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Abstract. In this article, we study the existenceof solutions and the stability in the
sense of Ulam for new nonlinear differential problem via ¢ — Hilfer fractional derivative. Our

approach is based on Krasnoselskii’s fixed point theorem. An example is given to illustrate
our results.
Keywords: ¢ —Hilfer fractional derivative; existence of solutions; fixed point; Ulam

stability.
1. INTRODUCTION

Recently, fractional differential equations with boundary conditions are being studied
by many interested researchers. Indeed, the fractional differential equations describe many
more phenomena than ordinary differential equations. Therefore, partial differential equations
appear in many engineering and technological disciplines that include several sciences, see for
example [1-11].

Currently, there are several different definitions of fractional integrals and derivatives,
the most famous of which are the Riemann-Liouville derivative and Caputo derivative. A
generalization of the derivatives of both Riemann-Liouville and Caputo was given by R.
Hilfer in [12], known as the fractional Hilfer derivative. There are many interesting results for
fractional differential and partial differential equations involving Hilfer derivative are given in
[13-17]. For some recent work on boundary value problems with fractional Hilfer derivatives,
see [18-21]. In [22], C. Nuchpong et al. has been studied the following problem:

"D* u(t) = h(t,u(t), T“u(t)), ted =(a,b]
u(2) =0, [fu(s)ds = ¥ Au(c,),

where "D*#? is the Hilfer fractional derivative of order «,1<a <2 and the parameter /3,
0< B <1 1# is the Riemann-Liouville fractional integral of order >0, 4,¢, € (a, b],a >0,

are given constants, and f : JxRxR — R", is a continuous function. In view of the above
considerations, we study the following fractional differential problem:
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"paA? (MDA ) (t) = h(tu(t), " D2Mu(t), ted =(a,b]

u(@) =0,u(b) = > 2u(<).

H Dzi'ﬂ2?¢u(a) =0,
Hpyez foi ¢ . V3
and "D2fu(b)=1/'u(¢), a<{ <h,

1)

where "D/ " D7 are the o —Hilfer fractional derivative of orders oy, @, 1<y, @, <2

and the parameters pg,5,, 04,0, <1, RLD;;*’ the ¢ -Riemann-Liouville fractional
derivative of order x where u<a,, I'’ the left-sided ¢—Riemann Liouville fractional
integral of order p,where p>0, @ : J > R be an increasing function such that ¢'(t) #0,
forallteJ,and f : JxRxR —R", isgiven function will be well defined later.

2. PRELIMINARY RESULT

In this section, we need to recall some definitions and lemmas which are very needed
for our results. Let ¢ : [a,b]— R be an increasing function with ¢'(t) =0, forall teJ and

let C([a,b],R) be the Banach space.
Forall v>-1 and s,t €[0,),(t>s), we pose ¢, (t,s) = (o(t) — o(s))".

Definition 2.1. ([6]) Let (a,b), ( —co<a<b<o ) be a finite or infinite interval of the half-
axis (0,0) and & > 0. In addition, let ¢(t) be a positive increasing function on [a,b] , which
has a continuous derivative ¢'(t) on (a,b). The ¢ —Riemann-Liouville fractional integral of

a function u with respect to another function ¢ on [a,b] is defined by
_ 1
Iut)=——|o'(s t,s)u(s)ds,
U0 = 5 PO suts)

where T'(.) is the Gamma function.

Definition 2.2. ([6]) Let neN and let @,uecC"(J) be two functions such that ¢ is
increasing and ¢'(t) =0, for all te(a,b] . The left-sided ¢ —Riemann Liouville fractional
derivative of a function u of order « is defined by

| 1 d)_
DU (t) = = et
“ru(t) [(o'(t)dtj ")

= ! 1 d nj '(s) (t,s)u(s)ds
r(n-a)\ gy dt) 7Pt !
where n=[a]+1, [a] represents the integer part of the real number «.

