Journal of Science and Arts Volume 22, Issue 1, pp. 63-90, 2022

ORIGINAL PAPER

A STUDY ON BINOMIAL TRANSFORM OF THE GENERALIZED
PADOVAN SEQUENCE

YUKSEL SOYKAN?, ERKAN TASDEMIR?, INCI OKUMUS?®

Manuscript received: 09.11.2021; Accepted paper: 03.03.2022;
Published online: 30.03.2022.

Abstract. In this paper, we define the binomial transform of the generalized Padovan
sequence and as special cases, the binomial transform of the Padovan, Perrin, Padovan-
Perrin, modified Padovan, adjusted Padovan sequences will be introduced. We investigate
their properties in details.
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1. INTRODUCTION AND PRELIMINARIES

The sequence of Fibonacci numbers {F,} is defined by
FTL = Fn—l + Fn_z,n > Z,FO = 0,F1 =1.

Fibonacci numbers has delighted mathematicians and amateurs alike for centuries with
their beauty and over the past centuries, there has been a strong interest in the research related
to Fibonacci sequence. It is well known that Fibonacci sequence and its generalizations play
an important role in many research area such as mathematics, physics, computer science,
biology, statistics, engineering, architecture, nature and art.

In this paper, we introduce the binomial transform of the generalized Padovan
sequence and we investigate, in detail, five special cases which we call them the binomial
transform of the Padovan, Perrin, Padovan-Perrin, modified Padovan, adjusted Padovan
sequences. We investigate their properties in the next sections. In this section, we present
some properties of the generalized Tribonacci sequence which is a generalization of Fibonacci
sequence.

The generalized Tribonacci sequence

{Wn(WO' Wlf WZ; r,s, t)}nZO
(or shortly {W},},,50) is defined as follows:

W, =1W,_q +sW,_, +tW,_5, Wy=a W, =bW,=c,n=3 1)
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64 A study on binomial transform of ... Yuksel Soykan et al.

where W, W, W, are arbitrary complex (or real) numbers and r,s,t are real numbers.
This sequence has been studied by many authors, see for example [1-13].
The sequence {W, },,so can be extended to negative subscripts by defining

S T 1
W_, = _EW—(n—l) - EW—(n—Z) + ?W—(n—3)

forn = 1,2,3,... when t # 0. Therefore, recurrence (1) holds for all integer n.
As {IW, } is a third order recurrence sequence (difference equation), it’s characteristic
equation is

x3—rx?—sx—t=0 (2)

whose roots are
r
a=a(r,s,t) =§+A+B,

r
B =pB(r,s,t) =§+wA+w2B,
T
y =y(,s,t) =§+w2A+wB

where

1
r3 rs t 3
A=<—+—+—+\/Z> ,

27 6 2

5 1

r rs t 3
B=(ﬁ+z+§‘“>'

r3t r?s? rst s3 t?

A=As =71t " T A
_—1+iV3 (2ni>
w = > = exp 3

Note that we have the following identities

at+p+y=r,
aff +ay + By = —s,
afy =t.

If A(r,s,t) > 0, then the Equ. (2) has one real (a) and two non-real solutions with the
latter being conjugate complex. So, in this case, it is well known that the generalized
Tribonacci numbers can be expressed, for all integers n, using Binet’s formula

B p1a” p2B" p3y"
N R MR S M T AT )

Wh

where
p1 =W, — (B + )W, + ByW,,
p2 =W, — (a +y)Wy + ayW,,
p3 = W, — (a + f)W; + afW,.

(3) can be written in the following form:
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WTL = Alan + Azﬁn + A3yn
where
W, — (B +y)W; + ByW,
(a=B)(a—vy) '
Wy, — (a +y)W; + ayW,

L= oE-pn
A = W, — (a + )W, + afW,
o

Y- -8

Note that the Binet form of a sequence satisfying (2) for non-negative integers is valid
for all integers n, for a proof of this result see [14]. This result of Howard and Saidak [14] is
even true in the case of higher-order recurrence relations.

Next, we give the ordinary generating function .7, W, x™ of the sequence W,.

A1:

Lemma 1. [11] Suppose that fy, (x) = X3~ W,x™ is the ordinary generating function of the
generalized Tribonacci sequence) {W,,},.»0- Then, Yo, W,x™ is given by

(4)

= Wy + (Wy — 1Wo)x + (W, — rW, — sWp)x?

Z W,x™ = .
. 1—rx—sx?—tx3

n=

We next find Binet’s formula of the generalized Tribonacci sequence {W,,} by the use
of generating function for W,.

Theorem 1. [11] (Binet’s formula of the generalized Tribonacci numbers) For all integers n,
we have

aTL n n
q1 q2B N qzy 5)

@ mEn T FoE- 1 oo B
where

ql = Woaz + (Wl - TWO)a + (WZ - TW1 - SWo),
q2 = WoB? + (Wy —rWo)B + (W, — W, — sWp),
qz = Woy? + (Wy — rWo)y + (W, — rWy — sWp).

Note that from (3) and (5) we have
W, = (B + V)W + ByWy = Woa® + (Wy — rWo)a + (W, — W, — sWp),
W, — (@ + Y)Wy + ayW, = WoB2 + (Wy —rWp)B + (W, — rWy — sW),
W2 - (af + ﬁ)Wl + a’BWO = Woyz + (W1 - TWo)]/ + (WZ - TWl _— SWO).

In this paper, we consider the case r =0, s =t = 1 and in this case we write V,, =
W,. So, the generalized Padovan sequence {V;},s0 = {Vu(Vo, V1, V2)}nso 1S defined by the
third-order recurrence relations

Vo =Vaa + Vi3 (6)

with the initial values V, = ¢,, V; = ¢;1,V, = ¢, not all being zero.
The sequence {V;,},,50 can be extended to negative subscripts by defining
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Vo ==V_tn-1) + V_n-3)

forn = 1,2,3,.... Therefore, recurrence (6) holds for all integer n.
(3) can be used to obtain Binet’s formula of generalized Padovan numbers. Binet’s
formula of generalized Padovan numbers can be given as

b= e T TP
where
p1=Vo = B+ VIV + ByVy =Voa? +Via + (Vo — V) = qu, (7
p2=Vo—(a+y)Vi+ayVy =VoB2+Vif+ (Vo —Vy) = qa, (8)
pz =Vo — (a+ By +aBVy =Voy? + Viy + (Vo = Vp) = g5 )

Here, a, f and y are the roots of the cubic equation x3 — x — 1 = 0. Moreover

1/3
1 23 3
a= E \/7 ——\/;—8 = 1.324 717 957 24,
1/3
,[1 23

1/3
_ 1 23
h 2T [108 108
where
—-1+iV3
w=—""= exp(2mi/3).
Note that
a+p+y=0,
af +ay + By = —1,
afy = 1.

