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Abstract. In this paper, Galilean orthogonal matrices in G> and G are obtained with
the help of unit quaternions. Moreover, Galilean orthogonal matrices in G* and G} are
acquired. These matrices produce Galilelan motions in Galilean spaces. We investigate the
invariance of the plane where shear motion is acting in Galilean and pseudo-Galilean spaces.
Additionally, related examples of matrices that belong to both spaces are provided. With a
similar method, dual Galilean orthogonal matrices are obtained by using unit dual
quaternions. Finally, we strengthen our work with examples and draw their figures to explore
visual representations.

Keywords: quaternion; dual quaternion; dual transformation; Galilean space;
pseudo-Galilean space.

1. INTRODUCTION

Quaternions have a long history in many fields including kinematics, robotics,
computer graphics, aerospace, quantum physics and other areas related. In recent years,
quaternions have become more popular since rotation operations are simpler with quaternions
than with matrices. In 1843, W.R. Hamilton first defined quaternions and generalized
complex numbers to the higher dimensions. The set of quaternions is denoted by H in his
honor, can be represented as

H = {q = x¢ + x40 + x5 + x3k|xo, X1, X3, X3 € R}.

Rotations in SO(3) can be represented by unit quaternions. In [1], the relationship
between Euclidean and Lorentzian rotation matrices is examined with the help of dual
transformation between SO(n)\{a,, = 0} and SO(n — 1,1). We carried this work into dual
spaces in [2] by investigating invariant axes in both spaces. Then, we gave a new method for
obtaining a rotation matrix in Lorentzian space by using a unit quaternion in [3].

Galilean geometry is one of the non-Euclidean geometries, which is becoming more
popular recently. In [4], the importance of Galilean geometry in mechanics and particularly in
kinematics is mentioned. Kinematics deals with the motions of material points and bodies. In
geometry, a motion is a certain type of point transformation which associates to each point A
a definite point A’. In Galilean geometry, we investigate motions invariant under the Galilean
transformation. In [5], the geometry of motions in Galilean and pseudo-Galilean spaces was
studied. In the light of studies in Galilean geometry and dual transformations, we defined the
transition from real Galilean space to pseudo-Galilean space in [6].
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The objective of this paper is to construct dual transformations by using quaternions to
give the transition from Galilean space to pseudo-Galilean space. We denote the 5-
dimensional Galilean space by G> and the 5-dimensional pseudo-Galilean space by G?. We
acquire Galilean orthogonal matrices in G° and G with the help of unit quaternions. In other
words, we will give the new representation of pseudo-Galilean matrix in G? obtained by using
a unit real quaternion. Furthermore, Galilean orthogonal matrices in G* and G; are obtained.
These matrices produce Galilelan motions in Galilean spaces. Shear motions come to mind
when Galilean motions are mentioned. We also investigate the invariance of the plane where
shear motion is acting in both spaces. Additionally, we provide applications to reinforce this
transition and draw their figures to explore visual representations. Finally, with a similar
method, dual Galilean orthogonal matrices are obtained by using unit dual quaternions. The
difference of this work from [6] is that we construct the Galilean transformations using
quaternions. We think that the idea of transferring quaternions and dual quaternions to
Galilean and Pseudo-Galilean spaces with the help of a dual transformation may be a positive
contribution to the literature.

2. BASIC CONCEPTS

In this section, fundamental concepts of real and dual quaternions will be given. A real
quaternion q is an expression of the form

q =xy+ x40+ x,j + x3k,

where x,, x4, x, and x5 are real numbers, and i, j, k are real quaternionic units which satisfy
the non-commutative multiplication rules

i2=j2=k*=ijk=-1
ij=—ji=k, jk=-kj=1i ki=—-ik=]j.

