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Abstract. In this paper, we investigated some basic properties of rough I-convergence
of a triple sequence spaces of fuzzy in three dimensional matrix spaces which are not earlier.
In addition, it was studied the set of all rough I-limits of a triple sequence spaces and also the
relation between analytic ness and rough I-core of a triple sequence spaces.

Keywords: Abel series method; convergence and divergence of triple sequences;
quasi-Cauchy.

1. INTRODUCTION

The concept of continuity and any concept involving continuity play a very important
role not only in pure mathematics but also in other branches of science involving mathematics
especially in computer sciences, information theory, biological science, economics and
dynamical systems.

Throughout the paper, N and R will denote the set of non negative integers and the set
of real numbers, respectively. A function f: R® — R3 is continuous if and only if it preserves
Cauchy sequences, lacunary statistical quasi-Cauchy sequences, p-statistical quasi-Cauchy
sequences ideal quasi-Cauchy sequences, strongly lacunary quasi-Cauchy sequences, slowly
oscillating sequences. The triple sequence 6, s, = {(m,,ng, k)} is called triple lacunary if
there exist three increasing sequences of integers such that

my=0h, =m,—m,_; 5> 00asr - o,
Ny =0,h_s=ns—ns_1 — 00ass > o,
ko= 0,h, =k, —k,_, > 0ast — oo
Let m, ¢ = mongky, hysr = hehghy, and 6, . is determine by:

Lse ={mnk)m._;, <m<m, and n,; <n<ng; and k,; <k <k}
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ng __ k;
1 qs = 'qtzk

t—1

Throughout the paper § be a non negative real number. A real triple sequences
(amnrx) Of points in R3 is called rough statistically A3-convergent to an £ € R if

limr,s,t_,ooé {m <r,n<sk<t:|MBapu — €| =B + €} =0 for every e > 0, and this is
denoted by st —limA3a,,,;, = €. A triple sequence (a,,,,) is called lacunary rough
statistically A3-convergent to an £ € R if limr,s,t%oﬁ {(m,n, k) € Lugp: |3 pni — €] =

St

B + €}| = 0 for every e = 0, and this is denoted by Sy — limA3 ., = 2.
Throughout this paper we assume that liminfm‘tL > 1. A triple sequence

r-1,s-1,t-1
(@mni) is slowly rough oscillating if for any given ,e > 0 there existsa § = §(f +€) >0
and N =N(B +¢€) such that |a,,w— @rs:| <B +€ whenever r,s,t > N(B+¢€) and
r<u<s<(@+8)bst),s<v<(1A4+6)(rst),t<w < (14 6)(rst).
A triple sequence (@,,nx) is slowly rough oscillating if (A3a,,,,;) is slowly rough
OSCi”atinga where A3amnk = OCmnk — Cman+1,k — Tmnk+1 + Tmn+1,k+1 — Tm+ink +
Amiin+rk T Tmitnk+t — Tmeintk+1s TOF everymn, k € N.

1.1. ABEL STATISTICAL WARD CONTINUITY

A triple sequence (a,,,,) Of real numbers is called Abel convergent (or Abel
summable) to £ if the series X500 Yoo Y2 o dmnxx™y™z" is convergent for 0 < x,y,z <
Tand limy_1-y1- s~ (1 = X)(1 = )1 = 2) o Timo Liemo FmniX™y"2" = L.

In this case, we write Abel-lima,,,;, = €. The concept of a Cauchy sequence involves
far more than that the distance between successive terms is tending to 0.

A triple sequence (a,,,) Of points in R3 is called Abel Cauchy if (A3a,,,,x) is Abel
convergent to 0, i.e. the series Yoo Yoo Y20 Adax™ymz" is convergent for 0 <
x,v,z<1and

limy 1= 1= 21 (1= ) (1 = ¥)(1 = 2) Bi—o Ximo Xicmo A mmx™y™z" = 0.
A and A3A will denote the set of Abel convergent triple sequences and the set of Abel
Cauchy sequences, respectively.

