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Abstract. Statistical convergence is an active area, and it appears in a wide variety of
topics. However, it has not been studied extensively in Riesz spaces. There are a few studies
about the statistical convergence on Riesz spaces, but they only focus on the relationship
between statistical and order convergences of sequences in Riesz spaces. In this paper, we
introduce the notion of (V, A)-order summable by using the concept of A-statistical monotone
and the A-statistical order convergent sequences in Riesz spaces. Moreover, we give some
relations between (V, 2)-order summable and A-statistical order convergence.

Keywords: (V,A)-order summable; A-statistical monotone; A-statistical order
convergence; statistical convergence; Riesz space; order convergence.

1. INTRODUCTION AND PRELIMINARIES

Statistical convergence is a generalization of the ordinary convergence of a real
sequence. The idea of statistical convergence was firstly introduced by Zygmund [1] in the
first edition of his monograph in 1935. Fast [2] and Steinhaus [3] independently improved this
idea in the same year 1951. Several generalizations and applications of this concept have been
investigated by several authors in series of papers [3-9]. But, statistical convergence on Riesz
spaces has not been studied extensively. Only a few studies have been conducted on this
recently; see for example [10-13]. They give relations between the order convergence and the
statistical convergence on Riesz spaces. Therefore, we aim to introduce a concept of the
statistical convergence on Riesz spaces by using the A-density which is a useful and classical
tool of statistical convergence.

The natural density of subsets of N plays a critical role in statistical convergence. Take

a subset A of natural numbers N. If the limit limn%ooil{k < n:k € A}| exists then this

unique limit is called the natural density of A, abbreviated by §(A), where |{k < n: k € A}] is
the number of members of A. Also, a sequence (x;,) statistically converges to L provide that

. 1
- < n: = > =
Jim 2 |k S nelr — L 2 €} = 0

for each € > 0. Then it is written by S — limx;, = L. If L = 0 then (x;) is a statistically null
sequence. Throughout this paper, the vertical bar of sets will stand for the cardinality of the
given sets.
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Let’s consider a non-decreasing sequence (4,) of positive scalars such that 4; = 1
and 1,,, <1, + 1. By using this sequence, we can obtain a new sequence of intervals
I,:=[n—A4, + 1,n]. A sequence (x,) is said to be A-statistically convergent to L if, for
every € > 0, we have

lim =|{k € I;: |x;, — L| = }| = 0.
n—-+4oo An

Thus, we write S; — limx,, = L. Moreover, the A-densitiy of a subset M of N is
abbreviated by 8, (M) = lim —|{k € L:k € M}| [14].
n—+oo 1in
Now, we turn our attention to Riesz space that is another concept of functional
analysis, and it was introduced by F. Riesz in [15]. Riesz space is an ordered vector space that

has many applications; see for example [15-24]. A real-valued vector space E with an order
relation "<" is called ordered vector space if, for every x,y € E, we have

1. x<yimpliesx+z<y+zforallz€eE,
2. x < yimplies Ax < 1y forevery 0 < 1 € R.

An ordered vector space E is called Riesz space or vector lattice if, for any two
vectors x,y € E, the infimum and the supremum

x ANy =inf{x,y} and xVy =sup{x,y}

exist in E, respectively. For an element x in a Riesz space E, the positive part, the negative
part, and module of x are respectively

xt:=xv0, x:=(-x)VO0 and |x|:=xV (—x).

In the present paper, the vertical bar | - | of elements in Riesz spaces will stand for the
module of given elements. It is clear that the positive and negative parts of vectors are
positive. The order convergence is crucial for the concept of Riesz spaces. Thus, we continue
with its definition.

Definition 1.1. A sequence (x,) in a Riesz space E is called order convergent to x € E
whenever there exists another sequence (y,,) ! 0, i.e., infy, = 0 and y, !, such that |x, —
x| < y, holds for all n € N.

The statistical convergence in Riesz spaces was introduced and studied by using the
notion of statistical monotonicity which was introduced in [25] for real sequences. We take
the following notion from [13].

