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Abstract.We investigated the existence and uniqueness of solutions to a nonlinear
fractional differential equation containing the Caputo operator supplemented with separated
multipoint and multi-term integral boundary conditions. The existence results are obtained by
utilizing the Banach contraction principle and the well-known fixed point theorem of
Krasnoselskii for a sum of contraction and compact mappings in Banach spaces. Some
examples are also presented to illustrate the main results.

Keywords: Caputo fractional derivative; solution; Banach contraction principle;
compact.

1. INTRODUCTION

In recent years, the interest in the study of fractional differential equations has been
growing rapidly due their importance since they provided valuable tools for their applications
in various sciences, such as gas dynamics, nuclear physics, electrodynamics of complex
medium, polymer rheology. With this advantage, fractional order models are regarded as
more realistic and practical. We refer a reader interested in the systematic development of the
topic to the books [1-7].

Many scholars have studied the existence for nonlinear fractional differential
equations with a variety boundary conditions by different approaches can easily be found in
the literature on the topic. For some recent results, we can refer to [8-14] and references cited
therein. However, most researchers tend to investigate either integral conditions or multi-point
conditions, for example, in [15], the authors studied the existence of at least one, two or three
positive solutions for the boundary value problem with three-point multi-term fractional
integral boundary conditions

Diu(t) + f(t,u(®) =01<q<20<t<1,
m

u(0) = 0,u() = ) &(Pw®m,0<7<1 LD

i=1

where D7 is the standard Riemann-Liouville fractional derivative of order g, IP: is the
Riemann-Liouville fractional integral of order p; >0, i =0,1,2,....,m and a; =0, i =

.pbitq-1
0,1,2,...,m are real constants such that ¥, 2~
T(pi+a)

by using the Krasnoselskii fixed point theorem and the Leggett-Williams fixed point theorem.

< 1. The existence results are obtained
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320 Existence and uniqueness for ... Habib Djourdem

In [16], Wang et al. considered the fractional differential equations that contain both
the integral boundary condition and the multi-point boundary condition

(Du(t) + f(t,u(®)) = 0,t € [0,¢],
u(l)(O)—OL—012 2

v = Z | mu(s)ds + Z yau(n:)

where D¢ represents the standard Riemann-Liouville fractional derivative of order o
satisfyingn — 1 < 0 <nwithn =3 and n € N*. In addition, 0 <7, <1, <...< Ny < 1
and B;,y; > 0with 1 <i <m — 2, where m is an integer satisfying m > 3.

In [17], Li et al. investigated the existence of minimal and maximal positive solutions
for the following boundary value problem of nonlinear fractional differential equation with
integral boundary conditions

(1.2)

((°D&,u)(®) + f(t,u(®)) = 0,t € [0,¢],
u''(0) =0,

1
au(0) — pu'(0) = f h,(s)u(s)ds, (1.3)
0

A

yu() = 8(°pgu)(1) = j h,(s)u(s)ds,
\ 0

where °D{, and °Dg, denote the standard Caputo fractional derivatives of order g and order
g, respectively. Here 2 < ¢ < 3,0 < o0 <1 and a,f,y and § are nonnegative constants. The
main tool used in this study is the monotone iterative method.

Inspired and motivated by the aforementioned works, in this paper, we discuss the
existence and uniqueness of positive solutions for the following nonlinear fractional
differential equation

DEu) + f(tu(®),wW(®))=00<t <1, (1.4)
supplemented with separated multipoint and multi-term integral boundary conditions

u®(0) = 0 i=2,. -1,
u'(0) = Z bu'(&),u(l) = alf u(s)ds,

i=1

(1.5)

where ©DE, is the Caputo fractional derivatives, n—1<a <n, n>3 is an integer,
0=7ng <N <Npe..<NMm2 <1, 0=¢,<&<&...<8 <1, a;20, b; 20, (i=
1,..m—2, 0<i=1m—-20/<1 and 0</=1m—2aip/—y/—1<1, where 7z>_2 is an integer, and
f:10,1] x R x R -»X R is continuous.

