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Abstract. In this article, we define a new curve which is called B-Lift curve in 3-

dimensional Lorentzian space and we obtain the Frenet vectors of the B-Lift curve. Also, we 

compare the Frenet vectors of the B-Lift curve and the natural lift curve. 
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1. INTRODUCTION 
 

 

Riemannian geometry plays an important role in the development of the theoretical 

physics. However, it is insufficient to explain the special and general relativity. Hence, 

Lorentzian geometry has emerged which defined by a metric on a smooth manifold. For many 

years, Riemannian geometry and Lorentzian geometry developed separately. More recently, 

with the increasing interest of physicists, this difference has been reversed. Lorentzian space 

has differences and similarities with the Euclidean space. The curves in this space have 

Lorentzian characters such as spacelike, timelike or lightlike (null) [1]. 

The characterizations and the relationships among the curves are crucial problems in 

differential geometry. One of the most important to make this characterization is the Frenet-

Serret formulas which were discovered independently by two French mathematicians J. F. 

Frenet (1847) and J. A. Serret (1851). These formulas are equations that use curvature and 

torsion to express the derivatives of the three vector fields that make up the Frenet frame in 

terms of vector fields         for the study of space curves [2]. 

Many mathematicians have studied on the theory of curves. E. Ergün and M. Çalışkan 

[3] established the relationship between the Frenet vectors of the natural lift curve in the 

three-dimensional Lorentzian space. The definition of the natural lift curve was first 

encountered in an exercise in Thorpe's book [4]. According to the definition, it is a curve 

formed by combining the ends of the tangent vector of the curve. 

In this study, based on Thorpe's definition, we defined the B-Lift curve and obtained 

the Frenet vectors of this curve in the three-dimensional Lorentzian space. Moreover, we 

introduce the equations of the Frenet vectors between the natural lift curve and the B-Lift 

curve. Finally, we give examples about these results and plotted these curves. 
 

 

2. PRELIMINARIES 
 

 

In this section, we give some basic definitions and theorems in differential geometry. 

Besides, we denote natural lift curve and examine the relationship between Frenet frames of  

natural lift curve in Lorentzian 3-space.  
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The Lorentzian 3-space   
  is the real vector space    provided with Lorentzian inner 

product defined by 
 

                         
 

where   (        )   (        )      [1]. 
 

A vector   (        )     
   is called spacelike if         or    , timelike if 

        and lightlike (null) if         and       An arbitrary curve         
  are 

spacelike, timelike or lightlike (null), if   ( ) are spacelike, timelike or lightlike (null) at any 

   , respectively. The norm of a vector   (        ) defined as  
 

|| ||
  

 √|     |   [1]. 

 

If || ||
  

  , then the vector   is called unit vector. Let   and   be vectors in   
 , 

then the Lorentzian vector product is defined as 
 

    |

        

      

      

| 

 

 (                             )   [5]. 
 

Assume that   be a unit speed curve.   ( )  ( )  ( )  is called Frenet-Serret frame 

given by tangent, principal normal and binormal vectors, respectively. Now, we examine 

Frenet formulas depending on the Lorentzian character of the curve [6]: 

Let   be unit speed timelike curve. Then, T is a timelike vector, N and B are spacelike 

vectors. In this situation, we can write 
 

                       . 
 

Frenet formulas are given as 
 

     ,         ,       . 
 

Let   be unit speed spacelike curve with spacelike binormal. Then, T and B are 

spacelike vectors, N is a  timelike vector. In this situation, we can 
 

                   . 
 

Frenet formulas are given as follows 
 

     ,         ,      . 
 

Let   be unit speed spacelike curve with timelike binormal. Then, T and B are 

spacelike vectors, B is a  timelike vector. In this situation, we can 

                   . 
 

Frenet formulas are given by  
 

     ,          ,      . 
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Lemma 1.  Let   and   be linearly independent spacelike vectors which span a spacelike 

vector subspace in   
 . Then we have, 

 

|      |  || || || ||. 
 

Hence we can write, 
 

       || |||| ||       
 

where   is a Lorentzian spacelike angle between   and    [7]. 
 

Lemma 2.  Let   and   be linearly independent spacelike vectors which span a timelike 

vector subspace in   
 . Then we have, 

 

|      |  || || || ||. 
 

Therefore we can write, 
 

|      |   || |||| ||        
 

where   is Lorentzian timelike angle between   and     [7]. 
 

Lemma 3. Let   be spacelike vector and   be timelike vector in   
 . Then we can write, 

 

|      |   || |||| ||        
 

where   is Lorentzian timelike angle between   and     [7]. 
 

Lemma 4. Let   and   be two timelike vectors in   
 . Then we can write, 

 

       || |||| ||        
 

where   is Lorentzian timelike angle between   and     [7]. 
 

