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Abstract. The aim of this paper is to give some characterizations for N-Legendre and
N-slant curves in the unit tangent bundles of surfaces endowed with natural diagonal lifted
structures.
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1. INTRODUCTION

In studies on curves in the unit tangent sphere bundles, researchers generally consider
the standard contact metric structure which is obtained by endowing the bundle with the
induced Sasaki metric. For examples, in [1] Berndt et al. studied the geodesics, in [2-3]
Inoguchi and Munteanu investigated the magnetic curves, in [4] Hou and Sun considered the
slant geodesics and in [5] Hathout et al. discussed N-Legendre and N-slant curves of the unit
tangent bundles with respect to this structure. However, some other contact metric structures
can be defined on the unit tangent bundles. One of them is introduced by Druta-Romaniuc and
Oproiu on tangent (sphere) bundles and called natural diagonal structure in [6]. In this paper,
they found conditions under which the tangent sphere bundles are Einstein. In their further
works, they had conditions under which the tangent sphere bundles are n —Einstein and
obtained some results for curvatures of the tangent sphere bundles (see [7-8]).

In this paper, N-Legendre and N-slant curves are studied in the unit tangent bundles of
surfaces with natural diagonal structures and some results are given when the surface is
considered to be a sphere.

2. MATERIALS AND METHODS

In this section, we give a brief introduction to natural diagonal structures, for further
information see [6]. Let (M, g) be a smooth n —dimensional Riemannian manifold ©: TM —
M be its tangent bundle. Let (xi,ui)(l-zln_”n) be the locally coordinate systems on the tangent
bundle TM. The natural diagonal lift metric g¢ is defined as follows:

gd(Xhl Yh) = Clg(Xl Y) + dlg(X' u)g(Y' u), (1)

gd(Xv, Yh) — gd(Xh, Yv) — 0’
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gd(le Y‘U) = ng(X) Y) + dzg(X, u)g(Y, u);

for every vector fields X,Y on M and every tangent vector u, where t = %’u) and c,,

c,,d; d, are smooth functions of t. The conditions for g to be positive are ¢; > 0,c, >

0,c; +2td; > 0,c, +2td, > 0for every t2>0. Here, X"=x'-2—xw/rk-2 and

XV =X % are the horizontal and the vertical lifts X at (x, u) with respect to the Levi-Civita

connection V of g respectively, where {1}}‘} are the Christoffel symbols of V (for background
of tangent bundles, see for example [9-10]).
Let us define a (1,1) —tensor field on TM as follows:

]Xh = a’IXv + blg(X; u)uv' (2)
JXU = —a, X" — byg(X,u)u",

for every vector fields X on M, where a4, a,, b; b, are smooth functions of t. We note that the
(1,1) —tensor field J given by the relations (2) defines an almost complex structure on the
tangent bundle if and only if a, = 1/a, and b, = —b,/[a,(a; + 2tb,)] (See [7]).

We know that the unit tangent bundle T\M = {u € TM: g(u,u) = 1} of a
Riemannian manifold M is a (2n — 1) —dimensional submanifold of TM. The canonical
vector field u¥ is normal to T1M. The horizontal lift of any vector field on M is tangent to
T1M, but the vertical lift is not always tangent to T; M. The tangential lift of a vector field X
of M is defined by X* = XV — g(X,uw)u". Hence, we write the Lie algebra of C* vector fields
on T:M as y(T;M) = {X" + Yt X,Y € y(M)} [11]. The induced Riemannian metric gfon
T1M from (1) is uniquely determined by

gf (Xhl Yh) = Clg(Xi Y) + dlg(Xr u)g(y' u)r (3)
grxtY") = g(x" ") =0,
gf(Xt' Yt) =0 [g(X, Y) - ,g(X, u)g(Y, u)]'
for every vector fields X,Y on M and every tangent vector u, where c;, d4, ¢, are constants.
The conditions for g¢ to be positive are c; > 0,c, > 0,c1 + d; > 0 [6].
Remark that the functions ¢4, d4, c, become constant, since in the case of unit

tangent bundle, the function ¢ becomes a constant equal to 1/2.
In [8], it is proved that there is a contact metric structure (¢4,&1,1m1,g1) ON T1M

given by
¢1(Xh) = a1xt, ¢1(Xt) = _ath + azg(X, u)uh, (4)
1 h t h d
§1 =g u (XY =0,m(X") = 2adg(X,u), g1 = ag7,
for every vector fields X,Y on M and every tangent vector u, where A1 is a scalar, a = C:;fl

and a, and a, are the functions defined in (2). This contact metric structure is called natural
diagonal structure. Furthermore, (T1M, ¢+, &1,11, g1) is Sasakian if and only if M has constant
sectional curvature K = a,* [8].
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The Levi-Civita connection V, of (T1M, g,) satisfies the following relations:

1 d 5
T = (7)== (ROE V) = S5 [gQ6 )Y — g(¥, w7, ©
2
V, nYt = (VyY)t — C—Z(R(Y wX)" + 4y X, wWY" + B X, Y)ur
X X 2¢; ' 2¢; gt 2(cy +dy) g

d1(2C1 + dl) C2d1
_ e Ty, Y, uh ———=— q(Y,R(X, h,
26,(ey + dpy 9K WIT 0 — o gy 9 RO W
VetV = —C—Z(R(X, wY)" + ﬁg(Y, wX" + Lg(& Y)u"
X ) 2¢; 2(c; +dy)
d,(2¢; + d,) Cody

gX, wWg¥, wu - g(X, R(Y, wyu)u™,

B 2¢,(c; +dq) 2¢,(c; +dq)

for every vector fields X,Y on M and every tangent vector u, where V and R denote the Levi-
Civita connection and the curvature tensor of (M, g), respectively [8].

