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Abstract. The modified Kudryashov approach along with the conformable derivative
is used to find a variety of askew wave solutions, with some free parameters, of the space-time
fractional modified KdV equations. We study the wave solutions of the aforesaid mKdV
equations that are obliquely propagated to consider the behaviour of physical issues in water
waves and other fluids. The graphical depiction of these solutions is given via Mathematica
for better understanding. Moreover, apart from the physical implication, these solutions may
be helpful for an upgraded understanding of numerical solvers to compare the accuracy of
their results and performances of wave dynamics as observed in science and engineering.

Keywords: conformable derivatives; space-time-fractional mKdV equations; modified
Kudryashov approach; oblique wave solutions.

1. INTRODUCTION

The dynamics of shallow water waves in various places like sea beaches are governed
by the KdV and Boussinesq Equations. The idea of a soliton for the Korteweg-de Varies
equation in water wave dynamics has been provided in [1-4]. The Korteweg-de Vries (KdV),
Boussinesq, Kadomtsev-Petviashvili, and Whitham-Broer-Kaup (WBK) equations are the
well established integrable models that describe the propagation of shallow water [5-7]. It is
well stimulating to discuss the topic of solitary waves on water. The KdV equation has also an
impingement in modelling blood pressure pulses [8-10]. Likewise, Wazwaz [11] announced
the nonlinear (3+1) -dimensional modified KdV equations and scrutinize their exact soliton

and kink solutions. Specifically, in [12-13], the soliton solutions for the following
conformable fractional (3+1) -dimensional modified KdV equations are explored.

D/v+6D/\¢ +D¥v =0, 0< <1, (1)
D/v+6D/Vv’+DJv =0, 0<n<1, (2)
D/v+6D/v’+D;v=0, 0<n<1. 3)
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There are various mathematical approaches to evaluate the analytical solutions of
nonlinear evolution equations (NLEES) for studying the solitary waves not only on water but
also on plasmas, optical fibers, stochastic processes etc. [14-20]. Some of the commonly used
approaches are studied in [21-34]. Furthermore, the generalized Kudryashov method [35-37],
a modified form of Kudryashov and functional variable methods have been employed for
solving discrete and fractional order partial differential equations (PDEs) as well [38-41].
Moreover, the exact solitary wave solutions to PDEs and FPDEs have also been found in [42-
46]. In particular, authors have only focused on the solutions to the nonlinear FPDEs without
obliqueness. The oblique wave propagation can be debated, in any varied instances, a wave
that is inclined to the flow direction. The generalized exp(—®(&)) -expansion method [47] has

been investigated for finding the oblique wave solutions to the conformable time-fractional
extended Zakharov-Kuznetsov equation. Also, the modified Kudryashov approach has been
utilized to find oblique closed-form solutions for some fractional order evolution equations
[48]. Being prompt driven from the above facts and according to our best knowledge that no
one has been employed the modified Kudryashov method for constructing the obliquely
propagating wave solutions of space-time conformable fractional (3+1)-dimensional mKdV
equations. In recent years, many evaluations in fractional order derivatives, Like Caputo,
Hilfer, Riemann-Liouville, form and so on, have been made in the literature [49-52]. The
well-known product, quotient and chain rules were the setbacks of one definition or another.
Therefore the most engrossing definition of the fractional derivative with some of its
properties are given in [53-54].
The conformable derivative of order x e (0,1] can be defined as

. Cou(x t+ et —u(xt

, U:Rx(0,00) > R,forallt>0. (4)

This paper focuses to explore the conformable space-time fractional modified KdV
equations of (3+1) -dimension for oblique wave exact solutions via the modified Kudryashov

approach using conformable derivative by introducing a new travelling wave variable.
2. MAIN STEP FOR MODIFIED KUDRYASHOV APPROACH

Let us consider a nonlinear conformable space-time FDE that can be accessible in the
form

Q(v,D/v, Dv,D}"v,Dv,...) =0. (5)
This FDE (5) can be reformulated into the following nonlinear ODE of integer order
A(f, f,f7,..)=0, (6)
with the use of the following wave variable and some properties of conformable derivative

[50-51].

n n n n
vt = ek rgami ot e =1, 7
0

mon o0
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where | is nonzero arbitrary constant and the prime reveals the conformable differentiation
with respect to ¢. The current section provides a transient elucidation of the modified
Kudryashov approach [25-26] that fabricates the new oblique wave exact solutions of
conformable space-time fractional modified KdV equations. Consider the following solution
for Eq. (6) that can be expressed as a finite series of the form

f(e) = ianv "(e), (8)

where a,, n=0,1,..,N(a, #0) are unknowns to be calculated, and Y (¢) satisfies a first-
order nonlinear equation as

Y (€)=Y ()Y (¢e)-1)In(a);a=0,1. 9)
It is obvious that Eq. (9) has a solution of the form:

1
1+da

Y(e) = (10)

It should be noted that the positive integer N in Eqg. (8) is computed by the use of the
homogeneous balance principle. Inserting Eq. (8) and its necessary derivatives in Eq. (6)
gives

P(Y(¢)) =0, (11)
a polynomial in Y (¢). Considering the coefficients of each power Y (¢) in Eq. (11) are to be

zero, we will extend to a system of nonlinear algebraic equations whose solution generates
solutions for the original Eq. (5).