Definition 1. Let       be a parametrized curve, where     
  be a surface. We called 

an integral curve to the curve   if  
 

   ( )   ( ( )) 
 

where   is a differentiable vector field on      [1].   
 

Definition 2. Let       be a parametrized curve. The natural lift curve  ̅       of the 

curve   is defined by 
 

 ̅ ( )  (  ( )      ( ))        ( )|  ( )    [1]. 
 

Let   be a timelike curve. Then,  ̅ is a spacelike curve with timelike or spacelike 

binormal  [3]. 
 

i) Let  ̅ be a spacelike curve with timelike binormal. We know the following equations 

between the Frenet frame   ̅  ̅  ̅  of the curve  ̅ and the Frenet frame         of the curve 

 . 
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a) If   is spacelike vector, we have 
 

(
 ̅
 ̅
 ̅

)  (

   
           
           

)(
 
 
 
). 

 

b) If   is timelike vector, we have 
 

(
 ̅
 ̅
 ̅

)  (

   
           
           

)(
 
 
 
). 

 

ii) Let  ̅ be a spacelike curve with spacelike binormal. We know the following equations 

between the Frenet frame   ̅  ̅  ̅  of the curve  ̅ and the Frenet frame         of the curve 

 . 
 

a) If   is spacelike vector, we have 
 

(
 ̅
 ̅
 ̅

)  (

   
           
             

)(
 
 
 
). 

 

b) If   is timelike vector, we have 
 

(
 ̅
 ̅
 ̅

)  (

   
           

             
)(

 
 
 
). 

 

Let   be a spacelike curve with spacelike binormal. Then,  ̅ is a timelike curve. We 

know the following equations between the Frenet frame   ̅  ̅  ̅  of the curve  ̅ and the 

Frenet frame         of the curve     [6]. 
 

(
 ̅
 ̅
 ̅

)  (
   

         
          

)(
 
 
 
). 

 

Let   be a spacelike curve with timelike binormal. Then,  ̅ is a spacelike curve with 

timelike or spacelike binormal   [3]. 
 

i) Let  ̅ is a spacelike curve with timelike binormal. We know the following equations 

between the Frenet frame   ̅  ̅  ̅  of the curve  ̅ and the Frenet frame         of the curve 

 . 
 

a) If   is spacelike vector, we get 
 

(
 ̅
 ̅
 ̅

)  (

   
            
            

)(
 
 
 
). 

 

b) If   is timelike vector, we get 
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(
 ̅
 ̅
 ̅

)  (

   
            
            

)(
 
 
 
). 

 

ii) Let  ̅ is a spacelike curve with spacelike binormal. We know the following equations 

between the Frenet frame   ̅  ̅  ̅  of the curve  ̅ and the Frenet frame         of the curve 

 . 
 

a) If   is spacelike vector, we get 
 

(
 ̅
 ̅
 ̅

)  ( 

   
           
            

)(
 
 
 
). 

 

b) If   is timelike vector, we get 
 

(
 ̅
 ̅
 ̅

)  (

   
            
            

)(
 
 
 
). 

 

 

3. B-LIFT CURVES IN LORENTZIAN 3-SPACE 
 

 

In this chapter, we denote the B-Lift curve in   
  which is the curve obtained by the 

end points of the binormal vectors of the main curve. We also introduce the Frenet vectors of 

the B-Lift curve and examine the relation between the Frenet vectors of the B-Lift curve and 

the natural lift curve. (In the calculations, specially the torsion will be taken as greater than 

zero.) 
 

Definition 3. For any unit speed curve      ,         is called the B-Lift curve in   
  

of   which provides the following equation: 
 

  ( )  ( ( )  ( ))   ( )| ( ) 
 

where B is the binormal vector of the curve  . 
 

Let   be a timelike curve. Then,    is a spacelike curve with timelike or spacelike 

binormal.  
 

i) Let    be a spacelike curve with timelike binormal. We know the following equations 

between the Frenet frame            of the curve    and the Frenet frame         of the 

curve  : 
 

a) If   is spacelike vector, we get 
 

(
  

  

  

)  ( 

    
            
           

)(
 
 
 
). 

 

b) If   is timelike vector, we get 
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(
  

  

  

)  ( 

    
            
           

)(
 
 
 
). 

 

ii) Let    be a spacelike curve with spacelike binormal. We know the following equations 

between the Frenet frame            of the curve    and the Frenet frame         of the 

curve  : 
 

a) If   is spacelike vector, we get 
 

(
  

  

  

)  (

    
           
           

)(
 
 
 
). 

