples.
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1. INTRODUCTION

Parallel curves have an important place in the theory of curves. A parallel curve is
defined as a curve with a fixed distance from a given curve. This parallelism does not mean
moving parallel to a place. These curves are curves that are completely different from the
original curve. Some of the studies on parallel curves are involute evolute offsets, Bertrand
offsets, Mannheim offsets curves, [1-5]. Also recently, in [6], the author defined parallel
curve using binormal vector field of given a curve and gave the relation between the Frenet-
Serret frame of the parallel curve and the original curve. A ruled surface which is introduced
by G. Monge is a surface that is constructed by the continuous movement of a line or a
director along a base curve. The usage area of these surfaces is quite wide. For example, in
CAD, vehicle design, architecture etc. We can see research on these surfaces in related
studies, [7-11]. In this paper, we defined the trajectory ruled surfaces with parallel curve
which is defined using binormal vector field of given a curve. Some results were obtained for
these surfaces. Examples are presented for all surfaces.

2. MATERIALS AND METHODS

Let a (t) be a space curve with a non-vanishing second derivative. The Ferenet- Serret
frame is defined as follows
a a'ra
el ~lla’ae)

N = BaT 1)

The curvature k and the torsion 7t of the curve o(t) are given by, [12]
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_ ”0(’/\ all” _ det(a' ‘all’alll)

FTerE T T @)
The well-known Frenet formulae are given by
T' 0 k O] [T
N'|=v|-k 0 1| |N| , 3
B’ 0 -t O0/LB

where

= lla’"@®Il . (4)

{T , b,n} is called the Darboux frame of the surface along the curve . In this frame T
is the unit tangent vector field of the curve, n is the unit normal vector field of the surface and
b is a unit vector field given by b = nxT. The relations between Frenet frame and Darboux
frame can be given as follow

T 1 0 0 T
N|=|0 cos® —sin@] bl. 5)
B 0 sin@ cosf
Derivative formulae of the Darboux frame is

) T 0 kg knlrr

o b‘: —kg 0 T4 [b (6)
n —k, -174 0]ln

where k, is the geodesic curvature , k,, is the normal curvature and t, is the geodesic torsion
of af(s).

Definition 1. The parallel curve @ (5) of a unit speed curve a (s) is defined as follow
@ = a(s)+ rB(s), @)

where r # 0 is a real constant, s = s(5) and § are the arc length of o and @, respectively. B is
the binormal vector to the curve a (s), [6].

Lemma 2. Let a(S) be a paralel curve to a unit speed curve a (s). Then the associated
Frenet- Serret frame {T, N, B} to @ in terms of the frame {T, N, B} of the original curve a is
given as follow, [6].

T(5) = WT — rtWN

27472
N( ) (WW + rKTw? )T (W K- W(T‘L’W) )N rTew B (8)
B(S) - (rr W )T+(r‘c w3 )N

+(W3K rTw) W2+;rW2W’+ r2Kr?w3 )B

where
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ds _ 1 _
a5 Vit rZez w, ©)

and

(WW' + rKtw?2)?
Q= [+ ( W2K - (rtW)'W)2,
+ (rr2 W?2)?

Definition 3. The curve a (s) lying on a regular surface is an asymptotic line if its normal
curvature k,, vanishes, [12].

The trace of P oriented line an along a (s) is generally a ruled surface. A parametric
equation of this ruled surface is given by

P(s,v) =a(s)+ vP(s), (10)

where P (s) is the director vector and a (s ) is the directix.
The Gaussian curvature and the mean curvature of the surface ¥ (s, v) are given by

_ EN+GL-2FM
K=Gv)=——f, H=(, U)—W , (11)
where the elements of fundamental forms on the surface y are defined by, [12]
E=lyll®, F=s, ), G=Ilthl? (12)

and

L= (1.055 s X lpv> ' N = <¢tt: Ps X d’v) ' M = (lpst' Ps X lpv) (13)

respectively.

3. RESULTS

Case 1.