A real quaternion q = xo + x40 + x,j + x3k is pieced into two parts with scalar piece
Sq =xo and vectorial piece Vq = x10 + xj + x3k. We also write g =S, + ti The
quaternionic conjugate of g =S, +V, is defined as § =S, —V,. The norm of a real
quaternion q = xg + x40 + x5j + x3k is

Ny =Tal = 4T = V70 = 5§ +x7 + 3 +23 20,

where g € R. If N, = 1 then g is called unit real quaternion.
Since quaternion algebra is associative they can be considered in terms of matrices.
The map ¢ between the space of quaternions and the space of 4 x 4 matrices over real
numbers defined as
¢: (]HL +1') - (M(4,R);®;®)

Xo —X1 TX —X3
X1 Xo —X3 X2 (l)
X2 X3 Xo —X1
X3 —X2 X1 Xo

O{xg + x40 + x9j + x3k} -
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IS an isomorphism.
The representation of the 3D rotation matrix corresponds to a unit real quaternion
q = xo + x40 + x,j + x5k is given by

x2+xt—x2—x3  —2xoxX3 + 2x1%; 2xgX, + 2x1X3
R = 2x;x, + 2x3x, X2 —xZ2+x2—x3  2xx3 — 21Xy |- 2
2x1X3 — 2X3Xg 2x1%0 + 2X5%3 xg —x? — x% + x3

For more details about concepts and properties of real quaternions, see [7-9]. Let us go
through with some fundamental definitions and theorems in dual space.

Definition 2.1. If a and a* are real numbers and €2 = 0, the combination 3 = a + ea* is
called a dual number, where € is the dual unit.

Definition 2.2. The set of all dual numbers forms a commutative ring over the real number

field and is denoted by ID. The set D3 = {5 = (44,34,,33)|3; €D, 1 <i< 3} is called a D-
module or dual space.

Definition 2.3. The elements of D3 are called dual vectors. A dual vector a4 can be written
a4 = 3 + ea* where a and a* are real vectors in R3.

(a,ar)
ld@? ’

Definition 2.4. The norm of a dual vector 3 is defined by |&| = |d| + € a # 0. See [10].

After recalling the basic definitions and theorems in dual space, we go through with
concepts and properties of dual quaternions. The set of dual quaternions is denoted by H, can
be represented as

o~~~

The ring of dual quaternions is defined as the four-dimensional vector space over dual
numbers D having a basis {1,i,j,k} with the same multiplication property of the basis elements
in real quaternions. A dual quaternion § = x, + x;i + x3j + X3k can be writtenas § = q +
€q*, where g and q* are real and pure dual quaternion components, respectively. We may
consider a dual quaternion as § = xy + xqi + x,j + x3k + €(xg + x7i + x3j + x3k).

The map ¢ between the space of dual quaternions and the space of 4 X 4 matrices
over dual numbers defined as

@: (Hp, +,-) = (M4,5),D.&)

Xo —X1 —X; —X3
o iy e e X1 Xo —X3 xz]
p{xXy + X1 + X3j + X3k} — l@ TS _)/CIJ 3)
X3 X X1 X0
IS an isomorphism.
For more details about concepts and properties of dual quaternions, see [11-16]. In

[16], the representation of dual orthogonal matrix corresponds to a unit dual quaternion
q = Xy + x7i + X3j + x3k was expressed as
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—2 —2 —2 =2 o~ o~ o~ o~
Xo +X{" — X" — X3 —2XgX3 + 2X1%; 2XgX; + 2X1X3
~ o~ o~ —~2 —~2 =2 =2 o~ o~
R = 2xle + ZX3x0 xo - x1 + xz - x3 2x2x3 - lexO . (4)
o~ —~—— o~ —~—— —2 —2 —2 —2
2X{Xx3 — 2X,X, 2X{Xxy + 2X,X3 Xo  —X{ —X; +X3

Let us introduce some basic definitions and theorems in Galilean space.

Definition 2.6. Let X = (x4, x5,...,%,) € R™ and G™ be Galilean space (R", |lI) with

X0 E x; #0
WX + a2+ 4,2, x = 0.

Theorem 2.7. Let A be ann X n matrix,

— Al Cl
4= [0 1y
A1n
where A; € SO(n—1) and ¢; = Ban | ¢ RIL,
An-1n
f is a Galilean transformation, where
f:G" - Gg"
(5)
X f(X)=A4X+C,
where C € RY.
In G3, shear movement determined with the help of f with
f:G3->G3
(6)
X e f(X) = AX.

f is also called motion in the meaning of Galilean.
Definition 2.8. Let X = (xy, x5,...,x,) € R™ and G* be pseudo-Galilean space (R", [Ill) with

|1, x; #0

V1222 + %324 +x,_12 — x,2], x; = 0.

