Journal of Science and Arts Volume 22, Issue 1, pp. 15-28, 2022

ORIGINAL PAPER

THE HARMONIC FUNCTIONS OF POSITION VECTOR
COMPONENTS IN THE THREE-DIMENSIONAL LORENTZIAN
HEISENBERG GROUP M3

AHMED AZZ1*?, MOHAMMED BEKKAR?

Manuscript received: 15.12.2021; Accepted paper: 02.03.2022;
Published online: 30.03.2022.

Abstract. In this paper we study the relationship between the Laplace-Beltrami
operator A of the position vector field and the mean curvature vector field r of surfaces

defined as a graph of functions in the three-dimensional Lorentzian Heisenberg group [HI%
which is endowed with left invariant Lorentzian metrics g;, (i = 1,2,3) and we prove that the

surface as graph is minimal in ]HI%, if and only if the components of the position vector field
r are harmonic functions.

Keywords: Heisenberg group Hj; left invariant Lorentzian metric; finite type surface;
minimal surface; Laplacian operator; harmonic function.

1. INTRODUCTION

During 1980-1990, B-Y. Chen introduced the notion of finite type immersion in the
dimensional Euclidean and pseudo Euclidean spaces, this notion is a natural extension of
minimal surfaces.

The classification of 1-type submanifolds of Euclidean space E3 [5-7], was done in
1966 by T. Takahashi. He proved that the submanifolds in R™ satisfy the differential equation
Ar = pur for some real number u, if and only if, either the submanifold is a minimal
submanifold of R™ (u = 0), or a hypersphere of R™ centred at the origin u # 0.

Next, F. Dillen, J. Pas and L. Verstraelen, observed and proposed the study of
submanifolds of R™ satisfying the following equation Ar = Ar + B where A and B are two
3x3-real matrices.

The same and other authors studied several problems related to the subject of finite
type particular surfaces like translation surfaces, the quadrics, surfaces of revolution,
helicoidal surfaces.

The study of this notion of finite type was extended for surfaces in Euclidean 3-space
E3 of specific form such that their Gauss map N satisfies an analogous or similar equation
AN = AN where A is a 3x3-real matrice.

Similarly, many authors studied particular surfaces of finite type in the Euclidean,
pseudo Euclidean and Lorentz-Minkowski 3-dimensional space satisfying the differential
equation Al'r = Ar, A"'r = Ar, where A is a 3x3 - real matrice and A, A"! are respectively
the Laplace operator with respect to the second and third fundamental form which are not
degenerated.
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16 The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar

2. PRELIMINARIES

2.1. BASIC DEFINITIONS

Heisenberg group is a two-step nilpotent Lie group which is a subgroup of linear group
GL(3,R). It is known as a quantum physics model invariably studied by the theoretical
physicists and mathematicians.

e The Heisenberg group is a 3-dimensional, connected. It is a 3-dimensional Riemannian
manifold.
e The Heisenberg group H3 can be seen as the space R3 endowed with multiplication:

G,y,2)*x(x,y,z2) =G +x,y+y,z2+z—xy + xy).
e The identity of the group is (0, 0,0) and the inverse of (x,y, z) is given by (—x, — y, — z).

Definitionl1.1. In Lorentzian Heisenberg space with the metric g

The vector X is called a space-like vector or time-like vector if and only if
1, X is spacelike vector
gX,X)=€=
—1, X istimelike vector

- If X isavector in Lorentzian Heisenberg space we define the norm of X by

Xl = V1g(X, Xl

The vectors X and Y are said to be orthogonal if

gX,Y)=0

A vector X which satisfies g(X,X) = +1 is called a unit vector.
Let S be aregular surface in H; define by
S:r(u,v) = (x(u, v),y(u,v),z(u, v)), (u,v) €D c R
Definition1.2. The mean curvature of the surface S in Hs is given by

__EN+GL—2FM
~ 2|EG-F?| "’

(1)

where E, F and G are the coefficients of the first fundamental form and L, M and N are the
coefficients of the second fundamental form of the surface S.

Definition1.3. A surface S in the 3-dimensional Heisenberg Space is said to be minimal if it
satisfies the condition H = 0 where H is the mean curvature of the surface S.
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The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar 17

Definition1.4. The immersion (S, r) is said to be of finite Chen-type (or finite-type) if the
position vector r admits the following spectral decomposition

k
r=r0+Zri, (2
1

where 1y is aconstantand r;, (i = 1,2, ..., k) are non-constant maps such that Ar; = y;7;,
U; €ER,(i=1,2,..,k) Ifall eigenvalues y; are different, then S is said to be of k-type.