Let & (5) be the parallel curve of a regular unit curve a (s) . The parametric
representation of the ruled surface formed by the tangent of the curve & (5) are follow as,

YGEv) =a@G)+ vT(E) . (14)

If definition 1 and Eq. (8) are used in Eq.(14), then the parametric representation of
the ruled surfaces in Eq.(14) according to the s parameter are

P(§,v) = a(s) + rB(s)
+ vWT - rutWN. (15)
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We take the first derivative of both sides of the ruled surface ¥ (5, v) in (15) with
respect to s

% 'Z_j =(1+vW' +rvW k)T
+ (-rt + vW k + roWt-roW't )N (16)
+(-rvWt?)B

Using Eqg. (9) in Eqg. (16), we have

Ps =22 = (W +vW W'+ oWt k)T
+(-rWr+vW?2k +roW2t-ro W W 't )N +( - rvW?2t?) B. (17)

The first and the second derivatives of both sides of the ruled surfaces in Eq. (15) with
respect to v are

Y, =WT-rW N , (18)
and _
Yy =0 . (19)
The second derivative of both sides of Eq. (15) with respect to s is
029 (d5\? | dp d?5 2 "
oo (@) a5 G = Lol svw

+rvik’ W+2roW'tk +2iWt k v] T

+ [k -rt’ + vW' Kk +rv W2+ rv We3
-rvWt" -rvW"ttv kW' +vWk'-2rvt’ W' N
+[-rt2 +vtkW -2roW't? -3rv i’ W] B.

Using Eq. (17), we can write

Yes :ZZTZ) = (rW2tk-vW3k? +vW?2W"
+2 roW3t k + roW 3w’
+3rvtkW2W' + WW' +vWW')2) T (20)
+ W2k —tW2t +3vW2W' Kk + vW 3k’
+rvW3tk? + row373 - 3ruw2w't’
-roW3c" -t WW't - rotW2W" -rv tW (W")*)N
+ (—rW?2r2 + vW3 k1 - 3ruW3tr’ -3roW?2w’'t? )B.

If derivative of both sides of Eq. (17) with respect to v is, then we have

Y =W W' '+ rWer k)T
+ (W2 Kk —rW2z -r W W 't)+ (—rW?372)B. (21)

The elements of fundamental forms of the ruled surfaces in (15) are as follows

E = s, Ps)=(W+v W W ' +rvteW? )’
+(-rtW + vkW? -+ rvtWa-rotW w' )2+( rvt? WZ)2
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F=W?+vW?W' +re2W? + r2v o' W3 + r2vt?W2aw’', (22)
G=W?1% +r2p?c? :

and M=0 N=0,

=23k 3 TWO — 3k 'ttW e = 3r3k Tt W’
L=v%| —rk't2Wé — r2¢°W° + r2e2wet'’ — i 2W° (23)
+2re T WO + 3r272¢' WS W' + 3r2t(1' )2 Wb
—r3W° 4k + 2r°Woti ' + 3 r2WS W’
+v 2% W3 — 1273 WOk 2 + [r3e T WS,
+3r37' 3 k WO + 3r3tt WWS

Remark 4. Since the ruled surface formed by the tangent vector on the curve is developable,
Gaussian curvature of the ruled surface y is zero.

Corollary 5. The mean curvature of the surface 1y along the parallel curve is
H(s,0) = r3 Kr*w’.

The necessary and sufficient condition for the ruled surface to be minimal along the
parallel curve, the given curve a (s) must be planar.

Case 2.

The parametric representation of the ruled surfaces formed by the normal N of the
curve a (3) are as follows,

P N(EV) =a (5)+VN(). (24)
where & () are the parallel curves of a regular unit speed curve a(s) .