Definition 2.3. ([23]) Let n-1<a<n with neN,[ab] is the interval such that

~w<a<b<w and g,ueC"(a,b]R) two functions such that ¢ is increasing and ¢'(t) #0
, for all te[a,b]. The ¢-Hilfer fractional derivative of a function u of order a and type
0 < B <1is defined by

WWW.josa.ro Mathematics Section



Solvability and Ulam-stability for ... Moustafa Beddani and Hamid Beddani 31
tz B ﬁ(n -a); 1 d (1-p)(n-a); r-a; H
Srrut)y =1 — | I8/ u(t) =17 7D 7uU(t),
(t) dt a a a
where n=[a]+1,y —a=Bh-a)
Lemma 2.1. ([6]) Let &, p > 0. Then, we have the following semi-group property
IoeIovut) =Io00u(t), t>a.

Next, we present the ¢ -fractional integral and derivatives of a power function.
Proposition 2.1. ([6,23]) Let « 20,0 >0 and t >a. Then, ¢-fractional integral and
derivative of a power function are given by
1) IOM/](DO' l(t a‘)(t) ]'{gfi)o—) (/)GJra l(t a)

2) "D g, ta)t) = @, (@), N-1<a<nc>n
Lemma 2.2. ([23]) If ue C"([a,b],R),n-1<a<n,0< f<landy=a+ B(Nn—a) . Then
k=n
?,«(t,s) K] (Y e0):
I” D”“’u t)=u(t Ty eneaey @), t e[a, b,
(" )(t) = ()Z(—kl)‘/’a (a), tefa,b]
where Vlu(t) = (W 5 dt)”u(t)
Lemma 2.3. ([24]) Let ueC" [a, b] and 0<q<1 we have
IZfU(tz) —Iqa:fu(tl)‘ < ( ” ” )Q’q( 2.
Lemma24.Let a>0l1l<e,a,<2,0<4,06,<1 and
2-7=0-B)2-a)2-7,=0-5,)(2-a,) For f eC(J,,R,R), the unique solution
ofthe sequential ¢ -Hilfer fractional boundary value problem
"paAl (Mpalu(t)) = £ (1), ted =[ab] )
u(2) =0,u(b) =X Au(¢),
H D;irﬁZ«(éu(a) — 0, (3)

and "D2%u(b) =17'u({), a< ¢ <b,

is given by
ua)=fa;E;—i¢%9¢M%4msw1@ds
A
- ((y ) ag)vw_l ¢(b2)¢a)(t a) ¢;:j—(1 é 3 } [#(6)0., (0.9 (5)ds
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721( a) & p) ¢,.(t.a)
¢;/21( ) )u IU(Q) F(a1+a2)¢ 71(

Proof: Assume that u is a solution of the sequential nonlocal boundary value Problems (2)
and (3). Applying the two operators I:*, I to both sides of Equation (2) and using Lemma
2.2 and Proposition 2.1, we obtain

. . m
D22y (t) =17 f (1) + 0
a a 1—*(71 _1)

where m;,m eR,and 2—y, =(1-3,)(2-«,).
From the condition " D>/*u(a) =0, we get m, =0,
And by " D2 ?u(b) =1:u(¢), we obtain

1—‘(7/1) pip _ T
(pn_l(b,a)(l"*u(g) It o)

j #(5),,.0, 1(0,5) T (5)ds.

ta)r— 4 (ta),
¢}’1*2( a)+1—~(7/1)¢711( a) (4)

m, =
By (4), we have

. m,
ut) =T f (1) + I, ,(t,a)+
F(?/l) " 1( )

m, m
———=0,.ta)+—"50,.(a)
)% i, 7
where m,,m, e R, and 2—(1- ,)(2—,)=y,, From the condition, we get
m, =0.
So,
| M) @.mata), . ¢,(ta)
u(t) =T f () + —— < T T7u(¢)-127 f () )+ my 2 .
T(y, +a,) cohl(b,a)( Jem (r,)

By conditions u(b) = iﬂiu(gﬂ ), we get

— F(72) C _ 1—‘(7/2) at+az;p
m, = 2u(¢;) R f (b)
_ €D71+0‘2 —l(b’ a) F(yl)r(?/Z)
?,, 1 (b’ a) 1—‘(7/1 + 0{2)

(Tou(@)-127 f (b))
Thus,
u(t) = T £ (1)

F(yl) —¢71+a27l(t’ a) _ gp}/ﬁa’z*l(b’ a)q)}’zfl(t’ a)—
Iy, +a,) L ¢77171(b: a) (Dyz,l(b, a) |

— r(j/l) _¢71+a271(t’ a) _ ¢7/1“752*1(10’ a)(o}/zfl(t’ a)_
T(y, + az) 9, (b, a) o, .(ba)

D, s ® 71( ) :
72 ﬂ, 72 0(1++O{2,¢f b )
|:¢7 71 Z U 4. :| l:q)y 71(b a) a ( ):I

The reverse will be done by Proposition 2.1 and direct computation.This ends the
proof.