A triple sequence (a,,,,) is called Abel rough statistically convergent to a real
number £ if

limx—>1_,y—>1_,z—>1‘ (1 - x)(l - y)(l -
Z) Ym=0 Ln=0 Lkeo|ay—tlzp+e CmnkX Y™z = 0 for every € > 0,

and denoted by Abel,; — lima,,, = .
Now we give some definitions as follows.

Definition 1. A rough triple sequence of points in a subset E of R3 is called Abel rough
statistically Cauchy if Abely, — limA3a, = 0, (i.€.)
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oo

lim (1= -1 -2) i i Z Na,, x™yzk = 0

x-17,y-17,z-1"
m=0 n=0 k=0:|A3apmnr—f|2B+€

3 —
for every e > 0’ where A Amnk = Cmnk — Amn+1,k — Amnk+1 + Amn+1,k+1 — Tm+ink +
Am+in+rk T Tmitnk+t — Tmeintk+1, TOF eVery mn, k € N.

For any fixed constant ¢ € R, the triple sequence (ca,,,i) IS Abel statistically Cauchy
whenever (a,,,) is, and the sum of two Abel statistically Cauchy sequence is Abel rough
statistically Cauchy. Thus the set of all Abel rough statistically Cauchy sequences is a vector
space of the space of all triple sequences. The product of two Abel statistical Cauchy
sequences need not be Abel rough statistically Cauchy as it can be seen by considering the
product of the triple sequence (ank) itself. Cauchy sequences have the property that any
subsequence of a Cauchy sequence is Cauchy. The analogous property fails for Abel rough
statistical Cauchy sequences. A counter example is the triple sequence (\/mnk) with the sub-
sequence (mnk).

Any convergent triple sequence is Abel rough statistically Cauchy: Let (a,,,,x) be a
rough convergent triple sequence with limit £ and € > 0. Then there exists an I, ], L € N such

that | — 2] < % for all m,n,k > N. Hence {m,n,k €N:|apu — £l = %} c

{1,2,3,...,N} for every B,e > 0. Therefore ¥,c; Yne; 2 e UmupX™y™zF <

kEL:|amnk—{’|ZT

Ler X Tk e x™y™ 2" for every e > 0. On the other hand

m,,n, Kk
Zm Zn Zk:|amnk|2[)’+e X" Y 2" =
m,,n,k
+e O X z" +
k:|am+1n+1k+1—f|2—ﬁze mnkX Y Zm Zn )

< 22%1:1 Z{‘L:l Zk:l amnkxmynzk

Lm Xn 2

B+e amnkxmynzk

k:lf—amnk|<T

for every € > 0. Therefore

lim 1_(1 - x)(l - y)(l - Z) Zm Zn Zk:lamnk|2ﬁ+6 amnkxmynzk

x-17,y-17,z>

<2 _lim (1= =1~ 2) Ther Tpey ket Emud™y"25 =0

x-17,y—-17,z>
for every € > 0.

Definition 2. A subset E of R3 is called Abel statistically ward compact if any triple sequence
of points in E has an Abel rough statistical Cauchy subsequence, (i.e.) whenever a = (a,.¢;)
Is a triple sequence of points in E, there is an Abel rough statistical Cauchy subsequence

¢ = (S(mnk) = (armsntk) of a.

Definition 3. A function f is called Abel statistically ward continuous on a subset E of R3 if it
preserves Abel rough statistical Cauchy sequences points in E, (i.e.) (f(amnk)) is Abel

statistically Cauchy whenever (a,,,x) is an Abel rough statistical Cauchy sequence of points
inE.

The idea of rough convergence was first introduced by Phu [1-3] in finite dimensional

normed spaces. He showed that the set LIM) is bounded, closed and convex; and he
introduced the notion of rough Cauchy sequence. He also investigated the relations between
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rough convergence and other convergence types and the dependence of = LIMZ on the
roughness of degree r.