Il X IIPG={

In G3 pseudo-Galilean space,

f:G} - G}
(7)
X f(X)=AX
is called shear motion.
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Theorem 2.9. Let A be ann X n matrix,
_[A1 €4
A= [0 1)
where 4; € SO(n —2,1), 4, 1 =GA,"G, 671 =G and

Ain
a, _
Ci=| T |eRrpL

An-1n
f is a pseudo-Galilean transformation, where

f:61 = GY
(8)
X f(X)=AX +C,
where C € R} [5] .

Recently, studies in Lorentzian space take an important place in the field of
mathematical research that can be seen as part of differential geometry (see [17-20]) as well
as kinematics, robotics, computer graphics, and in most areas of physics. Let us recall some
fundamental definitions and properties in Lorentzian space that we use in this paper.
Definition 2.10. Lorentzian metric (, ) defined by

(W, v) = u vy + Uyvy+... +Upy_ Vg — Uy 9

in ET* will be used in this study. It is pointed out that (, ) is a non-degenerate metric of index 1.
It can also be written in the form:

1 0 0
01 .. O

wvy=u"|, . . . |v=uTGw (10)
0 0 -1

Definition 2.11. A vector v € ET is called spacelike if (v,v) > 0 or v = 0; timelike if
(v,v) < 0; lightlike if (v,v) = 0 and v # 0. See [20].

Definition 2.12. Ann X n matrix S is called semi symmetric if ST = GSG or S = GSTG;
semi skew-symmetric if ST = —GSG or S = —GSTG; semi-orthogonal if ST = GS™1G or
S§™1 = GSTG, where G is the sign matrix of Lorentzian space. See [21].

The dual transformation between SO (n)\{a,, = 0} and SO(n — 1,1) will be used for
obtaining semi-orthogonal matrices from orthogonal matrices.

Definition 2.13. Dual transformation between SO(n)\{a,, = 0} and SO(n — 1,1) is defined
in [1]. Accordingly, two sets can be given by

SO(n) = {A € GL(n, R)|ATA = AAT = I,,, detd = 1},

SO(n —1,1) = {4 € GL(n,R)|ATGA = AGAT = G, detA = 1},

ISSN: 1844 — 9581 Mathematics Section
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where G = [ 176‘1 _(i] and I,, is n X nidentity matrix. Let A be an n X n orthogonal
matrix, thence it can be written in the block form as
B C
A= [D )

where a,,, # 0. Here, B isan (n — 1) X (n — 1) square matrix, C is an (n — 1) x 1 column
matrix and D is a row matrix. Since a,,, # 0, then we can use the following two sets given by

X = {4 € SO(n)|a,, # 0},
Y={A€eSO0(n-11)|a,, # 0}.

Thus, the dual transformation can be defined as

f:X-Y
1 —
fiAe f(A) =a—[a""(_BD o f : (12)

here T denotes transposition.
We now give the definition of dual transformation between SO(n)\{&,, = 0} and
SO(n — 1,1). We will use it for obtaining dual semi-orthogonal matrices from dual orthogonal
matrices.
Definition 2.14. In order to define f dual transformation, we need the following sets given by
SO(n) = {A € GL(n,D)|ATA = AAT = I,,detd = 1},
SO(n—1,1) = {4 € GL(n,D)|ATGA = AGAT = G, detA = 1},

where G = [1"61 _2] and I, is n x n identity matrix. We write an orthogonal n X n dual

matrix A in the block form as

where a,,,, # 0. Since a,,, # 0, then two sets can be written as
X = {4 € SO(n)|a,, # 0},

Y ={A e sO(n—1,1)|a,, # 0}.
Now, f dual transformation can be defined as below

f:X->7Y
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L ann(g_l)T é . (12)

See [2].

By using f dual transformation which is given in [1], we defined the dual
transformation between Galilean and pseudo-Galilean spaces in [6].

Theorem 2.15. Let A € G™ given by

A1n
A* — A H i
An-1n
0 0 1
where A € SO(n —1).
g defines a dual transformation,
g:G" - G
A1in
Av g(Ad)=B= (4 C (13)
An-1n

where f is the dual transformation given in Eq. (11), thus f(4) € SO(n — 2,1).

In the following, we give the dual transformation between dual Galilean space G™ and
dual pseudo-Galilean space 5}\1 (See [6]).