+

I7:u(¢)

19 f (b)
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By derivation we get:

RL =~ 4o
Dru(t)

= TN (1) — r(7/2) gpyrﬂfl(t’ a) T2 f (b) + F(Vz) Pry-pt t a Z’w
. Ly, —u) ¢,.(b.a) M. -#) ¢,.0.2)

n F(?ﬁ) (pnmz—#—l(t’ a) _ r(?’l)r(]/z) (p71+az—1(b )(ph u—l(t’ a) Iﬂ:wu(é’)
_F(71 +a, - ) qoyrl(b’a) C(y, + )T, — 1) (0;/271( a) ] "

+_ F(71) Privar-—u-t (t’ a) _ F(Vl)r(72) ¢71+0‘2—1 (b a) Pryut (t a) 197 f (b).
Th+a,-u) ¢,.b02a) T(+a)0(y, - u) aba)

3. MAIN RESULTS

In this section, we present our main results on the existence and the stability for the
above problem. We begin by considering the space

C/ = {u 2 u," prueC((a, b],R)},
with the norm

= ||u|| + H D“’u

C L
such that

= sup

. = sup|u(t)| and HRLD“’U
tefa,b]

" peru(t).

3.1. EXISTENCE OF SOLUTIONS

Now, we need to make the following assumptions:
H, ) h is continuous function.

H, ) There exists a constant Y > 0, such that
Ih(t,u,v) —h(t, x, y)| < YQu — X+ - y|)
forall t[a,b] (u,v,x,y)eR".

Now, we define the following quantities:

M = g¢(b)-¢(a)
AYM @+ YT (71)[|\/| nratapl |\ @ta }
1=1“(al+052+1)Jr (e +D)T (7, + ;)
QM 20T () M

D(ay+a,—pu+1) Ty +a,+DI(y, — 1) (5)

2YT'(7,) M @2teas . M 7ireataz-pt

C(oy +D) | T(7,) T (n+a,—u) T(n+a)T(y,—u)
r(Vl)I:M ay+p+l +M ;/1+a2+p:|

Ay = + 314

(p+1)r(p)r(7/1+0(2 i1

2:
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N ()
+ F(;/l)l“(;/z) |: M % tPH N M n+proy—pu-1 :|
F(,D+1) F(}/Z)F(;/l+a2—lu) r(71+052)r(72—,u) )

a, 1o, -1 +1 n
L urrin) (),

~ (p)I(P) (1, +a,)

1
1

_ F(}/l)l"(;/z){ M %*PH . M nt+pray—u-1 :|
* T(p+l) |T(r)T(n+e,—u) T(n+a)(r,—u)

M T [ilﬁ.l]

Based on the above hypotheses, we present to the reader the following result.
Now, consider the following operator G : C; — C/ by:

(Gu)(t) = [0/(8), 0, ()N, ()l

1

Koy +a,)

N ) ?Pvay (t’ a) _ Prra (b, a) ?,,1 (t a

L(p) (7, +a,) goyrl(b,a) %ﬂ(b:a)
1)

Py a1 (b’ a)wyzfl (t’ a) ¢2’1+0‘2*1 (
) ¢72—1 (b’ a) ¢71—1 (b a)

¢}’z*l goi/rl (t a)
.0 Zl ) T, () J(” 5)Puaa B I )

¢
)} [9's)p, (& s)u(s)ds

(r
(n
L(r

T (n + J ¢'(8)¢,,1(b,)h, (s)ds
a

where
h, (t) = h(t, u(t),* D:ru(t)).