This paper is organised as follows, in Section 2, we introduce some necessary basic
knowledge and definitions for fractional calculus theory and we study the associated linear
problem of the problem (1.4)-(1.5). In Section 3, we will prove the uniqueness of solution for
the problem (1.4)-(1.5) by using Banach contraction mapping principle. Section 4 is devoted
to the existence of at least one solution of the considered problem by applying Krasnoselskii
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fixed point theorem for a sum of contraction and compact mappings. In the last section, some
examples are given to show the applicability of our existence results.

2. PRELIMINARIES

In this section, we present some basic definitions, notations and results of fractional
calculus [4-6, 18] which are used throughout this paper and we study the associated linear
problem of the boundary value problem (1.4)-(1.5).

Definition 2.1. The Riemann-Liouville fractional integral of order « > 0 for a function
f:(0,+) - R is defined as

18‘+f(t)—r()f (t =) 1f(s)ds,

provided the right side is pointwise defined on (0, +o0) where I'(+) is the Gamma function.

Definition 2.2. For a function f: [0, +0) — R, the Caputo derivative of fractional order « is
defined as

DUf(0) = g Jy (t =" P ()ds,n = [a] +1,

where [a] denotes the integer part of the real number a, provided the right side is pointwise
defined on (0, +).

Lemma 2.3. Let a > 0 and u € AC"[0,1]. Then the fractional differential equation

CD*u(t) = 0,
has a unique solution

u(t) = cg+ it + ct?+... eyt L €ERi=1,2,...,N,
where N is the smallest integer greater than or equal to «a.

Remark 2.4. The following property (Dirichlet’s formula) of the fractional calculus is well
known ([19] p.57)

I'Ity(t) = Ity (t),t € [0,1],y € L(O,1),v +u = 1,

which has the form

Jy (€ =9)"72(f; (s =D ty(@)dr)ds = TR 1 (£ — )"+ Ly (s)ds.

Lemma 2.5 For y € €[0,1], the following boundary value problem

p&u(t) +y(t) = 0,t € (0,1),
u®0)=0,i=23,..,n—1,

s = m (2.1)
u' @ = Z biuj(&),u(1) = Z al-f u(s)ds,
i=1 Ni-1

i=1
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322 Existence and uniqueness for ... Habib Djourdem

has the unique solution

u(t) = ¢y + ¢4t — f (t —s)* 1y(s)ds, (2.2)

I'(a)

were
J; (1 =5)*""y(s)ds

(1 - ?1_2 a; (Th —Ni- 1)) F(a)
X )y =) = [ (i = 9)%]y(s)ds
(1 - ¥ a(n; — Th—1)) [(a+1)
2 ,
(1 - l 1 aln. an_l) 2?;12 bi fofl (El - S)a_zy(s)ds
(1- 2772 @ = mi-0)) (1 = 57252 b)T(a — 1)
2 b (- )% 2y (s)ds
(1-X73% bl (a—1)

Proof: In view of Definition 2.1 and Lemma 2.3, it is clear that equation (2.1) is equivalent to
the integral form,

C0:

(2.3)

+

C1:_

u(t) = —mj- (t — ) Yy(s)ds + ¢y + cit+... +cp_ t™ L,

where ¢y, ¢y, ...,C,—1 € R are arbitrary constants.
Next, using the initial conditions: u®¥(0) = 0,i = 2,...,n — 1, we get

Cp=C=...=¢Ch_1 =0,
that is,
u(t) = —mj (t —s)* 1y(s)ds + ¢y + c4t. (2.4)
So, we get
N T a29()d 25
WO =~ ), (€= Dy @ds ben (25)

By u'(0) = Y772 bau'(&;), we obtain
= b fofi il S)a_zy(s)ds. (2.6)
(1-X7% b)T(a— 1)