Theorem 2.16. Let A € G™ given by

where A € SO(n — 1).

g defines a dual transformation,

9:G" > GT
ain
hogh=5=| A | (14)
An—1n
0 0 1

where f is the dual transformation given in Eq. (12), thus f(4) € SO(n — 2,1).
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3. GALILEAN ORTHOGONAL MATRICES IN 6% AND G3

In this section, we acquire Galilean orthogonal matrices in G> and G; with the help of
a unit quaternion q = x, + x40 + x,j + x3k. In other words, we will give the new
representation of pseudo-Galilean matrix in G7 obtained by using a unit real quaternion.

Theorem 3.1. Let Q € G® given by

a Xo —X1 —X; —X3 a
|[ b ]| [xl Xg —X3 Xp b]
0= Q c =[x x3 Xg —X1 C
d X3 —X2 X xo d

lo 0 1 } lo o o o 1]

where Q € SO(4) corresponds to a unit quaternion q = (x,, X1, x5, X3) Which is given in
Eq.(1).

h defines a dual transformation,

h:G5 - G}
a
[ o1
Q- h(Q) =0 = (@) c | (15)
d
lo 0 1]
x& + x3 —XgX] — XpX3 —XoXy + X1X3 —X3 |
X0 X0 Xo Xo ¢
XoX; — XpX3 X3 + x5 —XoX3 — X Xy Xy
X0 X0 Xo x_o b
— |Xoxy + X1X3  XgX3 — X1 X, x2 + x? o (16)
X0 X0 X0 X0
—X3 X —X 1
X X 3 %o
0 0 0 0 1

where f is the dual transformation given in Eq. (11), therefore f(Q) € SO(3,1).

Proof: his a dual transformation, since it satisfies

h?(Q) = h(h(Q))

=h(Q), f*=1id.
=0
h? = id.
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We will give an example by using h dual transformation and a unit real quaternion.

Example 1. Letq = (%, - \/—% 0, \/—g) a unit real quaternion can be expressed by the matrix Q
as follows
11 1 7
— = 0 —-— =2
V3 3 V3
1 1 1
-—— = -——= 0 -1
V3 V3 V3
i=| 0o = L L
V3 V3 V3
1 1 1
— 0 —-—— — 0
V3 V3 3
0 0 0 0 1

Applying the h dual transformation to the matrix Q, we obtain the pseudo-Galilean
matrix h(Q) = Q,, as below

-2 1 1 A
V3 V3 3
1 1 1
-—— = = 0 -1
~ V3 V3 3
0,=1 1 1 212.
V3 V3 3
-1 0 1 V3 0
0 0 0 0 1

So far, Galilean orthogonal matrices have been obtained using quaternions. These
matrices produce Galilelan motions in Galilean spaces. When Galilean motions are refered,
shear motions come to mind first. We now investigate the invariance of the plane where the
shear motion is acting in Galilean and pseudo-Galilean spaces.

Theorem 3.2. Let h is a dual transformation given by
h:G® - G}
[

Q ~ h(Q)=0Q = | f@ | (17)

|

where f is the dual transformation given in Eqg. (11) and consequently f(4) € SO(3,1). h
leaves invariant the plane where the shear motion is acting.

QO o Q

0o .. 0

Proof: Since the shear motion is the same in Galilean and pseudo-Galilelan space (see Eq.(6)
and Eq.(7)), then the plane where the shear motion is acting left invariant under h dual
transformation.
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4. GALILEAN ORTHOGONAL MATRICES IN G* AND G}

In this section, we obtain Galilean orthogonal matrices in G* and G;. We provide an
application by using 3D rotation matrix corresponds to a unit real quaternion g = xo + x4i +
x,j + x3k. So, we will give the new representation of pseudo-Galilean matrix in G; acquired
by using a unit real quaternion.