3. RESULTS

Let (M, g) be a surface and let y: I € R — M be a curve on M. Assume that y(s) =
(v(s),X(s)) isacurve in (T1M, g1, 1, £1,11), Where the contact metric structure is given by
(4). We have four kinds of curves which are defined below.

Definition 1. [4] Let y be a curve in an almost contact metric manifold (M, g, ¢,&,7n). The
curve y is called Legendrian (resp. slant) if the angle between the tangent vector field T of y
and ¢ is (n/2) (resp. [0,x]-{n/2}), i.e. g(T,&) = 0 (resp. g(T,&) = c), where c is a non-zero
constant.

Definition 2. [5] Let y be a curve in an almost contact metric manifold (M, g, ¢, &,1). The
curve y is called N-Legendre (resp. N-slant) if the angle between the normal vector field N of
y and ¢ is w/2 (resp. [0,n]-{n/2}), i.e. g(N, &) = 0 (resp. g(N, &) = c), where ¢ is a non-zero
constant.

Suppose that ¥ is parameterized by the arc-length and denote the Frenet apparatus of y
by (T,N, B, %, ©). Then,

5 dyt & dx' a
I I T I
_dy'( o B axt dy’ . .\ 9 /.
- (57) (V<S>)+(ds + s X g 1)

= (E" + (Ve X)H([7(s)), (6)

where E = y'(s).
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Let 0 be the angle between T and &;. From equations (3) and (4), we have

7
g|17€'|1;;1) cosf = mg(E X). 7
1

If we differentiate both side of equation (7) with respect to s, and use equations
(4), (5) and (6), we have

d ~ - ~
%91(71' §1) = 91(Var T.61) + 94(T, Varés)

~ 1 -
= kg1 (N, &) + mgl(T, v, h X"+ Vl(VEX)tXh)

~ 1
=kg1(N, &) + 727 [(c; +dy)g(E,VeX) — c,R(E, X, X,V X)]
= —|&,|0'sinb.

So,

0'sinb 8
01(1.6) = 3= (GRE XX, TK) = (o + dg(E,0) - 6] e O

where 8’ = = and &= —Xh
Let (T N) bea Frenet frame on y. From equation (7), we get the following

1
X = ————=co0s0T + N, ©)

ryC1 + d1

for a smooth function g, where r = ||E||. Since X is a unit vector, we have
AZ

29 2 — 1'
—(c1 ) cos“0 +

and

. (10)

A
B=1— [r? — (—(——=)%cos?6
r c;+dq

Differentiating equation (9) with respect to s, we derive

1 cos@\’ KkcosO (11)
( ) T4

= N+ B'N — rfxT
Jeo+di N T

c;+d;

(( cosf )' 5 )T N < Kcos6 N ﬁ') N
= —) — 1Bk —_— )
ryc, +d; ¢ +dg
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Equations (7) and (11), and orthogonality of the vectors X and VzX give us

c cosO X+ r << cosO )' P )V ¥ (12)
= — TYDK .
1/ Cl + dl g(vEX’ VEX) T‘,[ C1 + d1 £

Using the last expression, we can write

R(E,X,X,VgX) (( cosé > >R(VEX, X,X,VgX) (13)
) ) ) == r _— [—
’ T\/m g(VeX,VgX)

=r ((ﬂ) - r,Bzc) K(s)
- r{c; +d; '

where K (s) is the sectional curvature of M. Putting the equations (10)-(13) in (8) we state the
following equation

- r cos6 \' A 2
gl(N, 51) = m(czK(S)—(Cl +dq)) ((m) + TK\/T‘Z — (m) C0529> (14)
6'sind

_|€1| =

K

Now we can prove the following propositions.

Proposition 1. Let T,S? be the unit tangent bundle of the unit sphere S* with the natural
diagonal metric structure given by (4) such that ¢, = ¢; + d;. Then all Legendre and slant
curves are N-Legendre curves.

Proof: Let 7(s) = (y(s),X(s)) be a Legendre or a slant curve with arc-parameter in the
contact metric manifold T,52. Since the sectional curvature of the unit sphere K is equal to 1,
from Definition 1, equation (14) and under the assumption ¢, = ¢; + d,, we get

gl(ﬁl fl) = 0
This completes the proof.

Proposition 2. Let T,S% be the unit tangent bundle of the unit sphere S* with the natural
diagonal metric structure given by (4) such that ¢, = ¢; + d, and let ¥ be a non-slant curve on
T1S2 Then 7 is an N-slant curve if the angle 0 satisfies the equation

6 = arccos cJ &,
where ¢ is a non-zero constant.