Integrating the equation 2.4 from n,_; ton; for0<n,_, <m; <1,i=1,...,m— 2,
and using Remark 2.4, we get

i 1 ni Mi
f u(t)dt = ——— (f (s —1)% 1y(r)dr> ds + ¢ f ds + clf sds
Ni—1 F( ) Ni-1 Ni-1

L =—
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1 [nif s
= _F(a) .f <.f (S - ‘[)a’—ly(f)df> ds + f (f (S — T)a 1y(T)dT> dsl
0 0 N n?l )
+¢o ds + clf sds
Ni-1 Ni-1
1 ni 1 Ni—1
N e e
= ~Tag 1)f0 (M —s) Y(S)ds+—r(a+ 1)f0 (-1 — $)*y(s)ds
nf = nioa
+co(Mi — Miz1) + ¢4 —
Then, by the condition u(1) = X127 a; [ u(s)ds, we get

1 — n;
F(a)f (1-=s5)*ty(s)ds+co+¢ = Tt D ; a; i (m; — s)*y(s)ds

1 m? Ni-1
- . 3 — a
l=

m—2 m-—2 7]-2 _ 7]-2 )
+¢o z ai(m; —Mi-1) + ¢ Z a; %
i=1 i=1
which implies:
o [} A =95)*y(s)ds B2 alf) =9 =[] Mo — $)*]y(s)ds
.= _
(1-3p? n ni-1) ) T(@) (1- 2?;12 al-(m — i) T+ 1)

—n? ,
(1- 32 0 L) 35 b 5 6 - )= 2y(s)ds

+
(1-2132 ai(ny = mi-0)) (1 = B2 BT (@ — 1)

Let X = {u:u,u’ € C[0,1]} endowed with the norm defined |[u|| = supefo17lu(t)| +
supeefo,17lu’ ()| such that |lu|| < co. Then (X, |I.]]) is a Banach space, and define the operator
T:X — X by

fol (1= ) f (s, uls), w'®)ds

(1- U D)@

XS affy =) = 77 (i = 9 (5, u(s), W' () ds

(1 - X% ai(n; - Tli—l)) [(a+1)
(1~ 22 o L) e by 5 6 )2 (s, (), w () ds
(1 — X7 ai(n — i 1)) 1-X"2b)l(a—1)
SI2 by [t (& — ) 2y(s)ds L €= T (a0 )ds
(1— 37 bol(a— 1) (@)

Tu(t) =

+
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324 Existence and uniqueness for ... Habib Djourdem

Then u is a solution of the boundary value problem (1.4)-(1.5) if and only if it is a
fixed point of the operator T. Throughout the paper, we let

M, = 1 iz ailnf™t — ]
(1 -yt a(n; - 77i—1)) I'(a+1) (1 -yt ai(n; — 77i—1)) I'(a +2)
N (1 - ?LEZ ai 7712—2—7712—1) Z?QZ bifia_l Zﬁ—f bifia_l . 1
(1 - X ai(n — 77i—1)) (1-X"% b)I(a) (1-X"72 b)l(a) T(a+1)
M, = YR bt 1

= +—
(1-2% bl(a)  T'(a)
3. UNIQUENESS OF SOLUTION

In this section, we prove the unigqueness of solution to the problem (1.4)-(1.5) via
Banach’s contraction principle.
Theorem 3.1. Assume(C1) there exists constant K > 0 such that

If(t,u,v) — f(t,u,v)| < K(lu—v|+|u—-"7|),foranyu,v,u,v € R, t € [0,1].

If
KM, +M,) <1,

then the problem (1.4)-(1.5) has a unique solution on [0,1].
Proof: Let us set sup;e[o,111f(¢,0,0)| = N < o and choosing

> N(M; + M,)

r .
1—K(M; + M,)
For u € X, we observe that

| (6, u@®),v'®)] < |f(6u®),w' () — £(£,0,0)]| + £t 0,0)| < L|lull + N.