First, we use the matrix R in Eq. (2.2) in order to obtain R € G* as follows

R =

x% + x% —x3 —x2
2x1%5 + 2x3%g
2x1x3 - 2xe0

0

—2x0X3 + 2X1x2
x& — x% + x5 — x5

2x1Xg + 2x,%3
0

2x0%xy + 2x1%3
2x2x3 - lexo

x% — x? —x% +x2

0

= a0 o Q

Then, we apply g dual transformation to R in order to acquire the matrix f(R) given

by

fR) =

(x2 — x? + x2 — x32

—2X1Xy — 2X3X

2XogXy + 2x1X3

2 _ 2 _ .2 2
Xy — X7 — X5 +x3

2X9X3 — 2X1%5

2 _ 2 _ 2 2
Xy —xy — x5 +x3

x2 +x? —x% — x5

2 _ 2 _ 2
Xy — X7 — x5 +x3

2x5%3 — 2X1Xg

2

2 2 2 2
X5 —X] — X5 + X3

_2x1x3 + 2x2x0

2 2 2 2
X5 — X1 — X5 + X3

_lexO - zxe3

2 2 2

1

2

2 2 2
X5 —X] — X5 + X3

2
0

2 2 2 2
Xg —X{ — X5 +Xx3

0

2 2 2 2
Xg —X{ — X5 + X3

0

where x3 — x? — x2 + x2 # 0. It can be seen that f(R) € G;. Therefore, f(R) is the new
representation of pseudo-Galilean matrix obtained by using a unit real quaternion.

Example 2. Let us take the quaternion curve a(s) = (ay(s), a1(s), az(s), az(s)) =

(% sin(s),0, cos(s),%sin(s)). We can represent the Galilean matrix R as

o))

1
§sin(s)2 — cos(s)?

2. 5
3 sin(s)

V3

sin(s) cos(s)

0

== sin(s)?

1
§sin(5)2 + cos(s)?

2
—sin(s) cos(s)

V3
0

2V2
——sin(s) cos(s)

V3

2
—sin(s) cos(s)

V3
sin(s)? — cos(s)?

0

1

-1

where aq(s)? — a;(s)? — a,(s)? + az(s)?> # 0. We can also write the pseudo-Galilean
matrix f(R) as follows
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sin(s)? + cos(s)? —2+/2sin(s)? 2v/2 sin(s) cos(s)
3(sin(s)? — cos(s)?)) 3(sin(s)? — cos(s)?)) V3(sin(s)? — cos(s)?2))
2v/2sin(s)? sin(s)? — cos(s)? 2v/3 sin(s) cos(s)
f(R) =| 3(sin(s)? — cos(s)?)) 3(sin(s)? — cos(s)?)) 3(sin(s)? — cos(s)z))) -1 )
2+/2 sin(s) cos(s) —2sin(s) cos(s) 1 5
V3(sin(s)2 — cos(s)2))  V3(sin(s)? — cos(s)?)) sin(s)? — cos(s)?
0 0 0 1

where @y (s)? — a;(s)? — ay(s)? + az(s)? # 0.

5. DUAL GALILEAN ORTHOGONAL MATRICES IN G> AND 6?

In this section, we will define a dual transformation to obtain dual pseudo-Galilean
matrix from a matrix corresponds a unit dual quaternion § = x, + ;i + Xx,j + X3k.

Theorem 5.1. Let § € GS given by

Qv
Oy

lo

where Q € SO(4) corresponds to a unit quaternion §

a Xo —X1
b X1 Xo
¢ |=|x X3
d X3 X2
o 1l lo o

hp defines a dual transformation,

—X; —X3 a
~% % b
Xo —X ¢
o % d
0 0 1

5
hp: G5 = G;
[ aj
. . .| @ b
Qe hp(Q) =0 = | ¢ |, (18)
d
lo 0o 1]
[ X0+ T KoKy — Xz X%y + X% —X3
— — — — a
Xo Xo X0 Xo
NN — 6% T+ % G- N% % ;
X Xo Xo Xo
o~ o~ —~2 —~2 —~
=[XoXy + X1X3 XgX3 — XXy xXo  +xq —Xq e b (19)
Xo Xo Xo Xo
) %2 2 1 5
Xo Xo Xo Xo
0 0 0 0 1
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here £ is the dual transformation expressed in Eq. (2.12), thence £(Q) € SO(3,1).
Proof: hj is a dual transformation, since it satisfies
h3(Q) = hp(hp(Q))

= hp(Qg), f2=id.

Il
Qv

h? = id.
6. DUAL GALILEAN ORTHOGONAL MATRICES IN G* AND G*

We can provide an application by using the dual matrix corresponds to a unit dual
quaternion § = x, + X;i + x5j + X3k given in Eq. (2.3). We will give the new representation
of dual pseudo-Galilean matrix in G obtained by using a unit dual quaternion.