Using definition 1 and Egs. (8), (24), the parametric representation of the ruled
surfaces in Eq. (24) according to the s parameter are

Y yEV)= = als) +rB(s) +v(AT + foN + f3B) , (25)
where
f = WW’+QI‘KTW2 , f, = WZK_M;l(rTW)I 1 fi= - 7"1:ZQW2 . (26)

The first derivative of both sides of the ruled surface vy (5,v) in Eq. (25) with respect
tosis

» .g =1+ vfl' —vfor)T
+ (=1t + vfik + vy + vfa1)N +(vfor + vf3)B (27)
Using Eq. (9) and Eq. (26), we have

s = (W +vfi W —vfox W)T
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+(—rtW + vfikW + v’ W + vfstW )N + (vfotW + vf3 W)B. (28)

The first and the second derivatives of both sides of the ruled surfaces in Eq. (25) with
respect to v are

Yy, = fiT + LN + f3B (29)
and
Py = 0. (30)

The second derivative of both sides of Eq. (27) with respect to s is

2%y (ds\? | dyp d%s
% (d—z) + d—i_’ d—; = (rtk+vfy" —vfik? = 2vf Kk — vk + vfate )T +
(k—77" + 2vfi 'k + vfi' + v, —vLK2 —vfir? = 2vf 't —vfsT )N +

(—rt? +vfitk + 2vf, T+ vt +vfy —vf31%)B (31)
Using Egs. (27), (9) ,we give
Yes = (TW2IK + vW2f," — vW?2fik? — 2vkW2f, —vW2fok’ + vW2 otk +

WW'+vf1'Ww'— vWW i 7+
(W2 — W27 + 20W2f, 'k + vW2fi' + vW2f," —vW2foi2 —vW2fy1? —

2vW 23 T—rWW T—vf30 W2+ v f1eWW '+ v/ 2 kW' — vf3WW'r
/V (32)
+(—rW22 + vW2fitk + 20W2f, 1 + vW2for’ + vW2 S, —vW2fy12 +
vrf2WW +vf3'WwW’ B.

Derivative of both sides of Eq. (28) with respect to v is

1/_)517 = (Wf1’ —Wfhi)T
+(WhHEH W —WHETN+(WhHT+Wf')B . (33)

The first and second elements of fundamental forms of the ruled surfaces ¥ 5 are

E=(W+wW£f —wWhi)? + (—tWrt + vVWfix + vWE + vWfT)?
+H(VWhHT+vW ') 2

F_' =WhH +vWHHA + WS +vWhf', (34)
G= "+ +f5
and

M(s,0) = Wf," = WEK) (=W f1) = WHEWKf, + WS, — Wf31)
+WhHT+WEYWL +rfiWr)

N(s,0)=0 , (35)

L(s,0) = —1r?W3f31%k —W3fik + W31 — tW3f,12 — r2W3fi13 = 2riw2f,w'’

Lemma 6. The ruled surfaces ¢ 5 is developable or minimal along parallel curves & if and
only if

reiw?

fz = o =0 or 7=0.
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Corollary 7. The ruled surface is developable or minimal along the parallel curve if and only
if the given curve a (s) is planar.
Using Eq. (8) , we have

ass = W2tk + WW')T
+ (kW? —rW?2t' —rWW'T)N + (—rW?12?)B

The normal of ruled surface along the curve in Eq.(24) is

N(S, 0) = (_er3T: _Wf3 ;sz + T'Wfl‘[).
(Ass, N) = kn = —W3r7? [(rf3K + f2+1fiT) - %2 (rt’ — }c)]

réw?

Q k)

using f3 = — we can give the following corollory.

Corollary 8. The base curves are asymptotic curves on the ruled surface in Eq.(24) if and
only if k = rt’ or the given curve a (s) is planar.

Case 3.
The ruled surfaces formed by the binormal of the curve a (5) are
Y (5v)=a (5) + vB(3) . (36)

If definition 1 and Eq. (8) are used in Eq. (36), then the parametric representation
according to the s parameter is

Y (5V) = a(s) +rB(s) + v(g,T + g,N + g3B) (37)
where,
_(r?T3ws3 _ rt2 wi W3- (rtw)' W2+ rew 2w’ + r2kr? w3
gl_(n)' gz—(9>,gg— )

The first derivative of both sides of the ruled surface 1 (5,v) in Eq. (37) with respect
tos

% .Z—j = (1+vg, —vg,k)T
+ (—rt+vgk +vg,' + vgsT )N + (vg,T + vg3)B (38)
Using Egs. (9) , (38), we give