Firstly, we show that TB, c B,., where B, = {u € X: ||lu||}. For u € B,, we have

fol (1 =) Y|f(s,uls), w'(s))|ds
(1 — X% ai(n — Tli—l)) ['(a)
m2 a1 =) = [ ier — Y| (s, u(s),u'(s))||ds
(1 - X% ai(n; - Tli—l)) [(a+1)

(1-2m3 @ =) 3 by [ (6= %2 (50,0 )) | ds
(1 - 2132 @ty = ni-0) (1 - 232 b)T(@ = 1)

Zﬁ;z bi fogi (El - 5)0‘_2”f(s,u(s)'u’(s))”ds ¢
(1 - 27 b)T(a— 1)

|Tu(t)| <

+
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Existence and uniqueness for ... Habib Djourdem 325

fot (t — )£ (s, uls), W (s))||ds
* (@)

fol (1-s)*1ds
(1 -y a;(n; — 77i—1)) I'(a)
N Y2 alf) =)= [ iy — 5)%]ds
(1 — 277 a; (i = mi-1) ) D@ + 1)
(1-3m3? 0 L) 3 b, 5 (- 9)-2ds
(1-2132 ai(ne = mi-0) ) (1 = 252 BT (@ — 1)
=—12 bi J‘OTIi (S;ia_z _ S)a—zdst fot (t _ S)a—lds
A-ySbra-1 = T@

< (Kllull + N)

+

] < (Kr + N)M,

and
1 by = %2 f (s ul) w ()| ds
Tl < -3 b)T(@— 1D
f (t —s)* 2||f(s u(s),u (s))”ds
F(a -1)
ff‘ (& —s)*2ds fot (t —s)*2ds
< (K|Jull + N) (1 Y12 p)T(a — 1) + [(a—1)
Yt bt 1

< (Kr + N)M,,

which implies that
ITu(®)|| < (Kr + N)(M; + M,) <.

Now, for u, v € X and for each t € [0,1], we obtain

f01 (1-5s)*"1ds

(1 -y ai(n; — 77i—1)) I'(a)

P[] (=) = [ (imy — $)%]ds

(1- 2:”;2 a;(n; = ni-1)) T(a + 1)

(1- 32 o L) e by 5 - )2

(1 - 2:";2 ai(n; = 1i-1)) (1= X152 b)l(@ = 1)
2 b [ (& - ) 2ds [ (6 —s)*tds

(1—2 Thla—1 ' T@

|(Tw)(®) = (Tv)(O)] < Kllu = vl

+

< Kllu —v||M,,
also,
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326 Existence and uniqueness for ... Habib Djourdem

ff‘ (& —s)* 2ds f(t s)*"2ds

I(T"w)() — (T'v)OI < Kllu— || (1 Y2 bl (a — 1) [(a—1)

< K||lu — v||M,.

Thus ||Tu(t) — Tv(t)|| < K(M; + M,)||lu — v||. Since K(M; + M,) <1, thus T is a
contraction. Hence, it follows by Banach’s contraction principle that the boundary value
problem (1.4)- (1.5) has a unique solution on [0,1].

4. EXISTENCE OF SOLUTIONS
In this section, we establish the existence of at least one solution of the problem (1.4)-

(1.5) by using Krasnoselskii’s fixed point theorem [20].

Theorem 4.1 (Krasnoselskii’s fixed point theorem) Let Mbe a closed convex and nonempty
subset of a Banach space E. Let A, B be the operators such that:
(i)Au + Bv € M whenever u,v € M,
(ii)A is compact and continuous,
(iif)B is a contraction mapping.
Then there exists w € M such that w = Aw + Bw.

Theorem 4.2 Assume that (C1) and the following hypothesis holds(C2) There exists u €
L*([0,1], R*) such that

||f(t,u(t),v(t))|| < u(t), forall (t,u,v) € [0,1] X X X X.

a+1

Then, the boundary value problem (1.4)-(1.5) has at least one solution on [0,1].