Proof: Let 7(s) = (y(s),X(s)) be a non-slant curve with arc-parameter in the contact metric

manifold T,S2. Since the sectional curvature of the unit sphere K is equal to 1, under the
assumption ¢, = ¢; + d,, Definition 1 and equation (14) give us
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- 0'sind
91(N, 51) = - P = ¢ = constant.

So,
gl(ﬁ, 51) = (cosB)' = ck

By solving the last differential equation, we get

0 = arccos cf K,
which completes the proof.

Proposition 3. Let M be a non-unit sphere whose constant sectional curvature is K = a?.
Suppose that 7(s) = (y(s), X(s)) is a slant curve in (T1M, g1, 1, &1,1m1) Such that ¢, = ¢; +
d, and vy is a curve with constant velocity ro. If the torsion 7 of ¥ equals to sectional curvature
K of M, then ¥ is an N-Legendre (resp. N-slant) curve if and only if y is a geodesic (resp. has
a nhon-zero constant curvature «).

Proof: Let M be a sphere with constant sectional curvature K = a? and let ¢, = ¢; + d;. If the
curve 7(s) = (y(s),X(s)) is a slant curve in (T1M, g1, 1,&1,1m1) where y has constant
velocity of r,, then from (14) we have

roc2(K(s) — 1)
2 Aa?k

- A
gl(N: 51) = txry |12 — (———=)?cos?6
c;+d;

We know that in a Sasakian 3-manifold, a curve o is slant if and only if (7, + 1)/k,
is a non-zero constant, where 7, and k, are torsion and curvature of o, respectively (see [12]).
If we assume T = K, from the above equation, we have

~ f - 1 r0C2 A _
9:1(N.&) = TF 2142 i’"o\/’"o2 - (C—)ZCOSZH K = CK
1+ dy

where ¢ is a constant. So, it is clear that 7 is an N-Legendre (resp. N-slant) curve if and only
if kK = 0 (resp. non-zero constant). This ends the proof.

Example 1. Let S be a non-unit sphere with radius R. In this case, the sectional curvature
(Gaussian curvature) of S% equals to Ri Under the assumptions in Proposition 3, the

2

projection curves y of all slant and N —slant curves ¥ in T,S? are circles in S? when their
Frenet apparatus are (T,N, B, k, T = iz).
R

Proposition 4. Let M be a non-unit sphere and T, M be the unit tangent bundle of M with the
natural diagonal metric structure given by (4) such that ¢, = ¢; + d,. Suppose that ¥(s) =
(v(s),X(s)) is a slant curve on T:M and y is a curve with constant velocity ro. Then the
curve 7 is N-slant if and only if

(K - Dk

K
iS a non-zero constant.
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Proof: Let M be a non-unit sphere (K # 1). Assume that the curve ¥(s) = (y(s),X(s)) is a
slant curve in (T1M, g1, ¢1,&1,11) such that ¢, = ¢; + d,, where y has constant velocity r,.
Then from (14) we get

— 11, A (K — Dk
— + 2 2 2 —
91(N 8(1) 21a? —7”0\/7”0 ( Cl+d1) cos?0 |k =¢C )

K

where ¢ is a non-zero constant. The proof follows from the Definition 2.

Example 2. Let # be an arbitrary slant curve in T;R? and its projection curve y be a geodesic
in R2. Then under the assumptions in Proposition 4, 7 is an N —Legendre curve. Clearly, if y
is not geodesic, then 7 is an N-slant curve if and only if % IS a non-zero constant.

Proposition 5. Let M be a non-unit sphere and T1M be the unit tangent bundle of M with the
natural diagonal metric structure given by (4) such that ¢, = ¢; + d;. Suppose that ¥(s) =

(v(s),X(s)) is a non-slant curve in T{M and y is a curve with constant velocity 4

\/ C1+d1.

angle @ is linear (i.e. 6 = es + f, e and f are constants), then

(1) 7(s) is a N-Legendre curve if and only if

c,(K—1) (e Ak )=e

—+
2a2|$z1|\/ ¢ +dg A

(2) 7(s) is a N-slant curve if and only if

Ci
_ ( c,(K—1) >+ Ac,k(K — 1) )
2a20\/c; + d, ~2a?(c; +dy)3/?

6 = arcsin (.

where ¢ is a non-zero constant.

Proof: 1) If the angle 8 is linear, under the assumptions and from equation (14), we have

(IV ¢ ) c,(K—1) ( esiné 4 Ak 0) esiné .|
&) = - + sinf | — .
T e e v die\ A atd :

The proof follows from the condition g, (N, & ) = 0 and direct computations.

(2) The above equation, the N —slant condition gl(IV, 51) = ¢ and direct computations give
the proof.
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4. CONCLUSION

In this paper, we examine the N-Legendre and N-slant curves in the unit tangent

sphere bundles of surfaces. The unit tangent sphere bundles are considered with the general
natural metric structures which are introduced and studied by Druta and Oproiu in [6-8]. By
using these structures, we obtain a generalization for the results in [5].
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