Now, we present five special cases of the generalized Padovan sequence {V},}.
Padovan sequence {P,}nso, Perrin sequence {E,},»o, Padovan-Perrin sequence {S,}.>o0.
modified Padovan sequence {A,}nso, adjusted Padovan sequence {U,},so are defined,
respectively, by the third-order recurrence relations

Pn+3:Pn+1+Pn,P0 1P1—1P2 1 (10)
Envs = Enyy + En Eo = 3,E; = 0,E, = 2, (1)
Snas = Sner + 5w S0 = 0,5, = 0,5, = 1, (12)
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Apys = Anpr + A Ay = 3,4; = 1,4, = 3, (13)

Un43 = Uny1 +Up, U =0,U; =1,U; = 0. (14)

Note that the case V, =R,, R=1,R,=0,R,=1 (or V,=R,, Ry =0,R; =
1, R, = 0) is called the sequence of the VVan der Laan numbers, in the literature.

The sequences {P,}ns0, {Entnzor {Sninso and {A,}nso Can be extended to negative
subscripts by defining

Py =—P_n_1y + P_n_3)
En=—-E -1y t E_n-3)
S-n==S-(n-1) + S-n-3)
Ay =—A_(n-1) + A_(n-3),
U n=— _U—(n—l) + U—(Tl—3)'

forn = 1,2,3,... respectively. Therefore, recurrences (10)-(14) hold for all integer n.

For more details on the generalized Padovan numbers, see Soykan [15]. For all
integers n, Padovan, Perrin, Padovan-Perrin, modified Padovan, adjusted Padovan numbers
(using initial conditions in (7)-(9)) can be expressed using Binet’s formulas as

aTL+4- BTL+4 n+4

_ |4
= (a—ﬁ)(a—y) (ﬁ—a)(ﬁ )/) ()f—a)(y—ﬁ)'
E,=a™+p"+y",

S _ an ﬁn yn
" (a—ﬁ)(a—)/) B—-—a)(B~-v) (V—a)()/—ﬁ)’
_ Ba+ Da™! N (36 + 1)pntt N (3y + Dy"*?
"T@=-Bfa-r) B-a)B-v) - -8
U = an+1 'Bn+ yn+1
" (a—ﬁ)(a—y) B-—a)(B~-v) (V—a)()/—ﬁ)'
respectively, see, Soykan [15] for more details.

Next, we give the ordinary generating function ;. V;,x™ of the generalized Padovan
sequence V;, (see, Soykan [15] for more details.).

Lemma 2. Suppose that f, (x) = Y=o Vux™ is the ordinary generating function of the
generalized Padovan sequence {V, },,»0- Then, Yo, V,x™ is given by

- Vo + Vix + (Vy — Vy)x?
Zann 0 1 (V2 0) (15)

1—x2—x3
n=0

Proof: Taker =0,s =t =1 in Lemma 1.
The previous lemma gives the following results as particular examples.

Corollary 1. Generating functions of Padovan, Perrin, Padovan-Perrin modified Padovan and
adjusted Padovan numbers are

co

z 1+x
T1—x2—x?

n=0

ISSN: 1844 — 9581 Mathematics Section



68 A study on binomial transform of ... Yuksel Soykan et al.

ZAxn— 3+x
n 1—x2—x%

n —
ZU"x _1—x2—x3'
n=0

respectively.
2. BINOMIAL TRANSFORM OF THE GENERALIZED PADOVAN SEQUENCE V,,

In [16, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence
of numbers (a,,), its binomial transform (&,,) may be defined by the rule

~ n o : n —ia
an = 2o (i ) a;, with inversion a, = Y-, (i ) (-D"a;,
or, in the symmetric version
N n (M i+1 I - i+l
an, = Di=o (i ) (—=1)'*'a;, withinversion a, =YL, ( )( 1)
For more information on binomial transform, see, for example [17-20] and references
therein. In this section, we define the binomial transform of the generalized Padovan sequence

I, and as special cases the binomial transform of the Padovan, Perrin, Padovan-Perrin,
modified Padovan, adjusted Padovan sequences will be introduced.

Definition 1. The binomial transform of the generalized Padovan sequence V,, is defined by

b, = (12) V, = Vo + 2V, + V.

i=

(=]

Translated to matrix language, b,, has the nice (lower-triangular matrix) form
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Vo
(v

4
)

As special cases of b, = 1, the binomial transforms of the Padovan, Perrin, Padovan-
Perrin, modified Padovan, adjusted Padovan sequences are defined as follows: The binomial
transform of the Padovan sequence P, is

N N =Y
TR WN R O
T WR oo
TR R OO O
TR OoOO0O0O

/_
NN
S~—

Il
—
A

Lemma 3. For n > 0, the binomial transform of the generalized Padovan sequence V},
satisfies the following relation:

buia = > (1) Wi+ Vi,

i=0

Proof: We use the following well-known identity:

=+
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Note also that
(67 =(6)=1and (5, 1) =0

Then
n+1
n+1
bn+1=VO+Z (i )Vi
rllj-ll n+1

n i=1 n i=0
503 (e
i= i=
n
= (:l) Vi + Viga).

This completes the Proof:

Remark 1. From the last Lemma, we see that

n
n
bpi1 = by + z (i ) Visr-
i=0
The following theorem gives recurrent relations of the binomial transform of the

generalized Padovan sequence.

Theorem 2. For n = 0, the binomial transform of the generalized Padovan sequence 1,
satisfies the following recurrence relation:

bp+z = 3bpia — 2bpyq + by (16)
Proof: To show (16), writing
bpiz =11 X bpiy + 51 X bpyg + 1t X by
and taking the values n = 0,1,2 and then solving the system of equations
b3=T1><b2+51><b1+t1><b0
b4:r1><b3+51><b2+t1><b1
b5=T1Xb4+51Xb3+t1Xb2

we find thatr; = 3,5, = =2,t; = 1.
The sequence {b,, },,>o can be extended to negative subscripts by defining

b_n=2b_n41 —3b_pi2+ b py3

forn = 1,2,3,.... Therefore, recurrence (16) holds for all integer n.
Note that the recurence relation (16) is independent from initial values. So,

WWW.josa.ro Mathematics Section



A study on binomial transform of ...

Yuksel Soykan et al. 71

and

fn+3 = 3fn+2 - ZEn+1 + En,
]En+3 = 3],5:\n+2 - 2/E::r1+1 + Pn:
§n+3 = 3§n+2 - 2’S\r1+1 + S’p:
Ant+s = 3Ani2 — 2Ap41 Ay,

_~

Untz = Sﬁn+2 - Zﬁn+1 + ﬁn'

?—n = 2Pi—n+1 - 3é—n+2 + P:\—n+3f
E:\—n = 2E/\—n+1 - 3EA'—1*L+2 + g—n+3:
§—n = 2'E'—n+1 - 35:\—n+2 + S:n+3'
A =241 =34 2 +A 443,

-~

Un= 2ﬁ—n+1 - 3ﬁ—n+2 + ﬁ—n+3-

The first few terms of the binomial transform of the generalized Padovan sequence
with positive subscript and negative subscript are given in the following Table 1.