Here, we divide the operator (Gu)(t) as follows:

(Gu)(t) = (G,u) (t) +(G,u) (t) (6)
where
1 L,
()0 = F oy} 7O s ()
INGA) aa (D8)p, 4 (t2) @, (L2
TOREETS o (6.0) YY) j 9'(9)@, 1 (b,5)h, (s)ds
gp}/z—l(t’a) ’ '
Tt a2 (b)) £ O O, (s
and
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( ) @y a1 (t,a) (071+a 1(b a)¢y 1
(GZU)(t) - L(p )F( " 0‘2) ¢71—1(b’a) ¢72—l(b a) I(D ©)e: e S)U( )
q)y -1 (t’ ) C
——2— M2 ).
¢}/2—1(b’ ) i= IU(é,I)

Our first result concerning the existence of solutions of the problem (1) for which we
have used the fixed point theorem of Krasnoselskii's is as follows

Theorem 3.1. We assume that the hypotheses H, and H, are satisfied. If
A +A,+A;+A, <1 and Y, +Y, <]
where A, A,,A;,A,,Y,, and Y, are defined in (5). Then the equation (1) has a solution.

<
=)

Proof: The proof will be given in several steps. Let U, = iu eC/l: ||u

Step 1. We prove that |(Gu)|, <r . From (6), we obtain
(G, <l(Gw), +l(Gu). @)
Let ueU,, then

sup (Guu) ()|

j #(8)8,,.., 1 (L S)N, (5)ds

te[ab F(Ofl + 2)
o L0 | s (0.2)43(62) sl j #()9, 4 (0,5)h, (5)ds
F(al)r(Vl +a, ) ¢}/271 (b a) ¢;/171 (b a) '
8, .(t.a)
) $'(8)8,, 10,1 (0, 5D, (5)ds 8
(e, +a,)4,,(b,a J vt (8)
ata, r Y M n+og+a,-1 + M o +a,
<| 2™ + () [ } sup [u(t)|
o, +a, +1) Doy + )T (1 + @) tefa,b]
F Y M n+og+o,-1 + M o +a, oy tay
+ () [ ] + 2™ sup RLD““’u(t)‘
C(ey, + DL (1, + a,) (e, + a, +1) |tefab]
<A
Also, we have
sup (RLD‘ 'G, u (t)‘
te[a b]
qtay—H T M nta—H
oM 1) sup |, 0 0
C(ey +a, —p+1)  T(ay+a, +DT(y, — 1) |tefad] (9)

1—‘(7/1) |: M @re# M n+eq+a,—p-1 :|
+ + sup |h, (t)
D(a +1) | T(p,)T(n+a, —u) T(rn+a,)(y,—n) teab| |
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YM o +on—p YT (7/2) M on+ay—u
< +
MNey+a,—u+1) I'(ey+a, +1)F(;/2—,u)

sup Ju(t)|

te[a,b]

+ Yr(yl) |: M %2teai M ntagtay—p-1 :|}

M+ )| T (it ay—4) T(rt @) (7, 41)

. YM o +o,—p . Yr(j/g) M ooy =
D(oy+a,—u+1) T(oy+a,+DI (7, — )

ay+on— n+on+a,— -1
+ Yr(yl){ M= M ’ } sup |*-D* ¢u(t)‘
(e, +1) F(]/Z)F(]/1+0£2—y) F(71+a2)r(72_ﬂ) tefa,b]
<AL
By (7) - (9), we get
[Gule, <(As+A,)r (10)

Similarly, if ve U, . Then

sp e
r(yl) ¢71+az—1(t’a) tap— (b’a) 72—1
< sup | (W%)[ ;o) 5 ) j #'(5)¢, (¢, 5)v(s)ds
9, (ta) & 11
g, ba) ) ()
r(71)|:M ay+p+l M y1+a2+p] n
<[ (p+1)T () (1, + ) +;|ﬂ1|]t2[ljl?’]|\/(t)|
<A,r.
Also, we have
sup (RLD;;“’GZV)(t)‘
tefa,b]
M Hr 72
S{w o) )
1"(7/1)1"(]/2){ M %Pk M 7eHpraz—u-l j| ,
(o) |T()T(h+ o —#) T(n+a) (7 —a) [ s o)
<A,
By (11) and (12), we get
G2Vl < (As+A,)r. (13)

Utilizing (7), (10) and (13), we obtain
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S(AL+A, + A+ A )r<T (14)

Step 2. G, is a contraction.