3. THE SPACE-TIME FRACTIONAL MKDV EQUATIONS AND THEIR OBLIQUE
WAVE SOLUTIONS

In this section, we look for the oblique wave exact solutions of conformable fractional
(3+1) -dimensional modified KdV Egs. (1)-(3) via modified Kudryashov approach [35-37].

Consider the Eqg. (1) and use the transformation
v(X,y,z,t) = f(e),e= cos(;/)sin(é)ﬁ+sin(y)sin(§)y—”+cos(5)£—l ﬂ (12)
n n non
where (cos(y)sin(5))* + (sin(y)sin(5))? +cos(5)* =1ana we are left with
—If "+ (cos(y) sin(d))(sin(y) sin(8)) cos(8) f * +6(cos(y)sin(S))(f3) =0.  (13)

New integrating (13) once w.r.t. € and taking zero constant of integration, we get

—If +(cos(y)sin(d))(sin(y)sin(5)) cos(S) f +6(cos(y)sin(5)) f* =0. (14)

ISSN: 1844 — 9581 Mathematics Section



912 On obligue wave solutions of ... Asim Zafar et al.

The homogeneous balance between f° and f® gives N =1, then the nontrivial
solution (8) reduces to:
f(e)=a,+aY(e). (15)

By implanting the solution (15) in reduced equation Eq. (14) and equating the
coefficients of each Y (¢) to zero, we procure a set of nonlinear algebraic equations

63 0s(7)sin(5) —a,| =0,

18322, cos(7)sin(3) +, In(@)? sin(7) cos(y)sin’(3) cos(3) - al =0,
18a,a7 cos(7)sin(8) - 3, In(a)? sin(») cos(7)sin*(5) cos(8) = 0,
62 0s(7)sin(5) + 22, In(a)? sin(7) cos(»)sin*(8) cos(5) =,

and its solution yields the following sets:

_ i In(a)+/sin(y)sin(25)
246

_iIn(a){/sin(y)sin(20)
= G ,

ey
Set—-1:
=~ 2In(a)’ sin(2y)sin*(3) cos(9)
_iIn(a)ysin(y)sin(26) _ _iln(a)4/sin(y)sin(20)
= ’ai = — ,
Set-2: 2*/6 ‘/6

| =—%In(a)2sin(2y)sin2(5)cos(5)

These sets give the following new exact oblique wave solutions:

from set —1.

() = iIn(a)y/sin(y)sin(25) _iIn(a)y/sin(y)sin(25) (16)
' 6 (da” +1) 2\/6 ’

iIn(a)y/sin(y)sin(25) _iln(a)y/sin(y)sin(25)

2./6 x/g(da" +1)

fromset-2,. f,(¢) = (17)

n n n n
where ¢ = cos(7)sin(S) 2= +sin(y)sin(5) 2= +cos(5) Z—+%In(a)2 sin(2y)sin4(8) cos(8) -
n 7 7 7

The obtained solutions of Eg. (1), given in Eq. (16), are graphed here for different 7 -
values. For the sake of simplicity, we take y =z /3, 6=x/6, a=4,and z=0,y =1 for 3D
-graphs appear in Figs. 1-3.
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Figure 1. 3D oblique wave profile of f; appears in Eq. (16) is given corresponding (a) to d=0.6 and (b) to
d=-0.6 for fixed »=1.
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Figure 2. 3D oblique wave profile of f; appears in Eq. (16) is given corresponding (a) to d=0.6 and (b) to
d=-0.6 for fixed y=1.
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Figure 3. 3D oblique wave profile of f; appears in Eq. (16) is given corresponding (a) to d=0.6 and (b) to
d=-0.6 for fixed »=1.

Consider now the Eqg. (2) along with the transformation (12), and integrating the
obtained equation once w.r.t. € by taking zero constant of integration, we approach

—If + (cos(y)sin(8))(sin(y) sin(5)) cos(d) T +6(sin(y)sin(5)) f* = 0. (18)

It is noted that if we replace sin(y) within Egs. (16)-(17), we obtain the oblique wave
solution of Eq. (2) as follows.