Table 1. A few binomial transform (terms) of the generalized Padovan sequence.

n b, b_,

0 Vo

1 Vo + V4 v, -V,

2 Vo + 2V, + V, 2V, — V, — 2V,

3 2V, + 4V, + 3V, V, — 3V, + 1,

4 5V, + 9V, + 7V, 4V, — 3V,

5 12V, + 21V, + 16V, 7V, + 4V, — 7V,

6 28V, + 49V, + 37V, 11V, — 3V, — 4V,

7 65V, + 114V, + 86V, V, — 14V, + 10V,

8 151V, + 265V, + 200V, 25V, — 15V, — 24V,
9 351V, + 616V, + 465V, 9V, — 40V, + 16V,
10 816V, + 1432V, + 1081V, 49V, — 7V, — 33V,
11 1897V, + 3329V, + 2513V, 82V, + 56V, — 89V,
12 4410V, + 7739V, + 5842V, 145V, — 26V, — 63V,
13 10 252V, + 17991V, + 13 581V, 37Vy — 171V, + 108V,

The first few terms of the binomial transform numbers of the Padovan, Perrin,
Padovan-Perrin, modified Padovan, adjusted Padovan sequences with positive subscript and
negative subscript are given in the following Table 2.

Table 2. A few binomial transform (terms).

n 0|1 2 3 4 5 6 7 8 9 10
P, 1| 2] 4 9 | 21 | 49 | 114 | 265 | 616 | 1432 | 3329
p . 0| -1 | -1 1 4 4 | =3 | —-14 | -15 9
E, 3|/ 3] 5 12 | 29 | 68 | 158 | 367 | 853 | 1983 | 4610

E_, 2| =2 | -7| -6 7 25 | 23 | —-22 | -88 —87

Sy 0| 0] 1 3 7 | 16 | 37 | 86 | 200 | 465 1081
S_ 1] 2 1 | =3 | =7 | —4 | 10 25 16 —33
A, 3| 4| 8 | 19 | 45 | 105 | 244 | 567 | 1318 | 3064 | 7123
A_. 2| -1| -5 -5| 4 | 18 | 19 | —-12 | —63 —-71
U, 0| 1| 2 4 9 | 21 | 49 | 114| 265 | 616 | 1432
U_, -1 -1 | 1 4 4 | -3 | —-14| —15 9 49

ISSN: 1844 — 9581
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(3) can be used to obtain Binet’s formula of the binomial transform of generalized
Padovan numbers. Binet’s formula of the binomial transform of generalized Padovan numbers
can be given as

c, 07 207 c360%

o = 0, =60 = 05) T 05— 6.)(0,—05) (65— 01)(65 — 63

(17)
where

Cl = b2 - (92 + Hg)bl + 6263b0 = (Vo + 2V1 + Vz) - (92 + 63)(VO + Vl) + 9293]/0,
Cy, = bz - (91 + 63)b1 + 9193b0 = (VO + 2V1 + Vz) - (01 + 93)(V0 + Vl) + 0193V0,
C3 = bz - (91 + 92)b1 + 9192190 = (VO + 2V1 + Vz) - (01 + 92)(VO + Vl) + 0192]/0.

Here, 6;, 6, and 65 are the roots of the cubic equation x3 —3x% +2x —1 = 0.
Moreover,

N CE R AN CER AN
1= 18 18 ’
R N LR
2= 2T @73 “\ " 18 ’
o1y (0T8O (9-VE9)”
3T AT 18 “\" 18 ’
where
—1+iV3
w=—"= exp(2mi/3).
Note that

91 + 62 + 93 = 3,
9192 + 0193 + 0203 = 2,
010203 = 1.

For all integers n, (Binet’s formulas of) binomial transforms of Padovan , Perrin,
Padovan-Perrin, modified Padovan, adjusted Padovan numbers (using initial conditions in
(17)) can be expressed using Binet’s formulas as

(202 —20, + DOTT (207 — 20, + 1DOFT (267 — 205 + 1)67
" (6= 602)(61 - 63) (62— 6,)(6; — 65) (65— 6,)(03 —0;) ’
E,=061+6}+ 0%,

- or X oi N or
Y01 6)(01—65) (6, —6,)(02—63) (83— 6,)(65—6;)’
1 _ (407 =46, +3)0171 (407 — 40, +3)07" (463 — 40, + 363~
" (6= 6,)(61 - 63) (62 — 01)(62 — 63) (65— 6,)(03 —0,) ’
0 = (=1+6,)67 (—1+6,)6; (—1+65)63
" (01— 62)(01—65) (62— 6,)(0,—63) (83— 6,)(65 — 67)

respectively.
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3. GENERATING FUNCTIONS AND OBTAINING BINET FORMULA OF
BINOMIAL TRANSFORM FROM GENERATING FUNCTION

The generating function of the binomial transform of the generalized Padovan
sequence V, is a power series centered at the origin whose coefficients are the binomial
transform of the generalized Padovan sequence. Next, we give the ordinary generating
function f;, (x) = X5-o byx™ of the sequence b;,.

Lemma 4. Suppose that f;, (x) = Xp=o bpx™ is the ordinary generating function of the
binomial transform of the Padovan sequence {V,,},,>o. Then, f, (x) is given by

Vo + (Vy — 2V)x + (V, — V) x?

(18)
1—3x+2x%2—x3

fbn(x) =
Proof: Using Lemma 1, we obtain

_ by + (by —11bo)x + (b, — r1by — S1bg)x?
Jon () = 1—rx — s;x2 — tyx3
_ VO + ((VO + Vl) - 3V0)x + ((VO + 2V1 + Vz) - 3(V0 + Vl) - (_Z)Vo)xz

1—3x+2x2—x3
_ VO + (Vl - ZVO)X + (VZ - Vl)xz

1—3x+2x2—x3

where
by =V,
b, =V, +V;,
b, =V, + 2V, +V,.

Note that P. Barry shows in [21] that if A(x) is the generating function of the sequence
{a,}, then

X
1—x

1
S(x) =m14( )

is the generating function of the sequence {b,,} with b,, = >\7", (?) a;. In our case, since

VO + le + (VZ - Vo)xz

A(x) = R , see(15),
we obtain
2
1 VotV (755)+ - W) (155)
0y
1—x 1—x

_ VO + (V1 - ZVO).X + (VZ - Vl)xz
B 1—3x+2x2—x3 '

The previous lemma gives the following results as particular examples.
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Corollary 2. Generating functions of the binomial transform of the Padovan, Perrin,
Padovan-Perrin, modified Padovan, adjusted Padovan numbers are

1—x
1—3x+2x2 —x%

1
:)
=

S
I

n;O
ZA . 3 — 6x + 2x?
X = )
] n 1—3x 4 2x2 —x3
n=
- x?
D, Sw" = —
4 1—3x+4+2x%—x
n=
Z“i . 3 — 5x + 2x?
X = )
. n 1—3x 4+ 2x2%2 — x3
n=
e 2
U x™= XX
. n 1—3x 4 2x2 —x%
n=

respectively.
We next find Binet’s formula of the Binomial transform of the generalized Padovan

numbers {V,,} by the use of generating function for b,,.