- Explicitly if the surface S in E3 is given by.
S:r(u,v) = (rl(u, v),r,(u,v),r3(u, v)), (u,v) €D c R? (3)
The well known equation, for all regular surfaces can be obtained
Ar = —2H, (4)

where A is the Laplace operator and H is the mean curvature vector field of S.
From (3), it is known that the minimal surfaces and spheres also verify the condition
(3) shows that S is minimal surface, if and only if r;, (i = 1,2,3) are harmonic functions.

Definition1.5. A surface S in the 3-dimensional Heisenberg Space is said to be Harmonic if it
satisfies the condition Ar; = 0 where r; are the components of the position vector field r.
If the matrix (gj; ) consists on the components of the induced any metric on S and

(gV ) itsinverse and D = de t(gy), the Laplacian (Beltrami's operator) A on S is given by

A= J%ZJ - (VDign ). ©)

If S:ir(u,v) = (rl(u, v),ry(u,v), r3(u, v)), (u,v) € D c R? is a function of class
C? then, we set
Ar = (Arq, Ar,, Arg). (6)

In [6]. Rahmani, S suggested a classification of all left-invariant Lorentzian metric
tensors on uni-modular Lie groups of dimension 3. Authors also deduced a classification of
left invariant Lorentzian metrics on the Heisenberg group.

- Heisenberg group has three left invariant Lorentz metric which are

2
I
N
S
I

1
— Fdxz + dy? + (xdy + dz)?,

~
=

w |

Q
N
I

, 1
wy = dez +dy? — (xdy + dz)?,

i=1

3

wi =dx?+ (xdy + dz)? — ((1 — x)dy + dz)z.

Q
w
I

i=1
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18 The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar

These  1-forms w} ,(,j=1,23)in g;,(j=1,2,3) are invariant by left
translations in H3 and by rotations about (0z) —axis. The left invariant orthonormal coframe
is associated with the orthonormal left invariant frame.

3. GEOMETRIC PROPERTIES OF (H}, g,), (i =1,2,3)

In this section we give some geometric properties of the three-dimensional Heisenberg
group endowed with a left-invariant Lorentzian metric g;, (i = 1,2, 3).

3.1. THE METRIC g,

- The Lorentz metric g, is
1
gi= — dez + dy? + (xdy + dz)?,
where

w} =xdy+dz, w?=dy, w}= ‘l—ldx,

is the left-invariant orthonormal coframe associated with the orthonormal left-invariant frame,

ef =0, ef=0,—x0, e = uo,
where 0, = %.
With the Lie brackets

lef, ef] = [ei, ef]1 =0,  [ef, &i] = pe.
and
91(911»311) = 91(312’312) =1, 91(313'9%) = -1

The Levi-Civita connection of the left-invariant metric g, is given by

1 1 1
Vellel 0 Ve% 81 ef Vef 6’1 elz
2 | _uf 3 2| _u 2| _ & 1
vellel = ; el s Ve12€1 = E O ) Ve13€1 = E —_ el .
2 1
3 e 3 e 3
Veiei i Veze 1 Vezei 0

3.2. THE METRIC g,

- The Lorentz metric g, is

1
gz = dez + dy? — (xdy + dz)?,
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where
wi = ﬁdx' w3 =dy, w3 =xdy+dz,
is the left-invariant orthonormal coframe associated with the orthonormal left-invariant frame,
e; = Uoy, e5 =x0,—0,, e; =0,.
With the Lie brackets
le3, e5] = [eF, €51 =0, [ez, e3] = ue3.
and
ga(ez,e3) = ga(ef,e3) =1, gp(ei e3) = —1.

The Levi-Civita connection of the left-invariant metric g, is given by

1 1 1
vez1 €2 0 vez2 €2 65’ Ve23 ) 822
2 | _uf .3 2| _ _wu 2| _u 1
Vere; =J1¢ | Vezes | = 510 Veses —;(—ez)-
2 1
3 e 3 e 3
Ve% ) 2 Vezz € 2 Ve23 =) 0

3.3. THE METRIC g3

- The Lorentz metric g3 is
g3 = dx* + (xdy + dz)? — ((1 — x)dy + dz)z.
We have
wi=dx, wi:=xdz+dy, w3= (1-x)dy-—dz
is the left-invariant orthonormal coframe associated with the orthonormal left-invariant frame,
e3 =0y, e§=0,+(1—x)0, e3= 0,—x0,.
With the Lie brackets
le3, e3] = e3 — ef, [e3, e5] = €5 — €3, [e3, e3] = 0.

and
gs(es,e3) = gs(ef,ef) =1, gs(es,e3) =—1.