 

b) If   is timelike vector, we get 
 

(
  

  

  

)  (

    
           
           

)(
 
 
 
). 

 

Let   be a spacelike curve with spacelike binormal. Then,    is a timelike curve. We 

know the following equations between the Frenet frame            of the curve    and the 

Frenet frame         of the curve  : 
 

(
  

  

  

)  (
   

         
          

)(
 
 
 
). 

 

Let   be a spacelike curve with timelike binormal. Then,   is a spacelike curve with 

timelike or spacelike binormal. 
 

i) Let    is a spacelike curve with timelike binormal. We know the following equations 

between the Frenet frame            of the curve    and the Frenet frame         of the 

curve  : 
 

a) If   is spacelike vector, we get 
 

(
  

  

  

)  (

   
            
            

)(
 
 
 
). 

 

b) If   is timelike vector, we get 
 

(
  

  

  

)  (

   
            
            

)(
 
 
 
). 

 

ii) Let    is a spacelike curve with spacelike binormal. We know the following equations 

between the Frenet frame            of the curve    and the Frenet frame         of the 

curve  : 
 

a) If   is spacelike vector, we get 
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(
  

  

  

)  (

   
            
            

)(
 
 
 
). 

 

b) If   is timelike vector, we get 
 

(
  

  

  

)  (

   
            
            

)(
 
 
 
). 

 

Corollary 1. Let   be a timelike curve. Then,    and  ̅ are spacelike curve with timelike or 

spacelike binormal.  
 

i) Let    and  ̅ be spacelike curves with timelike binormals. Then the following equations are 

provided: 
 

     ̅, 
 

     ̅, 
 

    ̅. 
 

ii) Let    and  ̅ be spacelike curves with spacelike binormals. Then the following equations 

are provided: 
 

     ̅, 
 

    ̅, 
 

     ̅. 
 

where            and   ̅  ̅  ̅  are the Frenet vectors of the curves    and  ̅, respectively. 

Corollary 2. Let   be a spacelike curve with spacelike binormal. Then,    and  ̅ are timelike 

curve. We have the following equations: 
 

    ̅, 
 

    ̅, 
 

    ̅. 
 

Corollary 3. Let   be a spacelike curve with timelike binormal. Then,    and  ̅ are spacelike 

curve with timelike or spacelike binormal. We have the following equations: 
 

i) Let    and  ̅ be spacelike curves with timelike binormals. Then the following equations are 

provided: 
 

    ̅, 
 

    ̅, 
 

     ̅. 
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ii) Let    and  ̅ be spacelike curves with spacelike binormals. Then the following equations 

are provided: 
 

    ̅, 
 

     ̅, 
 

    ̅. 
 

where            and   ̅  ̅  ̅  are the Frenet vectors of the curves    and  ̅, respectively. 
 

Example 1. Let   be a unit speed timelike circular helix curve that is given by 
 

 ( )  (√            ). 
 

After some calculations the Frenet vectors of the curve   are given as follows: 
 

 ( )  (√            ) 

 ( )  (             ) 

 ( )  (   √      √     ). 
 

Figure 1. The circular helix 

 

In Figure 1, we represented the circular helix curve  ( ). Since   ( )   ( ), we 

have the following equation: 
 

  ( )  (   √      √     ). 
 

B-Lift curve of the curve  ( ) is represented in Figure 2 as follows: 
 

 

 

 

 

 

 

 

 

 

 
Figure 2. The circle 
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Example 2. Consider the unit speed spacelike hyperbolic helix with 

 ( )  (    
 

√ 
     

 

√ 
 
√ 

√ 
 ). 

 

Then the Frenet vectors of the curve   are given as following equations: 
 

 ( )  (
 

√ 
    

 

√ 
 
 

√ 
    

 

√ 
 
√ 

√ 
) 

 ( )  (    
 

√ 
     

 

√ 
  ) 

 ( )  (
√ 

√ 
    

 

√ 
   

√ 

√ 
    

 

√ 
  

 

√ 
). 

 

 
Figure 3. The unit speed spacelike hyperbolic helix 

 

In Figure 3, we drew the unit speed spacelike hyperbolic helix curve  ( ). Since 

  ( )   ( ), we have 

  ( )  (
√ 

√ 
    

 

√ 
   

√ 

√ 
    

 

√ 
  

 

√ 
). 

 

B-Lift curve of the curve  ( ) is showed in Figure 4 as follows: 
 

 
Figure 4. The unit speed timelike hyperbola 

 

 

4. CONCLUSION 
 

 

In this study, we introduced the B-Lift curve and examined the Frenet vectors of the 

B-Lift curve in Lorentzian 3-space. Furthermore, we obtained the relations between the Frenet 

frames of the natural lift curve and B-Lift curve. 
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