Definition 1.2. A sequence (x,) in a Riesz space E is called statistically monotone
decreasing if there exists a set K = {n; <n, <---} in N such that §(K) =1 and (x,) is

decreasing. In this case, we write x,, 15¢. Moreover, if we have inf(x,,) = x for some x € E
then (x,,) is said to be statistically monotone convergent to x, and abbreviated as x,, 15¢ x.
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2. A-STATISTICAL CONVERGENCE

In this section, we give the notion of A-statistical monotone and A-statistical
convergencent sequence in Riesz spaces with the order convergence, taken from [26].
Definition 2.1. Let E be a Riesz space and (x,,) be a sequence in E. Then

a) (x,) issaid to be A-statistically decreasing if there exists a subset M = {n, < ny,---}
of the natural numbers N with §, (M) = 1 such that the sequence (x,_) is monotone

decreasing, i.e., (x,,) is monotone decreasing on M. In this case, we write (x,,) 1%st.
b) (x,) is called A-statistical order convergent to x € E if there exist another sequence

(7)) st 0 in E and a subset M of N with §;(M) = 1 such that | %, — X| < Y,

Ast0
holds for each n,,, € M. We abbreviate it as x,, = x.

One can observe that if there exists another sequence (¥,,) 4%t 0 such that the &;-
As
density of the set {n € N: |x,, — x| £ y,} is equal to zero then x,, .

Remark 2.2.
i.  Every monotone sequence is A-statistical monotone in Riesz spaces.

ii.  Every order convergent decreasing sequence A .-converges to its order limit in Riesz
spaces.

iii.  The A-statistically monotone convergence implies the A-statistical order convergence.

In general, A-statistical monotone sequence does not need to be a monotone sequence.
To see this, we consider the following example.

Example 2.3. Consider the Riesz space E: = N. Suppose (x;) is a sequence in E denoted by

1, n—[JA]+1<k<n
Xk =11k, otherwise :

So, it can be seen that (x;) is a A-statistical increasing sequence, but it is not
monotone increasing.

Proposition 2.4. If (x,) is a A-statistically increasing sequence in a Riesz space then the A-
density of {n € N: x,, £ x,,,,} is equal to zero.

Proof: Suppose that (x,) is a A-statistically increasing sequence in a Riesz space E. Hence,
there is a subset M = {n; < n,,---} of N such that §,(M) =1, and (x,) iS monotone
increasingon M, i.e., x,, < x,, + 1 for all n € M. Thus, we can obtain

mneNix, £x,,1} EN-M.
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Therefore, one can get §;({n € N: x,, £ x,,+1}) = 0 because of §;(N — M) = 0.
In the following work, we give some basic observations.

Theorem 2.5. Let (x,,) and (y,,) be nets in a Riesz space E. Then
i (xy) st x and (y,) Vst y implies (x, V y,,) {4t x v y;
ii.  x, %t x ifand only if (x, — x) 1%t 0;
iii. (x,) {*t x implies (ax,) It ax for every a € R;
iv.  (x,) %t x and (y,) 1%t y implies (x, + y,) 4%t (x + y);

V. (xp,) Vst x is hold for any subsequence (x,, ) of (x,,) 1%t x whenever (x,, ) is
decreasing and 6, ({n,,n,,ng, - }) = 1;

Vi, (x,) I8t xand (x,) st y implies x = y;

vii. 0 < (x,) 1%t x implies x € E,;
viii. if0<y, <x,foralln €N, (x,) {%t 0, and (y,) is decreasing then we have
() 125 0;

ix. if () st x, () I8t y, and x,, = y, forall n € Nthen x > y.
Proof: We show only some main results, the other cases are analogous

(i) Since (x,,) st x and (y,) It y, there exist subsets M; and M, of N such that
6, (M) = 6;(My) =1, and exist sequences (x,) and (y,) such that they are monotone
decreasing to x and y on M; and M,, respectively. Let’s consider the set M = M; N M,. Then,
following from the inequality §,(M;) + 6,(M,) <1+ 6,(M; N M,), we have &§,(M; N
M,) = 1. On the other hand, (x, V y,) is monotone decreasing on M because both (x,) and
(y,,) are monotone decreasing on M. Now, by applying [21, Thm.12.4], we can obtain

|anyn—xVy|S |anyn—yan|+|xVyn—xVy|
S|xn_x|'|'|yn_y|-

Thus, we have inf(x, V y,) = xVy on M because of inf(x,, —x) = 0 and inf(y,, —
y) = 0 on M; and M,, respectively, and so, both also hold on M. Hence, we get the desired,
(x, V ) I8t x vy, result.