The Levi-Civita connection of the left-invariant metric g5 is given by
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1 1 1
2 3 2 3
V931€3 0 Ve§e3 63 _ e3 V63383 63 _ 63
2 _ 2 _ 1 2 _ 1
ve31 es |={0] ve§ e3 | = —e3 ) Veg €3 | = —e3
3 0 3 _pl 3 _pl

4. THE RELATIONSHIP BETWEEN THE LAPLACIAN AND THE MEAN
CURVATURE IN Ml

Let S be an immersed surface in H3 which is given as the graph of the function
z=f(xy).
The position vector r(x,y) of S is given by
r(x,y) = (x5, f(x,¥), (x,y) €D cR? fecCD).

Denote the Laplacian of the surface and the mean curvature vector field of S in
(H3, g:), i=1,2,3 by Ay, and H,, respectively.

Theorem 4.1. A Beltrami formula in (H3, g;), i = 1,2,3 is given by Ay =2Hg, and the
surface S is minimal if and only if x,y, f are harmonic functions.

Proof 4.1: Let S be a surface in (H3, g,), with
1
g1= — l?dxz +dy? + (xdy + dz)*.
The first fundamental form of S is the induced metric of g4 on S,

1
g1/S = (f,% - ?) dx? + (1+ (x + £,)") dy? + 2 (x + f,)dxdy.

Let P=f, Q=f,+x where f, =51,

u

we have
Px:fxxr Qy:fyy,
Py:fxy' Qx:fxy+1, (7)
Q. =Py +1.

- The tangent vectors, r,, T, are given by

1
r,=(1,0,P) =49, + Pd, = Pel + —¢€3
X ( ) X z 1 u 1 (8)
r,=(0,1,Q —x) =9, + (Q —x)d, = Qe] + 3.

- The coefficients of the first fundamental form E;, F; and G, are given by
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The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar 21

Ey = g1(r, 1), Fy = gl(rx: ry) and Gy = gl(ry: ry):
we get

1
E1=P2__

u?’

F, =PQ, G,;=0Q?%+1. 9)
- The unit normal vector field Ny on S is given by

1
Ng1 = Wl(li_Q;MP)'

where W, = \/e(1 + Q% — u2P?), e = +1.
- The coefficients of second fundamental form L;, M;,and N, are defined by

L, = _gl(rxx'Ngl)r M; = _gl(rxy'Ngl) and N, = _gl(ryergl)-

In order to compute the coefficients of the second fundamental form of S we have to
solve the following system of equations:

— — 1 2
(Tex = Vi, 1x = Prey + Pej,

1 Q uP
{rxy =V, 1 =V, 1 = (Py + E) el +,ei+ef, (10)

kryy = Vryry = de} + pQes.
Which imply the coefficients of the second fundamental form of S are given by

L—l(P P), M 1”ZPZ+1 P !
7wy Q-Po), M= w;\ 2 2¢-Py—3) 1)

1
= Wl(MZPQ - Qy)

Thus, the mean curvature Hy, of S, with the help of (1), (9) and (11) is given by

2 (/1
H, = zﬂ—wg <(? - PZ) Q, — (1+Q*)P, + PQ(1 + zpy)>. (12)

The Beltrami operator (4) associated to g4 is

[ (eora) | (rou e,

A, = / \\
" |E161—F1|k \Jm \Jlei—ri ﬂ/)
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22 The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar

where |E161—F%|=I%(”2P2_QZ_1)’ €=i1

4.1.1 Case 1: Ny, is spacelike vector g;(Ng,, Ng,) =1, (i.e. € = 1).

81’

In this case, the Beltrami operator A is denoted by Az,

1
At = —u? /a <(1 +0%)0; —PQay) _a PQo _(PZ _W) O \
P\ ") e

We get

2

u 1
1

where
At = —2u?P?Q + ZuzPZQPy —Q3—Q — u?PP, — u?Q?*pPP, — ,u2P3Qy + PQ,,
Aty= —2PQ?P, — — P2 3P, + QP — u*P3 + P
12— — Q y_EQQy'i' QQy+Q x+Qx_ﬂ + P.
With the help of (7), (8) and (10), Aj,r simplifies to
! P? 1+ Q*)P,+ PQ(1+2P 1
2z~ POy -+ Q)P+ Q(1+2Py))eq
2
Apr= “wi | -Q ((——Pz) Q,— (1+Q»)P,+PQ(1+ ZPy)> e? |,
1
\,uP ((ﬁ - PZ) Q, - (1+Q®P, +PQ(1+ zpy)> e3 /
and
u? 1 1 e1
Apr= _W«E - PZ) Q,— (1+Q»)P,+PQ(1+ zpy)> wo| @ es
2 2 3
pPey
—2Hg1 m
g1
So, we obtain

A51r = _2H91Ng1'
4.1.2 Case 2: N, is timelike vector g;(Ng,, Ng,) = —1, (i.e. e = —1).

