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Abstract. In this work, we obtain new results by examining the adjoint curve and
focal curve, which are examples of associated curves. In particular, we examine the focal
curve of the adjoint curve of a timelike curve we have described with quasi-frame(Q -frame)

elements in 3D Minkowski space M?. We first characterize the focal curves of adjoint curves
by considering the Q-frame in M?. Next, we determine the focal curvatures of this curve. In

the last section, we give some results by obtaining the focal curve in M in terms of principal

curve and adjoint curve.
Keywords: quasi frame, 3D Minkowski space, adjoint curve, focal curve, focal
curvature.

1. INTRODUCTION

The concept of the associated curve basically reveals the relationship between two
curves, which is created with the help of a master curve. the differential geometry of curves
and surfaces are reviewed in some aspects [1-14]. In addition, it has an important place in the
literature in terms of its contribution to the investigation of the behavior of these two curves
and the investigation of the surfaces that can be formed with these curves. Evolute-involute
mates, Mannheim pairs, Bertrand mates, integral curves, and spherical images are the most
common examples of associated curves. Integral curves, which will be the subject of our
study, are very useful in terms of geometric expressions and solutions of related problems due
to their contribution to the solutions of differential equations [15-19]. The adjoint curve,
which is an important example of integral curves, is the associated curve defined as the
integral of binormal vector of main curve with respect to an s parameter [20-22].

Another type of curve defined with the help of a principal curve is the focal curve. Let
any unit velocity curve A be defined, the focal curve A. of A is formed by the center points

of spheres oscillating along A . Since the center of any of these spheres is in the plane normal
to A at the point of tangent, the focal curve is given by

Az (8) = (A +@N +¢,B)(s).

Here N and B vectors are normal and binormal elements of the Frenet-Serret(F-S)
frame, s is arc lenght parameter and ¢,, ¢, are the focal curvatures of A [23, 24].
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In the light of these reminders, the idea of defining a new curve formed by a sphere
making tangential oscillations to a curve that is an adjoint of the original curve is the main
idea of our article. Therefore, in our study, we obtain new results by examining the focal
curve under Q-frame of the adjoint curve of a timelike curve that we will choose in 3D

Minkowski space. We first characterize the focal curves of adjoint curves by considering the
Q-frame in M?. Next, we determine the focal curvatures of this curve. Finally, we present
some results by obtaining the focal curve in M} space in terms of principal curve and adjoint
curve.

2. MATERIALS AND METHODS

In this part, we present Q-frame elements for a timelike curve in M? and some
fundamental informations.
Let 2 = A(s) be aregular space curve. Then, F-S formulas are given as

V.T 0 x OT
VNi=lx 0 7|N|
v.B 0 - 0B

and according to the arc length parameter s, these formulas are computed as

T=4@), N=26)  goTun.

a0

Here, x>0 and 7 are curvature and torsion, and T =dA/0s, N, B vectors are tangent,
normal and binormal elements for F-S frame [25].
Also, Q -frame components for curve A is given as

TQ/1 = T,
Txu
N = ,
R L R
BQz = TQ/1 X NQz ,

where 2 is projection vector. We take u = (0,0,1), as the result will not matter for all
cases. Then, for a timelike curve A = A(s), the Q -frame formulas in M? are given by

VSTQE O j'1 12 TQﬂ
VN 5[4 0 AN |
VBo | L& -4 0]Bq,
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where 4, =xcos(y), 4, =-xsin(y) 4 =y +7 (y is the angle between the N, and N)
[26].

3. FOCAL CURVES OF ADJOINT CURVES

Definition 1. 1 Let 4 be a regular curve arc-length parameterized, UQZ’NQA’BQ),} be Q-

frame of A. Then, the adjoint curve of 4 according to Q -frame is given as
B(s) = j Bo, (5)ds.
)
Theorem 2. 2 Let 4 be a timelike curve, {-I_QA’NQA’BQA} be Q-frame of 4 and S be

adjoint curve of 4 according to Q -frame. Denote by {TQ,,'NQ,;’BQ,;} be Q-frame of }.

Then, Q -frame elements of S are given by

To, = B,

- 2T, =ANg,
v A
5 _ —A3TQZ+/12NQA
v A

Proof: TQﬂ = BQA is obtained by taking the derivative of both sides of the equation given in

the last definition. Later on, by applying the equations given for the S-F formulas in the
previous section for the quasi frame formulas here, the proof is easily obtained.

Definition 3. 3 Let £ be a regular curve and {TQA Nog, B%} be Q-frame of S. The focal
curve of g is given by

Pe :ﬁ+¢1NQﬂ+¢zBQﬁ,’ (3.2)
where the coefficients ¢,, ¢, are the focal curvatures of g [24].

Theorem 4. 4 Let B be adjoint curve of timelike curve 4, S its focal curve on M’ and £,
By, B3y Ay A, A, be curvatures of g and A according to Q -frame. Then,
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[BiLags BB s
heape P foze P i)
fe = B+ L2
182 ‘/13 _/12‘ (3.2)
[BPags BPags
i p By’ B
+——=—=e 2 (-|(Ze 2 )ds+C)]T,
2222 I *
(BPags BB s
e p By’ B
+[ e 2 (—|(=e 2 )ds+C)
5 - 7| %
,J‘Mds glé&ds
hipe P (—j(f;e A as+e)
_ 2 N, ,
B, ‘/132_&22‘ *

where C is a constant of integration.

Proof: Let g be a regular curve and g, is focal curve of g in M. Then, applying the
derivative to the equation in the above definition of focal curve, we obtain

ﬂF =1+ 8o +182¢2)Tqﬁ + (¢1 _ﬂ3¢2)NQﬂ + ((Pz +ﬂ3¢l)BQﬂ
In this equation, by vanishing the tangent and normal components, we get

1+ B4+ B¢, =0,

¢1I _ﬂ3¢2 =0.

With the aid of these equations, we obtain

_ 1+ep

2 ’
B

(/’i"'%@l = _%-

By solution this differantial equation, focal curvatures is found as
[PBags BB gs
p =€ % (—Ie % %ds+C),

2
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[BPads BB gs
(pzz—ﬂiz—%e Z (—je Z %ds+C).

By means of obtained equations and using Theroem 2, we express (3.2). This
completes the proof of the theorem. As a consequence of this theorem, we express the
following result:

Corollary 5. 5 Let B be adjoint curve of 2 and }3. its focal curve on M?. Then, the
focal curvatures of g are

(BiPags BB s
Q=€ P (—Je P %zds+C),

[PiPags BB gs
Q, = ﬂ%—%e Pe (—Ie Pa %dS—FC).

From Theorem 4 and Corollary 5, we obtain the following result:

Corollary 6 6 Let Z:1 —M be a unit speed curve and 3. its focal curve on M?. If
the curvatures of g are constant, then the focal curve of g is

_ e 4PC + A4pC
IBF - ﬁ _[ +
-7 Ass
plii-e
o ABCERSC
-7 Ass
plii-e

IT,,

IN,

CONCLUSIONS

In the differential geometry, curves theory is a ultimate important applications.

Special curves and their interpretations have been studied for a long time and are still being

studied. The operation of this special curves is seen in nature, computer aided design,
mechanic tools and computer graphics etc. [27-40].

In our paper, we obtain new results by examining the adjoint curve and focal curve,

which are examples of associated curves. In particular, we examine the focal curve of the

adjoint curve of a timelike curve we have described with quasi-frame(Q -frame) elements in

3D Minkowski space M?.
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