Let u,v e U,, we have the following estimate

(Gou) () - (G,v) 1)

r(71) (Dyﬁarl(t'a) Dy sa, 1(b a)(oyfl ta
- F(p)r(]/l +0{2) ¢y1—1(b’a) * (oyrl(b’a) Igo (5)(0,; (t, 5)‘“ V(s)‘ds
(pnfl(t’a) .
o B a DA )
So,
sup\ (Gu) (1) —(Gv) (t)|
[M @ 4 Myﬁaz—l]Mpﬂr(yl) .
{ (o~ Do) (1, + ) 5] sp (o0 -v00) (15)
Also,
sup (RLD* ‘G u)(t) (RLD;;"’GQV)(t)‘
tefa,b] c

g {r(m)r(y ){ - )M wrep N

I'(p+1) C(y +a, - ﬂ)+F(71+%)F(7z—ﬂ)
M( Lz 2))[2 H sup |u(t) V().
So,
tig?)] (RLD/ ¢GU)(t) (RL D;TGV) (t)‘c -2 (16)

By (15) and (16), yields the following inequality

IG,u—G,v

o <(Y,+Y,)

Step 3. G,is compact and continuous. Since h is a continuous function, this implies that the
operator G,is continuous on U,. Moreover, Gu is uniformly bounded by (14). Next, we
show equicontinuity. Let u € U, and t,,t, €[a;b ] such that t, <t,, we have
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. [L;E]‘(Glu)(tZ) - (G1u)(t1)‘

A [ j §'(9)0r oy 1 (L )N, (5)dls - J # (a1 (L, (s)ds]
L(7)¢ 0 (b)) 4, 1(ka)-4, 4 (ta) |}
+ @) () { 4. (0.a) _[¢ (5)4,,.. (b, s)h, (s)ds
1—1(7/1) ¢}/l+a2—l (tz , a) - ¢71+a2—l (t11 a)_ ,
AN ){ 5 .8) | j #(5)d, . (b,5)h, (s)ds
¢72—1( ) 721
s, (b j #()0,.0,2 (0N, ()05
By Lemma 2.3, we obtain
tz[liﬁ))] ‘(Glu) (tz) - (Glu ) (tl)‘
sup [, () )
= (e, +a, +1) ((9(t2) - §D(t1))
ZACLETANC )
" 1“(0(1 +a, +1)¢)7 l(b a) ((p(tz)—(p(tl)) '
Hence,
sup ‘(Glu)(tz) _(Glu)(tl)‘ -0, as t, >t.
tefa,b]
Also, we can say that
sup (" 2z )~y G) 1)
R P ( j 0/ ()P410y- 01 (LS, (5)d5 - j OT IO} <s>ds}
lH(Q/z ) [¢72—Az—1 (tZ ! a) - 4072—/1—1 (tl ! a)] p '
v (i) paBa) 10O BIEE
F(}/l) ¢y1+a2—y—1 (t a) ¢y1+a2 —H 1 f

AR ﬂ){ o (ba) } J 9'(5)p,,_; (b, S)h, (s)ds
r(yl)r(yil)(oyﬁarl (b’a) ¢72*ﬂ*1 (t a ¢72 —H— 1 ;
L) (n +a,)T (7, — 1) ¢, (b.a) j 71902 E M

By Lemma 2.3, we obtain
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sup
’[e[a,b]

("D;Gu) ()~ ("D, Gu) 1)

sup |h, (t)|

tefa, b] ooy =i
< tL)—ol(t
F(al+a2—,u+1)(¢(2) (/7(1))

¢a1+a2 (b’ a)r(yZ )ti[liﬁ))]|hu (t)| ( 1 F(ﬂ/l)%l-l (b’ a)
L(72-#)9,1(b.a)

D(oy +a,+1) Doy +DI (7, + az)J(w(tz)_(D(tl)) 2
F(n)o, ) | RO

+F(a1+1)r(]/l+0{2—,u) ¢71—1(b,a) ((D(tz)_q)(tl))l T

Consequently,

sup
tefa,b]

(RLD;;“Glu)(tz)—(RLDQYGlu)(tl)‘—>O, as t, >t,.