Proof: Let us fix
r= ”.U”L1 (Ml + Mz)

and consider B, = {u € X:||u|| < r}. We define the operators A and B on B, as

fot (t— ) (s,uls))ds

(Aw)(t) = - i ’
a)
(Bu)(©) = Jy @ =9)71f(s,uls),u'(s))ds
(1 - Xt ai(m - 77i—1)) ['(a)
IR affy 1, — ) «— [T (e — ) f(s,u(s),u'(s))ds
(1 - i=;2 a;(n; — 771'—1)) [(a+1)
(1 — 2 q ni _Zmz_l)ZﬁIz b; fofi (& — S)“_Zf(S,u(s))ds
+

(1 =27 ai(n; - m_l)) (1-Y"2b)l(a—1)
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by G= ) (s u) uw)ds
1=X"72b)l(a—1) L

For u, v € B,, we have

t _ a—-1 ’
|Au(t)+Bu(t)|5f° (t =) Hf (s uw'(s)|ds

I'(a)
2 a1 =) = [ (ie1 — 9)7]|f (s, uls)w'(s))|ds
(1 -2 ai(n; - m_l)) [(a+1)

(1- 32 o L 1) ST by 3 (6= )2 (5wl ()| ds
(1 -2 ai(n; — 77i—1)) (1-=X2% b)T(a—1)

2 by [5 (& — )2 (s, u(s)u'(s)|ds
(1= X777 b)T(a — 1)

+

t < lpll 2 My,

and

fot (t — ) 2|f (s, u(s)u'®)|ds
Na—-1)
2 by [ (& = ) (s () ()] ds
(1-X172 bl (e —1)

Consequently, ||Au + Bv|| < ||ull,2(M; + M,) < r. Thus, Au+ Bv € B,.. Now, for
u,v € X, we have

|A"u(t) + B'v(t)| <

< ”.U”LlMZ-

1
(1 - X ai(n; - Tli-l)) ['(a)

|Bu(t) — Bv()| < Kllu — vl

a+1 a+1l

al(n 771 1

' (1 — Xit1 ai(’?i - 77i—1)) I'(a+2)

r]. —T]Z 2 1
(1 - 7 oI 5 g Zst bt

' (1 -2 ai(n; — 77i—1)) (1-X"2 b)l(a) " (1 =312 bl (a— D

Also,
Y g
(1 - X77% b)(a)

|B'u(t) — B'v()| < K|lu —vll

1
< KIIu - 17” (MZ - m)
Thus [|Bu — Byl < Kllu — vll (M, + M, — 1"3;5—111)) Since

a+1
K(M1+M2_m><1,
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328 Existence and uniqueness for ... Habib Djourdem

we conclude that B is a contraction mapping.
The continuity of A arise from the continuity of f. For u € X

lleell 2
Au(t)| £ =——,
GUOIES vy
also
llell 2
Au(t)| <
lAu®l < T
Thus |[|Aul| S%. Then A is uniformly bounded on B,.Now we prove the

compactness of the operator A. Let
p= sup{|f(t,u(t),u'(t))|: te[0,1],u€ Br}.
For t,,t, € [0,1] such that t; < t,, we have

|Au(t,) — Au(t,)]
_ fotl (t, — )% (s, u(s)u'®)ds fotz (b2 — $)* 1 (s, u(s)v'(s))ds
e @) * @)

ﬁf: [~ (e = )% + (62 = ) f (5, ul)'(s))ds

<

2 (t; — $)* 7 (s, u(s)v/(s))ds

1

T,
p

< — |t — tY).
l"(05+1)|2 il

Obviously, the right-hand side of the above inequality tends to zero as t, —
t;.Similarly, we have
|A"u(ty) — A'u(tr)l
fotl (t — )% 2f (s, u(s)u'®)ds fotz (62 — ) 2f (s, u(s)v'(s))ds
T(a—1) * Ma—-1)