First, we use the matrix R in Eq. (2.4). in order to obtain R € G* as follows

Yol +E X =% 28X+ 2%0%; 2XoX; + 2%, %3 a

B 24Xt 2%% Yoo =X AE =X 2% — 2%i%, b
2%1%3 — 2% X 2% % + 2%, X3 n-m -G+ ¢

0 0 0 1

Thus, we apply g dual transformation to Rto get the matrix f(ﬁ) given by

r—2 —2 —~2 —~2 o~ o~ o~ o~ .
Xo —X{ +X3° —X3 —2%1%; — 2X3%, 2Xogx; + 2X1X3 R
a
—~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 =2 —~2 —2 —~2
Xg =X — X"+ X3 O S N %) Xo =X — X" + X3
e~ o~ —~2 —~2 —~2 —~2 o~ o~
. 2XgX3 — 2X{X; Xo +x17 — X" — X3 2X5;%3 — 2X1X, 5
= | =2 =2 =2 =2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2
f(R) xo — X1 — Xy + X3 xO — X1 — X + X3 xO — X1 — X + X3 4
—2X,X3 + 2X,%, —2X1Xg — 2X,%3 1 R
—~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 —~2 ¢
Xg  —X{ — X3 +Xx3 Xg —X{ — X3 +Xx3 Xo —X{ — X3 +Xx3
B 0 0 0 1]

where %% — %2 — %,° + %3° # 0.
Example 3. Let @(s) = (@, (s), @, (s), ay(s) + az(s)) = (% sin($),0, cos(§),\/i§sin(§)) be

a dual quaternion curve corresponds to the dual orthogonal matrix R for § = s + €. We can
represent the dual Galilean matrix as follows
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1 -2v2 2v2 ]
gsinz(s +€) —cos?(s + €) sin?(s + €) fsin(s +e)cos(s+e) 1+e
2 1 2
B gsinz(s +¢€) §sin2(s +€) + cos?(s + €) ﬁsin(s +€)cos(s +€) —€
V2 sin(s + €) cos(s + €) isin(s +¢€)cos(s +€) sin?(s + €) —cos?(s +€) V2+e¢
V3 V3
| 0 0 0 1

where @,(s)% — @,(s)? — @,(s)? + @5(s)? # 0. Next, we write the dual pseudo-
Galilean matrix f(R) as below

sin?(s + €) + cos?(s + €) —2+/2sin%(s + €) 22 sin(s + €) cos(s + €) lte
3(sin2(s + €) —cos2(s +€))  3(sin2(s + €) — cos?(s + ¢€)) V3(sin2(s + €) — cos?(s + €))
2v/2sin(s)? sin?(s + €) — cos?(s + €) 2v/3sin(s + €) cos(s + €)
f (ﬁ) = 3(sin(s)? — cos(s)?)) 3(sin2(s + €) — cos2(s + €)) 3(sin2(s + €) — cos2(s + €)) ¢
22 sin(s + €) cos(s + €) —2sin(s + €) cos(s + €) 1 Vi+e
V3(sin2(s + €) — cos?(s +€))  V3(sin2(s + €) — cos2(s + €)) sin?(s + €) — cos?(s + €)
0 0 0 1

7. APPLICATIONS

In this section, we do applications and draw their figures to explore visual
representations. h dual transformation leaves invariant the hyperplane H, which is z = 1.
Hence, we give examples by taking a unit quaternion curve a(t) € S3.

Example 4. Let us take a unit quaternion curve a(t) = (aq(t), a.(t), a,(t), as(t)) =
(%cos(t),%cos(t),o,sin(t)) in the hyperplane H, which can be represented by the

Galilean orthogonal matrix R as follows

[ cos(t)? —sin(t)? —v2cos(t)sin(t) V2 cos(t) sin(t) t? ]

A= V2 cos(t) sin(t) —sin(t)? —cos(t)? sin(t)
[\/ﬁ cos(t) sin(t) cos(t)? sin(t)? cos(t)"
0 0 0 1

where a,(£)? — a;(t)? — a,(t)? + a3(t)? # 0. Let us go through with obtaining surfaces
from Galilean matrices by multiplying ¢(s) = (cos(s),0, sin(s),1). First, we obtain a surface
from Galilean orthogonal matrix R by multiplying ¢ (s).