Theorem 3. (Binet’s formula of the Binomial transform of the generalized Padovan numbers)

d, 07 d,07 d,07

19
0 — 0,)(6; — 05) | (0, - 61)(6;— 8;) (85 — 0:)(65 — 6,) 19)

b, =

where
dy = Vobf + (V1 = 2Vp)6, + (V. — V1),
dy = Vo035 + (V1 — 2Vp)0, + (V, = V),
ds = Vo035 + (V1 — 2V)03 + (V, — V3).

Proof: By using Lemma 4, the proof follows from Theorem 1.
Note that from (17) and (19), we have

b, — (6, + 03)by + 6,03by = V07 + (V1 — 2V;)0; + (V2 — V),
by — (61 + 63)by +6103b = V05 + (Vy — 2V)0, + (Vo — V1),
by — (61 + 6;)by + 610, = Vo605 + (Vy — 2V)03 + (Vo — V),
or
(Vo +2Vy +V5) = (6, + 03) (Vo + V1) + 0,03V, = Vob7 + (Vi — 2V)6y + (Vo — V),
(Vo +2Vy +V,) = (61 + 03) (Vo + V1) + 0103V = V65 + (Vy — 2V)0, + (Vo — V1),
(Vo +2Vy +V3) = (61 + 62) (Vo + V1) + 016,V = V05 + (V; — 2V) 03 + (V, — V7).

Note that we can also write

(b + 2by + by) — (8, + 63)(bo + by) + 0,63b9 = bo67 + (by — 2by)60; + (b, — by),
(bo + 2by + by) — (61 + 63)(bo + by) + 01035 = by83 + (by — 2by)0, + (by — by),
(b + 2by + by) — (6, + 6;)(by + by) + 6,0,by = bo63 + (by — 2bo)63 + (b, — by).

Next, using Theorem 3, we present the Binet’s formulas of binomial transform of
Padovan, Perrin, Padovan-Perrin, modified Padovan, adjusted Padovan sequences.
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Corollary 3. Binet’s formulas of binomial transform of Padovan, Perrin, Padovan-Perrin,
modified Padovan, adjusted Padovan sequences are

< (267 —260, + 1)O7! N (207 — 20, + 1)1 N (203 — 205 + 1)63 1
(01 -6)(01—05) (8, —0,)(6; — 65) (05— 6,)(03—0;) ’
E,=0"+63+ 6%,

. o o o}
Sp = + + )
(61 —0,)(6,—63) (62 —01)(0,—65) (63 —06,)(0;—6,)
i (462 — 46, + 3)on1 N (462 — 46, + 3)63 1 N (462 — 46, + 3)01 1
" (6, —65)(61— 63) (62 — 61)(6, — 63) (05— 6,)(03—0,) ’
I e AL (—1+ 6,)6% (—1+ 05)6%

= (61— 62)(6: —03) (6, —6:)(6, —03) (63— 6:)(63—6,)

respectively.

4. SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,},
namely,

Fpy1Fn_1 — Fn2 = (_1)11

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity
(formula) as well. This can be written in the form

Fn+1 Fn
Fn Fn—l

= (-

The following theorem gives generalization of this result to the generalized Padovan
sequence {W,,}.

Theorem 4 (Simson Formula of Generalized Tribonacci Numbers). For all integers n, we
have

Wn+2 Wn+1 Wn WZ Wl WO
Whir Wn Whoq| =t (W Wy Wy (20)
Wn Wn— 1 Wn— 2 WO W_ 1 W_ 2

Proof: (20) is given in Soykan [22].
Taking {W,,} = {b,} in the above theorem and considering b, 43 = 3b,.» — 2b, 41 +
b,, r = 3,s = —2,t = 1, we have the following proposition.

Proposition 1. For all integers n, Simson formula of binomial transforms of generalized
Padovan numbers is given as

bn+2 bn+1 bn bZ bl bO
bny1  bn bp1|=|b1 bg b_|.
bn bn—l bn—z bO b—l b—2
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The previous proposition gives the following results as particular examples.

Corollary 4. For all integers n, Simson formula of binomial transforms of the Padovan,
Perrin, Padovan-Perrin, modified Padovan, adjusted Padovan numbers are given as

Pn+2 ﬁn+1 Pn

pn+1 ﬁn pn—l = -1,
?n ?n—l én—z

Eniz Enyr En

En+1 En En—l = —23,
An En—l En—z

§n+2 §n+1 Sn

§n+1 S‘\n S‘\n—l = -1,
ASAn ?n—l :S:An—z
Anvz Apy1 Ap
An+1 An An—l =-19,
Iflin 1,4}1—1 Iflin—z

Uniz Unyr Un

Un+1 Un Un—l = -1,
An An—l An—z

respectively.

5. SOME IDENTITIES

In this section, we obtain some identities of Padovan, Perrin, Padovan-Perrin,
modified Padovan, adjusted Padovan numbers. First, we can give a few basic relations
between {£,} and {E,,}.

Lemma 5. The following equalities are true:

23P, =5E, .4 — 6E, .3 — 10E,,,, (21)
23P, =9E, .3 — 20E,,, + 5E,,1,

23P, = 7E,., — 13E,,, + 9E,,

23P, =8E, ., —5E, +7E,_4,

23P, = 19E, — 9E,_, + 8E,_,,

and

é n+4 _Algﬁn+3 :I' 12ﬁn+2'
R E, = :Pn+3 +§Pn+1' R

LG = _§Pn+2 + §Pn+1 ~ P,
E,=~— n+1 +A5Pn - ’S\Pn—li
n=2P =Py — Py

Proof: Note that all the identities hold for all integers n. We prove (21). To show (21),
writing
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Po=axE ,+bXE,s+cXE,

and solving the system of equations

P0=aXE4+bXE3+CXE2
P1=aXE'5+bXE4+C><E3
P2=aXE6+bXE5+CXE4

6

we find that a = % b=—-——,c=— g The other equalities can be proved similarly.

23

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {B,} and {S,,}.

Lemma 6. The following equalities are true:

pn = ASn+4 + 3Sn+3 Sn+2'
R Pn n+2 Sn+1'
P, = 25n+1 + 25 + Sn L
n=45 3Sn 1+25n 2

and
) gn == 3ﬁn+4A+ 7ﬁn+3r’\
Sp=—2P, 3+ 6P, — 3P4,
Sy = ﬁ 1 — 2B,
Sp = I3 2P, 1+ P,_,.

Now, we give a few basic relations between {P,} and {4,,}.