Aytar [4] studied of rough statistical convergence and defined the set of rough
statistical limit points of a sequence and obtained two statistical convergence criteria
associated with this set and prove that this set is closed and convex. Also, Aytar [5] studied
that the r-limit set of the sequence is equal to intersection of these sets and that r-core of the
sequence is equal to the union of these sets. Dlindar and Cakan [6] investigated of rough ideal
convergence and defined the set of rough ideal limit points of a sequence The notion of I-
convergence of a triple sequence spaces which is based on the structure of the ideal I of
subsets of N3, where N is the set of all natural numbers, is a natural generalization of the
notion of convergence and statistical convergence.

Our purpose in this paper is to investigate some basic properties of rough I-
convergence of a triple sequence spaces of fuzzy in three dimensional matrix spaces which
are not earlier. We also study the set of all rough I-limits of a triple sequence spaces and the
relation between analytic ness and rough /-core of a triple sequence spaces.

Let K be a subset of the set of positive integers N* and let us denote the set K, =
{m,n,k) e K:m <i,n <j,k <} Then the natural density of K is given by §;(K) =
i}li{)rgw % where |Kijg| denotes the number of elements in K;j,. The theory of statistical
convergence has been discussed in trigonometric series, summability theory, measure theory,
turnpike theory, approximation theory, fuzzy set theory and so on.

A triple sequence (real or complex) can be defined as a function x: NX N x N —
R(C), where N, R and C denote the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple sequence was introduced and
investigated at the initial by Sahiner et al. [7, 8], Esi et al. [9-12], Dutta et al. [13],
Subramanian et al. [14], Debnath et al. [15] and many others. For more information about the
quasi Cauchy sequences, one can refer to Cakalli [16], Taylan [17], Cakalli et al. [18],Canak
and Dik [19].

2. MAIN RESULTS

Theorem 1. Any triple sequence of Abel statistical ward continuous function on an triple
sequence of Abel rough statistical ward compact subset E of R3 is uniformly continuous.

Proof. Let f be a function on a triple sequence of Abel rough statistical ward compact subset
E of R3 into R3. Suppose that f is not uniformly continuous on E so that there exist an
Bo, €0 > 0 and two triple sequence (a,.s;) and (n,) Of points in E such that |a,g; — Ny | <

é and |f(arst) — f(Mrse)| = Po + € Tor all r,s,t € N. Since E is Abel statistically ward
compact, there is a triple subsequence (“rmsntk) of (a,) that is Abel statistically Cauchy.

On the other hand there is a triple subsequence (Urm. ) of (T’rmsntk) that is Abel rough

Sn .tk
jre
statistically Cauchy. The corresponding triple subsequence (arm-sn-tk[) is also Abel rough
iy
statistically Cauchy which follows from the following inclusion:

3. —
{(m’ n, k) € N* armi+1snj+1tk€+1 armisnjtk€| = ﬂ + E}
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c {(m,n, k) € N3:
{(m, n, k) € N3:
{(m, n, k) € N3:

2§§%J

a —
TmipSnjyqtheyq 77rmi+15"j+1tkt’+1

>

nrmi+1snj+1tke+1 77rmisnjtke

> £ie)

— a =
nrmisnj tk{, Tmisnj tk{, 3

for every 8,e > 0, that implies

lim A-xAQ-y)a-

x—-17,y—-17,z-1"
Z) Yom 2Xn X _ nmnkxmynzk
nrmi+1snj+1tk€+1 nrmisnjtke

+x—>1— 3}1_%1_ z—>1—(1 -1 -y)1-
Z)Ym Xn X

k:

|2ﬁ+6

k: nmnkxmynzk +

"Tmisnjtk[“rmisnjfk{|23+E
lim | (1=x)(1 - y)(1 -

x-17,y-17,z—>
m,,n_k
|>& AmnkX Y 2
-3

)% In 5,

-a
TmiSnitky” TTmiy SN g tlpy

=0+0+0=0,

for every e > 0. Now the sequence

armlsnl tklnrmlsnl tk1
aT‘mZSnZ tk, nrmzsnz tk,
@w)=;
\arml.snjtk{,nrmisnjtk{, /

is Abel statistical quasi Cauchy while the triple sequence

(f (arm15n1tk1)f(nrm15n1tk1) \

f (armz Snaliy ) f (r’rmz Snalk, )

f(arml.snjtk{,)f(nrml.snjtk{,)

is not Abel statistically quasi Cauchy since

(f(.uij{’)) =

lim 1-x00-y)a-
x—-17,y—-17,z-1"