< _l"(a,l_ 1) j;)tl [_(tl _ S)a_z + (tZ _ S)“_Z]f(s,u(s)u'(s))ds
’ a-2 ! P a1 a1
+ . (t; —s) f(s,u(s)u (S))ds < o) |3 o1,

Again, it is seen that the right-hand side of the above inequality tends to zero as
t, = t;. Thus ||(Aw)(t;) — (Au)(t,)|| — 0, as t, —» t;. This show that A is relatively
compact on B,. Hence, by the Arzela-Ascoli theorem, we have A is compact on B,. As a
consequence of Theorem 4.1, we conclude that the boundary value problem (1.4)-(1.5) has at
least one solution on [0,1].

5. EXAMPLES

Example 5.1 Consider the following fractional differential equation
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5

= (T[t)e_nt 0;9
CDZ u(t) + —2 ( - ),tE 0,1], 5.1
0+ V21 + cosh(t) 1+ [u@| + [v(0)] [0.1] &1
subject to the following boundary conditions
u'(0)=0
u'(0) = 0,2u'(0,1) + 0,1u'(0,2) + 0,25u'(0,6)
0,3 0,5 0,7 . (5.2)
ku(l) = Zf u(s)ds + 0,4f u(s)ds + O,6f u(s)ds
0 0,3 0,5

~ _ cos(mt)e ™ _ 0,9 / _
Here f(t,u,u)_ﬁmosh(t)@ 1+|u|+|w|) for te€[0,1], wu €R, & =0,1,

EZ = 0,2, 63 = 0,6, b1 = 0,2, bz = 0,4‘, b3 = 0,25, 171 == 0,3, 7’]2 == 0,5, 7’]3 = 0,7, a1 = 2,
a, = 0,4 and a; = 0,6, then, by calculations we obtain that M; = 3,07 and M, = 0,972008.
Forevery u;,v; € R, i = 1,2, we have

-1t

It ) f(t )| cos(mt)e 0,9 0,9
LU, 1) — f(tuy,vy)| = -
v 22 V2m 4 cosh(t) 11+ [uz| + [vo| 1+ || + |v4]
- 0,9cos(7tt)e"”t< luy — uy| + vy — vy )
~ 2m + cosh(t) \(1 + |ug| + [v DA+ [uz| + [v2])

)

V2m

Then the condition (C1) is satisfied with K = %.Since

< (lug — uz| + vy — vy).

K(M; + M,) = 0,818794 < 1,
it follows from Theorem 3.1 that problem (5.1)-(5.2) has a unique solution on [0,1].

Example 5.2. Consider the following fractional differential equation

2

5 t 0,9
C )
Dg.u(t) + ?(1 TT o + |v(t)|>' (6:3)

subject to the boundary conditions in (5.2). Here f(t,u,u’) =§(1—L) for

1+ u@|+v ()]
t €[0,1], u,u’ € R.
Forevery u;, v; € R, i = 1,2, we have

|f (t,ug,v1) — f(tup, v2)| < K(lug — up| + [vg — vy)),

where K = é then condition (C1)is satisfied, and

(6 u(0), v(®)| = t? (1 0,9 ) - t
flew@vO) =1\~ o won| S5
by taking u(t) = é , condition (C2) is satisfied. Since K (M1 + M, — ngs)) ~ 0,597771 <

1, it follows from Theorem 4.2, that problem (5.3)-(5.2) has at least one solution [0,1].
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330 Existence and uniqueness for ... Habib Djourdem

CONCLUSION

In this paper, some results on the existence and uniqueness of solutions for a nonlinear
higher order fractional differential equation involving the left Caputo fractional derivative
with both multi-point and multi-strip boundary conditions are obtained. Under sufficient
conditions, we have applied the Banach contraction principle to obtain the uniqueness of the
solution and by using the fixed point theorem of Krasnoselskii for a sum of contraction and
compact mappings in Banach spaces, we prove the existence of at least one solution of our
suggested problem. Two examples are given to show the applicability of our results.
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