In this case, the Beltrami operator A is denoted by Ag,
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_ /a <(1+02)ax—Poay)_a e G
1 \/1+Q2—M2P2\x \/1+Q2—u2P2 Y \/1+Q2—M2P2

)
)

We obtain
2
A r=—F (A + ALr, + (1 + Q)Wir,, + i—P2 W2r,, — 2PQW2T,
g1’ VV14 117'x 127y 2 Txx UZ 1 yy 2 'xy |
where

ATy=24*P?Q — 2u*P?QP, + Q* + Q + u?PP, + u*Q*PP, + u*P3Q, — PQ,,

AT,= 2PQ?P, i —pP? — Q3P — QP Zps—p
12 Q y+‘u2QQy QQy Q X Qx+,u '

We get also
Ag,r = 2Hg Ny,
We have
A;]-1: _A§1
Therefore, we prove that
Aglr = 2H91

where H , is the mean curvature vector field of S in (H3, g1)

4.2. Let now S be a surface in (H3, g,), with
1
go = dez + dy? — (xdy + dz)>.
- The tangent vectors, r,, 1, are given by

1
r,=(1,0,P)=0,+Pd, = ﬁe% + Pe3,

(13)
r,=(0,1,Q—-x)=9,+(Q—x)d, = —e5 + Qej3.
- The coefficients of the first fundamental form E,, F, and G, are given by
1
E, = el P?,, F,=-PQ, G,=1-0Q>2 (14)

- The unit normal vector field N, on S is given by
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24 The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar

1
Ngz = WZ(HP,_Q’ 1)1

where W, = \/E(MZPZ +0%2-1), e==1.
We have the following system of equations:

— — 2 3
Vex = erTx = Pez + Pxez,

Q

— — _MP 4 2 1) .3
Ty = Vp 1y = Vryrx = et e+ (Py + E) e, (15)

1y = Vr 1, = pQe; + Qy€3.

- The coefficients of the second fundamental form of S are given by

1
L, =W2(PQ+Px), M,

1 1 u? 1
=—|P,+-Q*——=—P2+= 16
W2< y 138 -5 +z>’ (16)

1
N, = WZ(Qy—yZPQ).

Thus, the mean curvature Hg, of S, with the help of (1), (14) and (16) is given by

2
u 1
H,, = 2w <(E — PZ) Q,+(1-Q»P,+PQ(1+ ZPy)>. (17)
The Beltrami operator (4) associated to g, is
-1 G,0, — F,0, F,d, - E,a, \
Agy= | 0, | 2= | —a, | 2222 | |.
|E2G, — F2| \ |E2G, — F2| |E2G, — F3| /

Where |E262_F%| =§(”2P2+QZ_1), €= il

4.2.1. Case 1: Ny, is spacelike vector gZ(Ngz, Ng,)=1, (iLe.e=1).

In this case, the Beltrami operator A is denoted by Ag,

1_ 52
— g2 1—02)9. + P0Od PQ6x+(2—P>6y
+ U ax<( Q)x Qy)_l_ay U

At =
9z Ji2P2+ Q2 -1 Ji2P2+ Q2 -1 Ji2PZ+ Q2 -1

We get

2
AbT = W(Aglrx + AL,1y, + (1= QOWET, + <F - PZ) Wir,, + ZPQWZery>.
2
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where

A= —2QQ, W7 — (1 — Q) (u*PP, + QQ,) + (P,Q + PQ,)W# — PQ(u?PP, + QQ,),
1
A= ~2PRWE = (25— P?) (2P, +QQy) + (P.Q + PQIWE ~ POGEPP, +QQy).
With the help of (13), (15) and (17), we get
A;Zr = 2Hg,Ng,,

4.2.2. Case 2: Ny, is timelike vector gZ(NgZ, Ng,)=-1, (i.e. e=—1).

In this case, the Beltrami operator A is denoted by Ay,
_ —u?

1
_ 2 PQd, + (— — P?)d \‘
Ag,= x<(1 ¢ )ax+PQay)+ay <‘u2 ) ! .

\/1—M2P2—Q2\ \/1—M2P2—Q2 \/1—#2P2—Q2 /

We obtain
2
- K - - 2 2 1 2 2 2
2

where

Az1= —2QQ; W7 + (1= Q*)(W?PP + QQy) + (P,Q + PQ,)W7 + PQ(4*PP, + QQ,),

Az,= —2PP,W$ + (M—lz - P2> (,uZPPy + QQy) + (P.Q + PQ,)W} + PQ(u?PP, + QQ,).