This shows thatG, U, is equicontinuous. Hence, by Arzelia-Ascoli theorem G;is

completely continuous on U, . As a consequence of Krasnoselskii’s fixed point theorem, we

conclude that has a fixed point which is a solution of (1.1).
The proof of Theorem 3.1 is thus completely achieved.

3.2. ULAM TYPE STABILITY

We introduce the following two definitions

*
+1

Definition 3.4.The problem (1) is Ulam-Hyers stable if 3 1eR
¢>0,teJ, and for each ueC/ solution of the following inequality

such that for each

H "D A (MDA ) (1) - h(t u (), D”f’u(t))” <e, (17)
a a a Cé’
dveC/ solution of (1), i.e.
H D:1+,ﬂli¢ ( H D:er,ﬁzWV) (t) — h(t, V(t),RL D;;fV(t)), (18)

such that, the inequality

Ju(®) - v(t)

s <le

holds.

Definition3.5.The equation (1) is generalized stable in sense of Ulam-Hyers if
3 ¢ eC(J,R,), such that for each & >0,t e J, and for each u e C/ solution of:
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" (HD:aﬁz?"’u)(t)—h(t,u(t),RLD;f’u(t))”cg <e (19)

Jv e C; solution of (1) that satisfies

Juct) —v(t)

cx < €o(t)-

In the light of the first definition and using the above existence and unigueness
theorem, we present to the reader the following result.

Theorem3.2.1f the assumptions (H, ) are satisfied, then Eq (1) is Ulam-Hyers stable under the
conditionthat N, + N, < 1, where

N1 — YM o+a, 2 + (1+ M )r(j/l) ’
F(al +a, +1) Ml"(orl +1)F(71 + az)

and
N, = M ,,[ : " i) j
F(0‘1‘*'052 _/H'l) F(a1+a2 +1)F(72 _/U)
N YF(yl)M o+ay—u ( 1 N F(72) J
F(al+1) F(yl"'az _/U) MF(;/1+0{2)F(}/2 _/J)

Proof. Let u e C;' be a solution of the inequality (17), i.e.

| "Dz (D) () - ht, u(e),™ D))

o <g, Vtel. (20)

¢

Let ve C, be a unique solution of the following equation
H e, o [ H ez, f2; _ RL o
Do (M D Aoy ft) = h(t,v(t), ™ DXov(E)), Vied
and

u(a) = v(a), u(b) = v(b)
and
"D /u(a) =" D2 0v(a), "D Pu(b) =" D2 v(Db),

By using Proof of Lemma 2.3
V(t) — I:j—az;ql’hv (t)

N F(J/l) §0;/1+a271(t'a)_ wyﬁarl(b’a)(”yfl(t’a) Ip;fu(é,)
(7, +0£2)_ §0y171(b'a) (Dyzfl(b’a) I
_ F(j/l) _(py1+a2—l(t'a)_ (pyﬁ—az—l(b’a)wyzfl(t’a)_ Ial;goh (b)
lH(7/1+0‘2) ¢7—1(b’a) (Dyz—l(b!a) ] =
(0}, -1 t a‘ : q)y —l(t’a) o+ |
= /1|U Z—Iaﬁ 2%h, (b) |
|:¢y —1(b a Z } |:¢)72_1(b’a) i
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By integration of inequality (20), for any t € J, we have
Ju® -zz*h, (1
_ F(}/l) _¢71+U‘z*1 (t’a) ¢71+“2*1(b’a)¢7 -1 (t a)_Ip;¢
Fra)| 4,08 k) oo
C(74) | fyna(ti) Baa(ba)g L (t a) | y
1 2 1 2 2 411+, hu b
T(h+a)| ¢,..(b.a) 4 (a) | (b) 1)
¢2’z*1(t’a) : ¢72*1(t a) a+ap, ¢ |
_[¢y2—1(b’a);i‘u<§i )j|+|:¢72—1(b a)I g (b)_ c
atog,d gt
st e I'(o,+a,+1)
On the other hand, for any ueC/, we have the following estimate
Ju®) -ve), =[u®) -zzh, (1)
() _¢71+a271(t,a) ¢n+a2—1(b’a)¢yz—l(t'a)_ ”
M) 4,.0.) o bay |+
F(j/l) —¢71+0‘2—1 (t’ a) ¢71+0‘2—1 (b’ a)¢}’z—1 (t’ a)_ 1,0
Tra)| 408 gaba) |0
4,.(t2) } Vy 1(63) }
2 AU(S; +—I“12h(b)
{ o)z T by MO
+|T2 (h, (1) - h, (1))
1—‘(7/1) 7+afl( ) ntap— (b a) y—l( a) N
_ 1% 1% 2 Ia hu b _ b
e e e
¢7rl(t’a) at+of _
_—¢y271(b,a)la+ (h,(b) hv(b))c.
So, we have
Ju® v
8ta1+a2
(o +a,+1) (22)
+ap; +Ma27l) ( a;
2[jzze (h, @) - h @) + v Jz2¢ (h, (0) =, (0))|
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. state oYM 2 N (1+ M )F(}/l) ”U _y
F(al+a2+l) F(a1+a2+1) MF(O{1+1)F(7/1+052)