The elements of matrix R.¢(s) can be represented by a surface M; = W(t,s) =
((cos(t)? — sin(t)?)cos(s) + V2sin(t)cos(t)sin(s) + t2,v2sin(t)cos(t)cos(s) —
cos(t)?sin(s) + sin(t), vV2sin(t)cos(t)cos(s) + sin(t)?sin(s) + cos(t)) in the hyperplane
H. See Fig. 1.
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Figure 1. The surface M,

Second, we can examine the pseudo-Galilean orthogonal matrix f(R) with the help of
h dual transformation as we did in the previous sections of this paper. The elements of matrix

f(R).¢(s) can be represented by a surface M, = W(t,s) = (—cos(s) +‘EC°$():;“(5)+
2 V2cos(t)cos(s)  cos(t)?sin(s) . —V2cos(t)cos(s) _ sin(s)
’ sin(t) sin(t)2 +sin(t),

sin(t) sin(t)?

+ cos(t)).

See Fig. 2.

Figure 2. The surface 'Mz

Example 5. Let us take a unit quaternion curve a(t) = (ay(t), a1 (t), ax(t), az(t)) =
1 1 1 . 1. - . . .o~
(\/—§ cos(t),ﬁ,\/—gsm(t),ﬁ) in H. Therefore, we can write the Galilean orthogonal matrix R

as follows

r 1 -2 2 2 2 ]
3 (cos(t)? — sin(t)?) ?cos(t) + §sin(t) gcos(t) sin(t) + 3 cos(t)
2 0s(8) + 2sint)  —sin(6)? +—cos(t) — = —Zcos(t) + Zsin(e) ¢
R=| 308 7 Sin 3 sin(t) 3 cos(t) 3 3 cos 7 sin
2 _ 2 2 2 1 _ _
i cos(t) sin(t) + § A cos(t) + 3 sin(t) 3 (cos(t)? —sin(t)?) sin(t)
0 0 0 1

where a,(t)? — a;(t)? — a,(t)? + a5(t)? # 0. Then, we get the pseudo-Galilean orthogonal
matrix f(R) by using the h dual transformation. After, we obtain a surface from Galilean
orthogonal matrix R by multiplying ¢(s) = (cos(s),0, sin(s),1).

The elements of matrix R.¢(s) can be represented by a surface M; = W(t,s) =
(é (cos(t)? — sin(t)?)cos(s) + g (cos(t)sin(t) + 1)sin(s) + cos(t),%(cos(t) +
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sin(t))cos(s) + = (sin(t) — cos(t))sin(s) + t,= (1 — cos(t)sin(t))cos(s) + 3 (cos(t)? -
sin(t)?)sin(s) + sin(t)) in the hyperplane H. See Fig. 3.

Figure 3. The surface M5

Next, we obtain a surface from f(R) by multiplying ¢ (s). With a similar method, we
can express the surface as

_ _ —cos(s) 2(cos(t)sin(t)+1)sin(s) 2(cos(t)—sin(t))cos(s)
M, =¥(t,s) = (cos(t)z—sin(t)z cos(t)2-sin(t)? + cos(®), cos(t)2-sin(t)? *
2(sin(t)—cos(t))sin(s) 2(cos(t)sin(t)—1)cos(s) 3sin(s) . .
cos(t)2—sin(t)? ’ cos(t)2—sin(t)? cos(t)2—sin(t)?2 + sin(t). See Fig. 4.

Figure 4. The surface M,

CONCLUSIONS

We obtained surfaces M,, M,, M5 and M, in H with the help of a unit quaternion in
$3. Drawing these figures allowed us to visualize the applications. We have defined dual
transformations in Galilean and pseudo-Galilean spaces with the help of unit quaternions.
Through these visuals, we have the opportunity to compare the surfaces drawn with the help
of these motions in both spaces. If we examine the figures in the examples carefully, we can
imagine the figures obtained in pseudo-Galilean spaces as the more opened forms of those
obtained in Galilean spaces. In our previous studies (see [2] and [3]), we compared the images
we obtained in Euclidean space and Lorentz space. We have also captured similar views in
Galilean and pseudo-Galilean spaces and considered it appropriate to include them in this
study.
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