Z) Yom 2in Zk:‘(f(llij{’))_(f(ﬂi+1j+1£’+1))|
- x—»l_.)}i—pil_,z—»l—(l — )1 =)A= 2) Xr=0 Zieo Zieo f Wmni)x™y™ 2" # 0.

Hence this establishes a contradiction.

Theorem 2. A triple sequence of Abel statistical ward continuous image of any triple
sequence of Abel statistical ward compact subset of R3 is triple sequence of Abel statistically
ward compact.
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Proof: Let f: E - R3 be an Abel statistical ward continuous function and B be an Abel
statistical ward compact subset of E. Take any triple sequence n = () Of points in f(B).
Write 0k = f(@mni) for each m,n, k € N, a = (). Since B is Abel statistically ward
compact there exists an Abel rough statistical Cauchy sequence & = (&) Of the triple
sequence a. Since f is Abel statistically ward continuous f(¢) = (f (&mnx)) is Abel rough
statistically Cauchy which is a subsequence of the triple sequence 7.

Theorem 3. A triple sequence in R3 is Abel statistically ward compact if and only if it is
triple analytic.

Proof: Abel statistical sequential method is regular, any triple analytic subset of R3 is Abel
statistically ward compact. Suppose now that E is not an triple analytic. First pick an element
Qoo Of E so that ay9 > 1. Then choose an element a;,,; of E so that a;1; > g0 + 3.
Similarly choose an element a,,, of E so that a,,, > a;1; + 8. We can inductively choose
elements of E so that @, ipi1per > 2™ for each m,n, k € N. Take any triple
subsequence «a,. . ;, Of the triple sequence (a,.). Thus

m n k
3 —
YimeN 2neN 2keN:|A3aynilz1 A° Amp X mtntlymentlzmentk =
m n k 1 m+n+k
Z%:l Z?{;l 21?21 A3amnkxm+n+kym+n+kzm+n+k = (—1 )
-x

Hence

lim (1 — x)m+n+k(1 — y)m+n+k(1 —
x—-17,y—-17,z-1"
m n k

m+n+k 3
z) YmeN LneN 2keN:|A3amplz1 A% AmuiXmin+kymen+tkzmen+i

lim (1 _ x)m+n+k(1 _ y)m+n+k(1 _
x-17,y—>17,z->1"
n k

m
Z)m+n+k Z?Tol=1 Z?lo=1 Z,O(ozl A3amnkxm+n+kym+n+kzm+n+k =1=%0.

Thus the triple sequence «a,,,, has no Abel statistical Cauchy subsequence. If it is not
triple analytic then similarly we construct a subsequence of points in E which has no Abel
statistical Cauchy subsequence.

Theorem 4. The sum of two triple sequence of Abel statistical ward continuous functions is
Abel statistically ward continuous.

Proof: Let f and g be two triple sequence be Abel statistical ward continuos functions on a
subset E of R3, and (a,,,,) be an Abel rough statistical Cauchy sequence of points in E.
Take any € > 0. Since f is triple sequence of Abel statistically ward continuous on E, we
have

lim A-x)0-y)a-

x—-17,y—-17,z-1"

Z) Zm Zn Zk|A3f(am B+e A3f(amnk)xmynzk — 0;

nk)|ZT

since g is triple sequence of Abel rough statistically ward continuous on E,
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lim A-xAQ-y)a-

x-17,y-17,z->1"