Ys = (W +vWg, —vWg,k)T
+(—-rWt + vWgk + vWg,' — vWgst)N +(vWg,T + vWg5)B . (39)

The first and the second derivatives of both sides of the ruled surfaces in Eq. (37) with
respect to v are

¥, = g1.T + 9N + g3B (40)
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and
Yy =0 . (41)

The second derivative of both sides of Eq. (38) with respect to s is

0%y (d5\? | dy d3s 5
557 (E) + — 4z (rtk +vg," —vg1k* — 2vg,'k —vg,k + vg31k )T (K —

rr’+2vgl v+ vgln'+vg2 ' —vg2i2—vg2r2—2vg3 —vg3r’ N+ —rr2+
vglra+2vg2't+vg2r'+vg3"—vg3r2 B (42)

Differentiating Eq. (9) and using Eqg. (39), we can write

Yss = (riW?k + vW?2g," —vgW?k? — 2vg,' W2k — vg,W?Kk' + vg;W?tk + WW'

+ vg, WW' — vWW'tk )T
+
(W?k —rW2T' + 2vg,' W2k + vg,W?K' + vg," W? — vW?2g,k%? — vW?g,t?
—2vgsW2T —TWW't —vgst'W? + vg,kWW' + vgskWW' — vgstWW' )N
4 ( —rW?t2 + vWig itk + 2vg, W2t + vg, W2t + vW?g;" —vgsW2t? + vtg,WW' +
vgs WW'
(43)

Differentiating both sides of Eq. (39) with respect to v , we have
Vs = Wgy' —Wgau)T

+ (Wgik + Wg,' —WgsTt )N +(Wg,t+Wgs')B . (44)

The coefficients of the first and the second fundamental forms of the ruled surfaces in
Eq.(36) are

E=(W+vWg, —vWg,k) 2+ (—tWt + vW gk + vWg, — vWgst)? +
(VW g,T + vW gs') 2,
F=gW+v9,9,'W +vg,9,'W +
9393'W, (45)

M(s,0) = Wg,' — Wgpk)(=rW gst) — Wgs(Wig, + Wg; — Wgst)

_ +(Wgot + Wgs )(Wg, +rgW),
N(s,0)=0 , (46)
L(s,0) = —1r2g3t2kW3 — g3kW3 + W33t — 19,12 W3 —r2g,13W3 = 2rrg;W'W?2
Corollary 9. The ruled surfaces v 5 is developable along parallel curves @ if and only if

rt'W? —k =0.
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Examples

Let us take the unit speed space curve

a(s) = (%Sin s,%,%cos s).

Then, its is easy to show that,

_ (VB 1 V3.
T(s) = (7coss,5,—7sms),
N(s) = (—sins,0,—cos s),
B(s) = (—%coss,?,%sins),

3 1
where K=£ T=-

2’ 2
One of the parallel curves of a (s) is

a = (gsins — 2c0Ss §+ 23, 2sins + ?coss),

where r=4. Using Egs. (8), (9), (26), and (37), we give Frenet frame of paralel curve

= _ A7, V51 V17 417 51 .
T(5) =(—=sins + —c0ss,—,—— 0SS — — Sins)
17 34 34’ 17 34
= 4/19 V57 . W19 . V57
N(3) = (- coss — —-sins, 0,——-=sins ——-coss)

= 2323 _, V969 V323 V969 _, 2V323
B(5) = (—Wsms — coSS sins —

, , ———C0SS),
646 34 ' 646 323

where

- - ' ! : [Ty pa | T | R
e P Y ) Y. PNT] P P T =
% s 4 3 2 1 6 5 4 3 2 1

Figure 2. The ruled surface in Eq.(25)

-t

Figure 1. The ruled surface in Eq.(14)
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Figure 3. The ruled surface in Eq.(36)

4. CONCLUSION

The trajectory ruled surface formed by the parallel curve of a curve and its properties

were investigated. The condition of the parallel curve being a special curve was examined. An
example of ruled surfaces is given.
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