Lemma 7. The following equalities are true:

19Pn = 4'An+4» - 3An+3 - 13An+2'
19P, = 94,43 — 214, ., + 44,1,
19P, = 64,,, — 144,,, + 94,
19P, = 44, ., — 34, + 6A,_,,
19P, = 94, — 24,_, + 44, _,,
and
A - 4’Pn+4 13ﬁn+3 + 9ﬁn+2'
A’p = _Pn+3 + Pn+2 + 4Pn+1'
A,=-2P,,,+6P, ., — B,
An =3P, - 2P,_,.

Next, we present a few basic relations between {B,} and {U,,}.

Lemma 8. The following equalities are true:

and
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Now, we give a few basic relations between {E,} and {S,,}.

Lemma 9. The following equalities are true:

EIL - ZASAn+4 + 8ASAn+3 - 7ASAn+2'
E‘CL\ 2Sn+3 3511+2 - 2571+1:
En = 35n+2 65n+1 + 255,
38,41 — 4S5, + SSn L
E,=58,—3S5,_1+3S,_,,
and
23'§n = En+4 8En+3 + 25En+2:
23S, = 11En+3 + 27En+2 Eni1s
23S, = —6E, ., + 21E,,, — 11E,,
23S, =3E, ., +E, —6E,_,,
23S, = 10E,, — 12E,_, + 3E,,_,.

Next, we present a few basic relations between {4,,} and {E,,}.

Lemma 10. The following equalities are true:

19E, = 504,44 — 1234,,,5 + 184, ,,
19E, = 27A,43 — 824,45 + 504,14,
19E, = —A,,, — 44,1 + 274,
19E, = =741 + 294, — 4,_,,
19E, = 84, + 134,_, — 74,_,,
and
234, = 35E,,4 — 88E, 3 + 22E,,,,
234, = 17E,,3 — 48E,,, + 35E,41,
234, =3E,., + B, + 17,
234, = 10E,,, + 11E, + 3E,,_4,
234, = 41E, — 17E,_, + 10E,_,.

Now, we give a few basic relations between {£,} and {U,,}.

Lemma 11. The following equalities are true:

E = _Un+4 + 6Un+2'
E,\ = _3Un+3 + 8Un+2 Un+1'
En = Un+2 + 5Un+1 3Un'
Ep = 20n41 = Up = Upoy,
E,=50,-50,_4 +20,_,,
and
230, = —10E,,,4 + 35E,.3 — 26E,,,,
23(771 = 5E\'n+3 - 6E\'n+2 - 10E\'n+1'
230, = 9E,., — 20E,., + 5E,,
230, = 7E,.1 — 13E, + 9E,_,,
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230, =8E, —5E,_, + 7E,_,.
Next, we present a few basic relations between {S,,} and {4,,}.

Lemma 12. The following equalities are true:

198, = Ayyq — 154,35 + 304, ,,,
198, = —124,,,3 + 284, + A, .1,
198, = —84,.., + 254,,., — 124,
198, = A, + 44, — 84, _,,
198, = 74, —104,,_, + 4,_,,
and

~

A}T\l = _SIL+4 + 5Sn+3 5Sn+2:
AAn = 2SAn+3 3Sn+2 Sn;l—l:
Ap = 38342 — 5Sn+1 + 255,
A, =48,,, —4S, +35,_1,
A, =88, — 55,1+ 45, 5.

Now, we give a few basic relations between {S,,} and {U,,}.

Lemma 13. The following equalities are true:

Sn = A2Un+4 + 6Un+3 3Up+2,
Sn - n+2 2UTL+1'

and
Un = Sn+4 + 25‘n+3 + Sn+2'

ﬁn = Sn+3 + 3Sn+2 Sn+1'
Uy = Spt1 = S,

Next, we present a few basic relations between {4,,} and {T,,}.

Lemma 14. The following equalities are true:

Un+4 + Un+3 + 4Un+2'
AZUn+3 + 6Un+2 Un+1'
A, =30,,,—-20,

A, =70, —60,_, +3U0,_,,

Ap =
Ap =

and
19U, = —134,,,4 + 434,53 — 294, ,,,

19ﬁn = 4An+3 - 3An+2 - 13A‘n+1’
19U, = 94,,, — 214, + 44,
19U, = 6A,,, — 144, + 94,_,,
19U, = 44, — 34,_, + 64,_,.
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6. SUM FORMULAS

6.1. SUMS OF TERMS WITH POSITIVE SUBSCRIPTS

The following proposition presents some formulas of binomial transform of binomial
transform of generalized Padovan numbers with positive subscripts.

Proposition 2. For n > 0, we have the following formulas:
a) Xk=o bk = b{1+3 — 2bpyp — by + 2by.
b) ZZ:O by = ;(3b2n+2 — Sbapy1 + 4byy — 3b; + 5by + 3by).
1

€) Xk=o bak+1 = ;(4b2n+2 — 2byp41 + 3bzn — 4by + 9by — 3by).
Proof: Taker = 3,s = —2,t = 1in Theorem 2.1in[23] (ortakex = 1,r =3,s = -2, t =1
in Theorem 2.1 in [24]).

From the last proposition, we have the following corollary which gives sum formulas

of binomial transform of binomial transform of Padovan numbers (take b, = P, with
PO = 1,p1 =2,P2 :4)

Corollary 5. For n > 0, we have the following formulas:
a) Yoo P = /15?+3 — 2Py42.
b) Y=o Pk = ~(BPansz = SPnyq + 4P, + 1),
~ 1 ~ ~ ~
) Xk=o Pokt+1 = ;(4P2n+2 — 2Py + 3P — 1)

Taking b, = E,, with E, =3,E; =3,E, =5 in the last proposition, we have the
following corollary which presents sum formulas of binomial transform of binomial transform
of Perrin numbers.

Corollary 6. For n > 0, we have the following formulas:

a) Y=o Ex = E1n+3 — 2E, 40 + 1.
b) Xk=o E2x = > (BEansz — SEapyq + 4L, +9).
P 1 A~ - A
€) Xk=o Ezk+1 = > (4Eon42 — 2E2n41 + 3Eon — 2).
From the last proposition, we have the following corollary which gives sum formulas

of binomial transform of binomial transform of Padovan-Perrin numbers (take b,, = S,, with
$p=0,8,=05,=1).

Corollary 7. For n > 0, we have the following formulas:

a) Y=o Sk = 5}1+3 — 28,42 — L.
b) Xk=0 S2k = ;(352n+2 — 58541 + 45, — 3).
~ 1 ~ ~ ~
C) Xk=0 Sak+1 = ;(452n+2 — 285,n41 + 35, — 4).
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Taking b, = A, with A, = 3,4, = 4,4, = 8 in the last proposition, we have the
following corollary which presents sum formulas of binomial transform of binomial transform
of modified Padovan numbers.