U
Cy

gbaﬁ—az

<——+ N, u-
l“(051+0(2+1)Jr o

% '
Also, forany t € J, we have

F(}/Z) wyz—y—l(t' a)
F(?/z - /J) (oyfl(b’ a)

" F(]/l) ¢y1+a2—,u—1(t’ a) I:l,,;(phu (b)
F(?’l ta, - /J) (@ﬁ(b’ a)

r(71)r(72) (pmaz—l(b’ a)(/’yz—y—l(t’ a)
F(yl+0£2)r(y2 _/J) ¢;/271(b’a)

RL N #i0 ai+0 =[P
DYTU(t) T o, (1) -

I;‘*—sz?(/’hu (b)

gt%‘*'az—/l

19°h, (b)| <

(e, +a, - pu+1)

C

Also, one can prove that

|* oz (b -v))],

F(}/Z) ¢7r/kl(t’a)
(r.=#u) ¢,.(b,a)

F(]/l) ¢;/1+a2—/4—1(t’a) ¢ (h (t)—h (t
F(7/1+052—,U) ¢;/1—l(b’a) Ia+(u<) h/())

{ FOOT(,)  $ma(02)d 4 (t)
r( a

<[z (hy (1)~ h, () - - 12 (h, (t)—h, (1))

(23)

}x;ﬁ(hu () ~h,®)

nten)T(r,— 1) 7271(b ) c
stara#
_I_
F(al+a2—/,t+1)
<YM @res L + [2) Jlu=v].,
C(oy+a,—u+l) T(eg+a,+1)I(y,—u) K
A= H n+op-pu-l a
+[ L +F(7/1)F(72)M j G Ju=vle,
(4

I(n+a,—u) T(n+a)T(r,—u) JT(g+1)

gtalﬂzz —u

I'(o+a,—u+1)
ghuteH

) (o +a,—u+1)

+ N, |lu—v

Y-
Cs

So, by (22) and (23) we have

ba1+a2 ba1+a2 —u

Jlu—Vv

)J+<N1+N2>||u-v

<
€ g(l"(al +a, +1)+ Doy + o, — u+1

Co
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Therefore, we get

where

horee 1 b~
A= + :
1-(N,+ N\ T(ey + e, +1) T+, — 1 +1)
forany t € J. This implies that the Ulam-Hyers stability condition is satisfied.

4. EXAMPLE

Consider the following problem
%,O;tz % 2 1
"D (“ z )(t) ht,u()," D= u(t),ted = [0 5}

u(0)=0,u(= ) 24% ),
i=1 (24)
"D?"u(0)=0," D™ () ()

_u@) v(t)
Ftu®.vo)= 70(1+1%) ’ 70(1+e')’

then assumptions (H, ) and (H, ) are satisfied with Y = 7—10 and M = %

By according to a little calculation, we get A, +A,+A;+A,<1 Y, +Y,<1 and
N, + N, < 1. We conclude that (24) has at least one solution and stable.

5. CONCLUSION

In this article, we have demonstrated the existence of solutions and stability of a
nonlinear differential problem via phi - Hilfer's derivative using the fixed point theorem of
Krasnoselskii's, we have completed our work by example illustrative.

Acknowledgments: The authors would like to express their deep gratitude to the referee for
his/her meticulous reading and valuable suggestions which have definitely improved the

paper.
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