()= iIn(a)/cos(y)sin(25) _ iIn(a)/cos(y)sin(25) (19)
’ V6(da‘ +1) 26 ’
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£ () = i In(a)+/cos(y)sin(25) i In(a)/cos(y)sin(25) 20)
‘ 26 J6(da +1)

where
€= cos(;x)sin(ﬁ)x—ﬂJrsin(;/)sin(d)y—ﬂ+cos(§)ﬁ+lln(a)2 sin(y) cos(y)sin’(5) cos(5)E
n n no2 n

The obtained solutions of Eq. (2) are graphed here for different 7 -values and d -
values. Figs. 4-6 reveal the solution f, given in Eq. (19) of Eq. (2) for different » and y
values.
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Figure 4. 3D oblique wave profile of f; appears in Eq. (19) is given corresponding (a) to d=1 and (b) to
d=-1. Other valuesarey=d=mn/4,z=-1,t=2and 5 = 1.
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Figure 5. 3D oblique wave profile of f; appears in Eq. (19) is given corresponding (a) to d=1 and (b) to
d=-1. Other valuesarey=d =n/4,t=2and z =-1.

Figure 6. 3D oblique wave profile of f; appears in Eq. (19) is given corresponding (a) to d=1 and (b) to
d=-1. Other valuesarey=6=mn/4,z=-1,t=2and 5 = 1.
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3.1. THE OBLIQUE WAVE EXACT SOLUTIONS OF THE EQ. (3)

In this section, we look for the solutions of (3+1) -dimension mKdV Eg. (3) via the
modified Kudryashov approach. Consider the Eg. (3) and using the transformation (12), we
are with the following form:

—If " + (cos(y) sin(8))(sin(y)sin(5)) cos() f* +6cos(5)(*) =0. (21)

New integrating (21) once w.r.t. ¢ and taking zero constant of integration, we get

—If +(cos(y)sin(d))(sin(y)sin(8))cos(S) f +6cos(5) f* =0. (22)

The homogeneous balance between f° and f® gives N =1, then the nontrivial
solution (8) reduces to:

f(e)=a,+aY(e). (23)

By implanting the solution (15) in reduced equation Eq. (22) and equating the
coefficients of each Y (¢) to zero, we procure a set of nonlinear algebraic equations

6aZ cos(5) —a,l =0,

a, In(@)?sin(7) cos(y)sin’(3) cos(5) ~a, +18a’a, cos(8) =0,
18a,a? c0s(3) 34, In(a)?sin(y) cos(y)sin*(5) cos(6) = 0,
28, In(a)’ sin(7) cos(7)sin’(6) cos(5) + 6 cos(5) = 0,

and its solution yields the following sets:

_ i In(a)+/sin(2y) sin(5)

Eh ' &y
Set—1: 26
I = —%In(a)2 sin(2y)sin?(0) cos(d).

_ iIn(a)./sin(2y) sin(o)
NG :

_ i In(a)/sin(2y) sin(S)

3, 8, =
Set—-2: 2\/6
| = —% In(a)? sin(2))sin(5) cos(s).

3 i In(a)/sin(2y) sin(5)
NG ,

These sets give the following new exact oblique wave solutions:
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i In(a)sin(o)+/sin(2y) i In(a)sin(5)+/sin(2y) (24)
J6(da’ +1) 206 |

fromset—2 f,(c) = iIn(a)sinZ(j)é/sin(Zy) _i In(az/sé_i?((j?;/slr)l(z;/) , (25)

fromset -1 f_(¢) =

where ¢ = cos(y)sin(8) - +sin(y)sin(5) L= + cos(s) £+%In(a)2 $in(27)sin%(5) cos(5).
n n n

The obtained solutions of Eq. (3) are graphed here for different 7 -values.
Figs. 7-9 reveal the solution f; given in Eq. (24) of Eq. (3) for t and 7 values.
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Figure 7. 3D oblique wave profile of fs appears in Eq. (24) is given corresponding (a) to d=0.2 and (b) to
d=-0.2fory=mn/3,0=n/4,y=z=1,t=2andn=1.
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Figure 8. 3D oblique wave profile of fs appears in Eq. (24) is given corresponding (a) to d=0.2 and (b) to
d=-0.2 for y==/3 and 3 = /4.
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Figure 9. 3D oblique wave profile of fs appears in Eq. (24) is given corresponding (a) to d=0.2 and (b) to
d=-0.2 for y=n/3, 6 = n/4, and n = 1.
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4. CONCLUSIONS

This study has investigated the obliqgue wave exact solutions for the conformable
space-time fractional mKdV equations. The modified Kudryashov approach has been
employed to report the wave solutions for the aforementioned mKdV equations with the help
of soft computations. It is important to mention that the obtained solutions are very helpful to
know the internal nature of prorogating waves. Furthermore, the graphical representation of
some solutions has been left over for a better understanding of the reader. The performance of
the used method in this research shows its power, effectiveness, accuracy and explains the
ability of the method for applying to other nonlinear fractional differential equations.
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