Corollary 8. For n = 0, we have the following formulas:
a) Yoo Ak = A1n+3 — 24,45
b) ZZ:O Ay = ;(3A2n+2 — 5Asn41 + 442, +5).
~ 1 ~ ~ ~
C) Yk=o Azk+1 = - (442n42 — 242041 + 342, — 5).
From the last proposition, we have the following corollary which gives sum formulas

of binomial transform of binomial transform of adjusted Padovan numbers (take b, = U,
Wlth UO = 0, ﬁl = 1, ﬁz = 2)

Corollary 9. For n > 0, we have the following properties:

a) ZZ:O ﬁk = ﬁln+3 - 2U\n+2-
b) Xk=0 Uzk = ;(3U2n+2 — 5Uzp4q +4U;, — 1).

~ 1. ~ ~ ~
C) Xk=o Uzk+1 = ;(4U2n+2 — 2Uzp4q1 + 3Uy, + 1).
6.2. SUMS OF TERMS WITH NEGATIVE SUBSCRIPTS

The following proposition presents some formulas of binomial transform of binomial
transform of generalized Padovan numbers with negative subscripts.

Proposition 3. For n > 1, we have the following formulas:

a) Xi=1b_x = _12b—n—1 +b_n-z —b_n-3+by—2Db.
b) Xk=1 b-2k = ~(=4b_2n41 + 9b_zn — 3b_3p—1 + 3b; — 5by — 3by).
1
€) Xk=1 bogk+1 = ~(=3b_2n4+1 + 5b_pn — 4b_3p—1 + 4by — 9y + 3by).

Proof: Take r =3,s = —2,t =1 in Theorem 3.1 in [23] or (or take x =1,r =3,s =
—2,t = 1in Theorem 3.1 in [24]).

From the last proposition, we have the following corollary which gives sum formulas
of binomial transform of binomial transform of Padovan numbers (take b, = P, with
po = 1,p1 =2,P2 =4‘)

Corollary 10. For n > 1, binomial transform of Padovan numbers have the following
properties.

) k=1 P—k = _lzp—n—l + p—n—z - p—n—3-
b) Yk=1 P_2k = ;(—4P—2n+1 +9P_3, —3P_5p1 — 1).
~ 1 ~ ~ ~
C) Xk=1 Pooks1 = ;(—3P—2n+1 + 5P 5, —4P_3, 4 + 1).
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Taking b, = E,, with E, = 3,E;, = 3,E, =5 in the last proposition, we have the
following corollary which presents sum formulas of binomial transform of binomial transform
of Perrin numbers.

Corollary 11. For n =1, binomial transform of Perrin numbers have the following
properties.
a) Y=t E_x = _12E—n—1 +E o, —E ,5—-1
b) Z;cl=1 E_sx = ;(_4E—2n+1 +9E_ 30 —3E_ 31— 9).
~ 1 ~ ~ ~
€) Xk=1 E_ok41 = ;(_BE—2n+1 +5E_3n —4E 31 +2).
From the last proposition, we have the following corollary which gives sum formulas

of binomial transform of binomial transform of Padovan-Perrin numbers (take b,, = S,, with
§0 = O,SAl = 0,§2 = 1)

Corollary 12. For n > 1, binomial transform of Padovan-Perrin numbers have the following
properties.
) Yk=1 g—k = _Zg—n—l + SA—n—Z - g—n—3 + 1

A 1 A A A
b) Yk=1 52k = - (=45 _2n41 + 9520 = 35_2n—1 +3).

A 1 JN A A
C) k=1 S-2k+1 = 2 (=35_2n41 + 5520 = 45_2n-1 + 4).

Taking b, = A, with A, = 3,4, = 4,4, = 8 in the last proposition, we have the

following corollary which presents sum formulas of binomial transform of binomial transform
of modified Padovan numbers.

Corollary 13. For n > 1, binomial transform of modified Padovan numbers have the
following properties.
) Yk=1 A—k = _12‘4—n—1 + A—n—z - A—n—3-
b) Xk=1 A2k = ~(4A_ 241 + 9A4_2n — 3A_3n_1 — 5).
~ 1 A ~ ~
€) Xk=1 A-zk+1 = ~(=34_2n41 + 545 —4A_5n1 +5).
From the last proposition, we have the following corollary which gives sum formulas

of binomial transform of binomial transform of adjusted Padovan numbers (take b,, = U,
with U, = 0,0, = 1,0, = 2).

Corollary 14. For n > 1, binomial transform of adjusted Padovan numbers have the
following properties:

) k=1 ﬁ—k = _12ﬁ—n—1 + ﬁ—n—z —U_p-s.

b) 22:1 U_zk = ;(_4U—2n+1 +9U_3n —3U_3p1 + 1).
—~ 1 —~ —~ —~

C) Z;clzl U—2k+1 = ;(_3U—2n+1 + 5U—2n - 4“U—Zn—l - 1)-

WWW.josa.ro Mathematics Section



A study on binomial transform of ... Yuksel Soykan et al. 83

6.3. SUMS OF SQUARES OF TERMS WITH POSITIVE SUBSCRIPTS

The following proposition presents some formulas of binomial transform of
generalized Padovan numbers with positive subscripts.

Proposition 4. For n > 0, we have the following formulas:

1

a) 271:=0 bl% = = (_b121+3 - 16b721+2 - 8b1%+1 + 8bn+3bn+2 + 2bn+3bn+1 + 6bn+2bn+1 + b% +
16b% + 8b§ - 8b2b1 - 2b2b0 - 6b1b0)

1
b) Z’fé:o bk+1bk = ; (b121+3 - 5b121+2 + b721+1 - bn+3bn+2 + 5bn+3bn+1 - 6bn+2bn+1 - b% +
Sb% - bg + bel - 5b2b0 + 6b1b0)

1
C) Z’fé:o bk+2bk = ; (6b121+3 + 12b721+2 + 6b121+1 - 20bn+3bn+2 + 9bn+3bn+1 -
15bn+2bn+1 - 6b§ - 12b12 - 6bg + 20b2b1 - 9b2b0 + 15b1b0)
Proof: Take x = 1,r = 3,s = —2,t = 1 in Theorem 4.1 in [25], see also [26].

From the last proposition, we have the following Corollary which gives sum formulas
of binomial transform of Padovan numbers (take b,, = B, with P, = 1, P, = 2, P, = 4).

Corollary 15. For n > 0, binomial transform of Padovan numbers have the following
properties:

a) Yoo Pi = %(_P\1%+3 — 16P7,, — 8PF 1 + 8Py 3Ppyy + 2Py 3Py + 6Py 5Py + 4).
b) Xk=o Prs1Pr = %(ﬁﬁw — 5P, 4+ PRy — PoiaPris + 5Py 3Py — 6Py 0Py + 3).

C) ZZ:O ﬁk+2pk = %(6ﬁ1%+3 + 12ﬁ€+2 + 6ﬁr%+1 - 20ﬁn+3ﬁn+2 + 9ﬁn+3ﬁn+1 -

15Pn+2Pn+1 + 4)-

Taking b, = E,, with E; = 3,E; =3,E, =5 in the last Proposition, we have the
following Corollary which presents sum formulas of binomial transform of Perrin numbers.