Z) Zm ZTL Zk:|A3g(a k)|>& A3g(amnk)xmynzk = 0.
mnkJ)1=—,

Now it follows from the inequality

Zm Zn Zk!|f+g(amnk—“m,n+1,k—“m,n,k+1+am,n+1,k+1—“m+1,n,k+am+1,n+1,k+“m+1,n,k+1—Ulm+1,n+1,k+1)|EB+€

(f + Agg(amnk))xmynzk
<

i — — _ 3 m,,n_ k
x—>1‘,3}1—>n11‘,z—>1‘(1 x)(l Y)(l Z) Zm Zn Zk:lA:;f(amnk)'Z% A f(amnk)x y z +
lim A-xaQ-y)a-

x-17,y—-17,z-1"

2) Ym Zn Dyt gay oojzbre B9 (@mudx™y"z* = 0+ 0 = 0.
mn = 2

Theorem 5. If triple sequence of a function is Abel statistically ward continuous on a subset
E of R3, then it is continuous on E.

Proof: Suppose that a function f is not continuous on E so that there exist a triple convergent
sequence (@ys;) With lim, ¢,y = ¢ such that (f(a,s.)) is not convergent to (). If
(f(arst)) is bounded, then either (f(a,s;)) has a limit different from f(#£), or there are at
least two rough triple convergent subsequences of (f(am)) with different limits, which is a
contradiction. If (f(a,s)) is unbounded above. Then we can find an (rys;t;) such that

(f(“rlsltl)) > f(ape0) + 1. There exists a positive integer an (r,s,t,) > (r;5:t;) such that
f(ar,s,e,) > f(ars,e,) +2. Suppose that we have chosen an (Ty—1Sp_1tk—1) >
(Tm—2Sn—2tk—z) such that fa. o o ) > flar s . r,)+ 20 D+O=2+(k=2) Then
we can choose an (T,Sptx) > Tmo1Sp—1ti—1 Such that f(a,. s r) > f(@r s r) +
2m-D+(-1+k-1) Inductively we can construct a subsequence (f (armsntk)) of (f(ars))
such that (f(“rm+1sn+1tk+1)) > (f(armsntk)) + 2m+n+k for each m,n, k € N. Since the
rough triple sequence (a, s ;) is @ subsequence of (a,s), the subsequence (., s ¢, ) is
convergent so is Abel rough statistically Cauchy. But (f(armsntk)) is not Abel rough
statistically Cauchy. For each m,n,k € N we have A3f(a, g . ) > 2™""*k The series

3 k : 1
Yom Xn Zk1|A3-f(0l1:nnk)|21 A° f(Amnr)x™y™z" is convergent and equal to oasay for
any x,y, z satisfying 0 < x,y,z < 1, so

1imx—>1_,y—>1_,z—>1_(1 - )1 -y)A—-2)Xn 2n Zk:|A3f(amnk)|21 Agf(amnk)xmynzk =1+
0.

Thus the rough triple sequence (f(amnk)) is not Abel statistically Cauchy. If
(f (@mni)) is unbounded below, similarly

limx—>1‘,y—>1‘,z—>1‘ (1 - x)(l - y)(l - Z) Zm Zn Zk:|A3f(amnk)|21 Asf(amnk)xmynzk # 0.

The contradiction for all possible cases to the Abel statistical ward continuity of f.
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Remark 1. The converse of the preceding theorem is not always true.

Example 1. Consider the function defined by f(x) = x® and the Abel rough statistical
Cauchy sequence defined by /rst.

Note 1. Abel statistical ward continuity implies not only ordinary continuity, but also
statistical continuity implies lacunary statistical sequential continuity implies A statistical
continuity implies p-statistical continuity and G-sequential continuity for any regular
subsequential method G.

Note 2. Any continuous function on a compact subset E of R3 is uniformly continuous on E.
We have an analogous theorem for an Abel statistical ward continuous function defined on an
Abel statistical ward compact subset of R3.

CONCLUSION

In this article, are explored some key features of rough I-convergence of a fuzzy triple
array spaces in three-dimensional matrix spaces and the relationship between analyticity and
the whole set of rough I-limits of triple array spaces. This article will be useful for future
research, as well.
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