We get also,
Agzr = _ZngNgz'
We have
A.;z: _Agz'
Therefore, we prove that
Ag,v = 2H,,

- - . 1
where H ,, is the mean curvature vector field of S in (H3, g,).

4.3. Let now S be a surface in (H3, g3), with

g3 = dx* + (xdy + dz)? — ((1 — x)dy + dz)z.
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26 The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar

In this case the metric g is flat, therefore, the space (H3, g3) is diffeomorphic to
Lorentz Minkowski space R3$.The result in (H3, g3) is a natural result of the Lorentz-
Minkowski space R3. In [3] B.Y. Chen gives the proof of this result in R3. In the subsequent
section, ananalytical proof of this result in the flat space (H3, g3) is given by

- The tangent vectors, r,, T, are given by

{ T, = el + Pe5 — Pe3, 18)
Ty = Q€3 + (1 - Q)es.
- The coefficients of the first fundamental form E;, F; and G5 are given by
E;=1 F,=P, G;=20-1. (19)
- The unit normal vector field Ny, on S is given by
1
N93 :W3(_P11_Q1Q)f
where Wy = /e(P2+1—2Q), €=+l
- The coefficients of the second fundamental form of S with help of the following
xx = errx = Pxeg - Pxegr
Txy = erry = Vryrx = Qxeé - Qxeg, (20)
1y = Vp 1, = —e3 + Qyef — Q€3
are given by
-1 -1 -1
L3=W3Px: M3=W30x; N3=W3(P+Qy)» (21)
Thus, the mean curvature Hgy, of S is given by
Hy, = 5073 (2PP, —2QP,+P,—Q,+P). (22)
3

The Beltrami operator (4) associated to g5 is

1 / / G309, — F30 F30, — Egay

Ag,= \ 9y
3
|E3G3 — F3| \ |E3G3 — F3|/ |E3G3 — §|

where |E3G; — F5| = €(2Q — P2 —1), €= +1.

¥_/

4.3.1. Case 1: Ng, is spacelike vector gz(N =1, (i.e. e=1).

33’
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In this case, the Beltrami operator A is denoted by Aj,

At = -1 a((ZQ—l)ax—Pay>_a< Po, — 0, >
and

-1
AT = R (A% + Adory + (2Q — DWiT, + Winy, — 2PQWET,,),

where
A},= 2PQP, — 2P?P, — 2P* + 2Q — PP, + PQ,, — 1,
A},=2PP, —2QP, + P, — Q, + P,.

With the help of (18), (20) and (22), Aj,r simplifies to
Agsm = 2Hg Ny,

4.3.2. Case 2: Ny, is timelike vector g3(Ng,, Ng,) = —1, (i.e. € = —1).

The Beltrami operator A is denoted by Ag,

A= = -1 a<(20—1)ax—pay>_a< Pd, -0, )
B /PP—20+1\ '\ JP2—2Q+1 "\VPE=20+1/)

and
-1
Ag,T = W (A317 + A5,y + (2Q — DWEny, + WiTy,, — 2PQWET,),
where

A3,= 2P?P, + 2P2 — 2PQP, — 2Q — PP, — PQ, + 1,
A3,= 2PP, — 2QP. + P, — Qy + P,.

We get also,
Ag,m = —2Hy Ng,.
We have
A;3= —Ags-
Therefore, we prove that
Agsr = 2H93

. : i 1
where H ;, is the mean curvature vector field of S in (H3, g3).
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28 The harmonic functions of ... Ahmed Azzi and Mohammed Bekkar

From the above, the relationship between the Laplace-Beltrami operator A of the
position vector field and the mean curvature vector field H of surfaces defined as graph of

functions in the three-dimensional Lorentzian Heisenberg group ]HI% iS given by
Ar =2H (23)
Using (6) and (23), we get the following corollary

Corollary 4.2. Let S be an immersed surface in (H3, g;), i = 1,2,3 which is given as the
graph of the function z = f(x, y) with the parametrization

r(,y) = (xy.f(xy), (xy)€DcR? fec'D)
A surface S is minimal if and only if the components of position vector x,y and f are
harmonic functions i.e.

Ax = Ay = Af = 0.
5. CONCLUSION

Therefore, we have proved that in the three-dimensional Lorentzian Heisenberg group
H1 which is endowed with left invariant Lorentzian metric g;, (i = 1,2,3) the surface as

graph S is minimal in H1 if and only if the components of position vector of S are harmonic
functions.
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