Corollary 16. For n >0, binomial transform of Perrin numbers have the following
properties:

a) ZZ:O EI% = %(_Eﬁ% - 16E',%+2 - 8E13+1 + 8En+3En+2 + 2En+3En+1 + 6E'n+2En+1 +
37).

b) Y=o Ex+1Ex = %(Erzl+3 —5Ef, + EZ i — EnysBngs + 5Enu3Eny — 6Epy2Enyq +5).
C) ZZ:O Ek+2Ek = %(6E121+3 + 12E721+2 + 6E1%+1 - 20En+3En+2 + 9E'n+3En+1 -
15E45En41 — 12).

From the last proposition, we have the following corollary which gives sum formulas
of binomial transform of Padovan-Perrin numbers (take b, = S,, with S, =0,$; =0,$, =
1).

Corollary 17. For n = 0, binomial transform of Padovan-Perrin numbers have the following
properties:
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a) ZZ:O gl% = %(_§%+3 - 165A1%+2 - 8-§721+1 + 8§n+3§n+2 + 2§n+3‘§n+1 + 6§n+2§n+1 + 1)-
b) ZZ:O SAk+1SAk = %(SArzl+3 - SS?HZ + S‘\1%+1 - §n+3§n+2 + 5§n+3§n+1 - 6~S‘A1‘L+2~S'An+1 - 1)-
C) Y=o Sk+25k =

7 (68743 + 1287, + 65211 = 208n4350+2 + 9Sp43Sns1 = 158n425n11 = 6).

Taking b, = A, with A, = 3,4, = 4,4, = 8 in the last proposition, we have the
following corollary which presents sum formulas of binomial transform of modified Padovan
numbers.

Corollary 18. For n = 0, binomial transform of modified Padovan numbers have the
following properties:

a) ZZ:O A = %(_A?HS - 16‘412”2 - 8‘4121+1 + 8An+3‘4n+2 + 2An+3fin+1 + 6An+2An+1 +
16).
b) X0 Ak+1dr = %(A%H —5AZ%,, + A%y — Api3hniy + 540134000 — 6441240, — 9).
C) ZZ:O Ak+2Ak = %(6‘4121% + 124?&2 + 6A$1+1 - 2Ofin+31‘in+2 + 9“in+3“in+1 -
15An+214n+1 — 26).

From the last proposition, we have the following corollary which gives sum formulas

of binomial transform of adjusted Padovan numbers (take b,, = U, with U, = 0,0, = 1,0, =
2).

Corollary 19. For n > 0, binomial transform of adjusted Padovan numbers have the
following properties:

a) ZZ:O fj,f = %(_Urzws - 16U,%+2 - 8U,%+1 + 8U\n+3Un+2 + 2ﬁn+3Un+1 + 6Un+2fjn+1 +
4).

b) Xk=o Uks1Ux = ;(U7%+3 ~ 5025 + Uiv1 = Uni3Uniz + 5Upu3Uniq — 6Un42 Uiy + 3).
€) Yh=o Ur+2Uk = %(6U7%+3 + 1207245 + 6021 — 200543042 + 9U0p43Unsq —
150n120n41 + 4).

7. MATRICES RELATED WITH BINOMIAL TRANSFORM OF GENERALIZED
PADOVAN NUMBERS

Matrix formulation of W, can be given as

Witz r s t\*"/W;
<W) (1 0 o) <W) @)
W, 0 1 0o/ \W,
For matrix formulation (22), see [27]. In fact, Kalman gave the formula in the
following form

WWW.josa.ro Mathematics Section



A study on binomial transform of ... Yuksel Soykan et al. 85

Wy 0 1 0\" /W,
WTH-Z T S t W2
We define the square matrix A of order 3 as:
3 =2 1
A= (1 0 0)
01 o0
such that detA = 1. From (16) we have
bryo 3 =2 1\ /bnt1
bn+1 =1 O 0 bn
b, 0 1 0/ \byy
and from (22) (or using (23) and induction) we have
by2 3 -2 1\"/b;
b, 01 o0 b,

If we take b, = B, in (23) we have

-~

Pryis 3 —2 1\ /[Pus1
P‘I’H—l :(1 O O) Pn
P, 01 0o/\p _|

For n > 0, we define

S
+
[u
S
|
=

k=0 k=0 k=0 k=0
n n—-1 n-2 n—-1
B, = Z K T2 E k + Z K E K
k=0 k=0 k=0 k=0
n-1 n-2 n-3 n-2
K T2 k + K K

=
1l
o
=
1l
o
=
Il
o
=
Il
o

and

bpy1 —2by + by by
Cn = | bn —2bp_1 + by bpq ).
bn—l —an—z + bn—3 bn—z

By convention, we assume that
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P\T‘)
|
N
M:
P\T‘)
+
PT‘)
M:
PT‘)

(23)

(24)
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Theorem 5. For all integers m,n > 0, we have

a) B, = A™.
b) ClAn = Ancl.
) Cnsm = CnBm = By

Proof: a) Proof can be done by mathematical induction on n.
b) After matrix multiplication, (b) follows.
¢) We have

3 =21 bn _an—l + bn—z bn—l
AC,1 =1 0 0])| bn-1 —2bp—2+by3 by
0 1 0 bTL—Z _an_g + bn_4 bn_3
bpy1 —2by + by by
= | bn —2bp_1 + by bp1 | =0
bn—l —an—z + bn—3 bn—z
i.e. C,, = AC,_,. From the last equation, using induction, we obtain C,, = A""1C,. Now
Cpim = AMTM1C, = AMIA™C, = A 1C,A™ = C,B,,
and similarly
Crntm = BmCh.
Some properties of matrix A™ can be given as
An — 3An—1 _ ZATL—Z + An—3 — ZAn+1 _ 3An+2 + An+3
and
An+m — AnAm — AmAn
and
det(A™") =1
for all integers m,n > 0.

Theorem 6. For m,n > 0, we have

m+1 m m-—1 m
bn+m:bnz pk+bn_1<—zzpk+z pk>+bn—zzpk
k=0

k=0 k=0 k=0
m+1 m m—1
= bTL Z ﬁk + (_an—l + bn_z) Z ﬁk + le—l Z ﬁk'

Proof: From the equation C,,,, = C,B;, = B, C,, We see that an element of C,,,, is the
product of row C,, and a column B,,. From the last equation, we say that an element of C, .,
is the product of a row C,, and column B,,,. We just compare the linear combination of the 2nd
row and 1st column entries of the matrices C,,.,, and C,, B,,,. This completes the Proof:
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Corollary 20. For m,n = 0, we have

3
X
3
A

)
)
)

~

Pn+m

I
()

I
\S}
DI I 1:10 ]
)
L
k‘)

I
S
&
+
S
|
[uy
?:")
+
K")
+
3’1:»
&
&
gt
P5_)

3=
1l
iN-}
=
Il
o

n+m

3%
Lo
3=
[l
)

)
>

n+m = Sn kT

(o))

7
=

-
+
3
AR
-
N——— ~— ~——
+
3111>
s
&
gt
§)

(SN
I
)
=]
?:‘)
+
)
=]

|
=N

N N

I
N

==
Il
o

k=0

m+1 m—1 m
Apgm = Ay Ak + Anq <_2 Ak + Ak> + An_; 2 Ak'

k=0 k=0 k=0

m+1 m-—1 m
Unsm = Uy k t Un—1 <_2 k t k) + Uy z k

k=0 k=0 k=0 k=0

From Corollary 5, we know that for n > 0,

n
D Pe=Prs— 2P
k=0

So, Theorem 6 and Corollary 20 can be written in the following forms:

Theorem 7. For m,n = 0, we have

bpim = (ﬁm+4 - ijm+3)bn + (—=2Ppy43 + S5Ppyy — 2Ppy1)bpq + (ﬁm+3 (25)
- 2Pm+2)bn—2-

Remark 2. By induction, it can be proved that for all integers m,n < 0, (25) holds. So, for all
integers m, n, (25) is true.

Corollary 21. For all integers m, n, we have

Now, we consider non-positive subscript cases. For n > 0, we define
n-2 n—-1 1

S
|

I
g
Iw)
()
I"U)
=
I
1=
aL)
I
]
FNL>

k=0 k=0 k=0 k=0
n-1 n n+1 n
B_, = —E —k ZE —k_ZP—k —Z —k
k=0 k=0 k=0 k=0
n n+1 n+2 n+1
- Z x 2 ) Pyp—) Py — _k
k=0 k=0 k=0 k=0
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and
b_n+1 —2b_p+Db_yy b_n
Cn = (b—n —2b_p 1+ b_pn b—n—l)-
b—n—l _Zb—n—z + b—n—3 b—n—Z

By convention, we assume that

k=0 k=0
Theorem 8. For all integers m,n = 0, we have

a) B, =A™
b) C_lA_n = A—TL —1-
C) Cop-m =C_yB_yy = B_pC_p.

Proof: a) Proof can be done by mathematical induction on n.
b) After matrix multiplication, (b) follows.
c) We have

3 =2 1\ /b —2b_p1+b_pny by
A_lc—n—l = <1 0 0) (b—n—l —2b_p 2+ b_pn-3 b—n—2>
01 0/\b,, —2b,s+bs b,
b_ny1 —2b_p+Db_yy b_n
= <b—n —2b_pn 1 +b p o b—n—l) =C_p
b—n—l _Zb—n—z + b—n—3 b—n—z

i.e. C_, = A"C_,_,. From the last equation, using induction, we obtain C_, = A" 1C_,.
Now,

Copep =ATVMIC =A™ IgMC_ =A™ 1C_,A™=C_,B_,
and similarly,
Cpem = B_mC_p.
Some properties of matrix A" can be given as

A—n — 3A—n—1 _ ZA—n—Z + A—n—3 — ZA—n+1 _ 3A—n+2 + A—n+3
and
ATTM = ATATT = M4
and
det(A™) = 1
for all integers m,n > 0.

Theorem 9. For m,n > 0, we have

-2 m-—1 m m-—1
b—n—m = _b—n z ﬁ—k - b—n—l <_2 p—k + Z p—k) - b—n—Z Z ﬁ—k
k=
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m-—2 m-—1 m
=—b_, Z p—k —(=2b_p_1+b_pn_3) 2 ﬁ—k —b_ny 2 p—k-
k=0 k=0 k=0

Proof: From the equation C_,,_,, = C_,,B_,, = B_,,,C_,, we see that an element of C_,,_,,, IS
the product of row C_,, and a column B_,,,. From the last equation, we say that an element of
C_n—m is the product of a row C_,, and column B_,,,. We just compare the linear combination
of the 2nd row and 1st column entries of the matrices C_,,_,, and C_,,B_,,. This completes the

Proof:
Corollary 22. For m,n = 0, we have
m-2 m-1 m m-1
Pom=—Pn ) Py=Poy (—z Pty P) ~Paz ) P
k=0 k=0 k=0 k=0
m-—2 m-—1 m m-—1
Bopm=—Bp Y Po=Bns <_2 Pty P) —Ba, Y P
k=0 k=0 k=0 k=0
m-—2 m-—1 m m-—1
§—n—m = _ﬁ—n ﬁ—k - ~§—n—1 <_2 Z ﬁ—k + Z ﬁ—k) - g—n—z Z ﬁ—k:
k=0 k=0 k=0 k=0
m-—2 m-1 m m-—1
Aipm=—Ay Yy Poo=A,, (—z Pty P> —hing Y P,
k=0 k=0 k=0 k=0
m-—2 m-—1 m m-—1
ﬁ—n—m = _ﬁ—n P_j — ﬁ—n—l <_2 ﬁ—k + Z p—k) - ﬁ—n—z ﬁ—k
k=0 k=0 k=0 k=0

From Corollary 10, we know that for n > 1,

>

k=

ﬁ—k = _Zﬁ—n—l + ﬁ—n—z - A—n—3-

=

Since P, = 0, it follows that

n
D P= 2P 4 Py =P
k=

o

So, Theorem 9 and Corollary 22 can be written in the following forms.
Theorem 10. For m,n > 0, we have

b_n-m = (zp—m+A1 - p—m + p—m—l)lz—n + Q_‘l’p—m -ll4'P—m—1 - 3p—m—2
+ P—m—3)b—n—1 + (ZP_m —P_p1 + P—m—Z)b—n—Z-

(26)

Remark 3. By induction, it can be proved that for all integers m,n < 0, (26) holds. So, for all

integers m, n, (26) is true.

Corollary 23. For all integers m, n, we have
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P—n—m = (Zp—m+1 - P—m 't P—m—l)é—n + (j4‘ﬁ—m +4P 1 — 313—m—2 + ﬁ—m—3)p—n—1
R A + (ZP—T - P—Ln—l + Ii—m—z)P—n:Z» R R R
E—n—m = (ZP—m+1 R P—m -J: P—m—l)?—n + (A_4P—m + 4P—m—1 - 3P—m—Z + P—m—3)E—n—1
) QP =P+ P )E i i )
S—n—m = (ZP—m+1 R P—m 't P—m—l):s:—n + (A_4P—m + 4P—m—1 - 3P—m—Z + P—m—3)S—n—1
. ~ + (ZP—t\n - P—In—l + PA—m—Z)S—n—AZ' ~ ~ .
A—n—m = (ZP—m+1 N P—m j’ P—m—l)fl—n + (A_4P—m + 4P—m—1 - 3P—m—2 + P—m—3)A—n—1
~ APy =P + P A, X X R
U_n-m = (2Pms1 N P_i :l: P—m—l)y—n + £_4P—m +4P 1 =3P 2+ Po3)U 1
+ (ZP—m - P—m—l + P—m—Z)U—n—Z-
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