(v) Assume (x,,) 1%t x in E. Then there exists a subset M of N with §;(M) = 1 such
that the sequence (x,, ) is monotone decreasing to x. Thus, by applying Proposition 2, it is

clear (x, ) 14t x. However, we should show the argument for arbitrary subsequences. By
the way, let’s consider a decreasing subsequence (xn,) Oof (x,) such that §;(K) =1 for
K = {n4,ny,ns, -+ }. Assume K # M. Otherwise, the proof is obvious. Also, if K does not
exist then there is nothing to prove. Now, we prove (xy,) 1At x. Since (xn,,) is monotone
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decreasing to x, we have (x, ) = x for all m € M. Also, we can see that M and L are almost

equal because the A-density of the set ] = M N K is equal to one. Hence, we can find a

subsequence (xy, ) of (x,,) such that x is lower bound of it, and also, it is clear that (x,, ) is
J J

monotone decreasing and the A-density of its index set is equal to one. Take another lower
bound w € E of (x,, ), ie. x, =w forall j€N.Fixanindex j. Then, since M and L are
] ]

almost equal, one can find an index m; € M so that X = Xy 2 W. Thus, we get f > w

k

J

because x is the infimum of (x, ). As a result, we see that x is the infimum of (x,, ), i.e.,
J

(xn,,) LAt x,

(vi) Suppose that (x,,) 1%t x and (x,,) %t y hold in E. Then there exist subsets M
and K of N with §,(M) = §;(K) =1 such that the subsequences (x,, ) and (x, ) are

monotone decreasing to x and y, respectively. Now, if we choose ] = M N K then we have
6,(J) = 1. Thus, we can consider a subsequence (xnj). So, (xn].) is monotone decreasing to

both x and y because (xn].) is a subsequence of both (x, ) and (x,, ). Therefore, we obtain
x =y because order limit is unique.

Proposition 2.6. The order convergence implies the A-statistical order convergence in Riesz
spaces.

Proof: Suppose x,, % x in a Riesz space E. Then there exists another sequence (y,,) { 0 In E
such that |x, — x| <y, holds for all n € N. Now, by using Proposition 2, we can get
(y,) st 0. So, there is a subset M such that §;(M) = 1 and (On,,) ! 0. Moreover, we have

A to
%, — x| < ¥, and so, we get x, — x.
Now, motivated by Riesz space theory, we give several basic and useful results.

Theorem 2.7. Let E be Riesz spaces. Then the following facts hold:

. Asto . . Asto . . Asto
i. x, —«xifandonlyif (x, —x) — 0 ifand only if |x, — x| — 0;

ii.  The lattice operations are A-statistically order continuous;

iii.  The A o-limit is linear

iv.  The A4 0-convergence has a unique limit;

v.  The positive cone E, is closed under the A,;0-convergence in E.

Proof: (iii) The part of the scalar multiplication is clear. Thus, we show the additive part.

Consider two sequences (x,) ls—t(; x and (yn) ls—tg y in E. Then there exist sequences
(uy) It 0 and (v,) %t 0 such that §;({n € N:|x,, — x| £ u,}) = 0 and &,({n € N: |y, —
y| £ v,}) =0. Also, one can obtain {(ne€ N:|(x,+y)—(x+Y)| L£v,+u,}J{ne
N:|x, — x| £ u,} U {n € N: |y, —y| £ v,,}. Hence, we get the result because we have
(u, + v,) st 0 by using Proposition 2.10.(iv) and &;({n € N: |(x, + v,) — (x + y)| £
v, +u,}) =0.
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Proposition 2.8. Every monotone A-statistical order convergent sequence is order convergent
to its Ag.0-limit in Riesz spaces.

As . .
Proof: It is enough to show that if E 3 x,, T and x,, 2% x then x, T x. Take an arbitrary index
ny. Then x, — x, € X, for n = n,. By using (iii) and (v) of Theorem 3, we have x, — x,,
As . . . .
S x— Xn, € E4. Thus, we get x = x,, for any n. Since n, is arbitrary, then x is an upper

As
bound of x,,. Now, assume y = x,, for all n. Then, again by Theorem 3, y — x, i y—xE€

E.,ory = x.Thus, x,, T x.
3. (V,4)-ORDER SUMMABLE

In this section, we introduce the notion of (7, A)-order summable. Moreover, we give
a relation between (V, A)-order summable and A-statistical order convergence. Remind that
the generalized De la Vallée-Poussin is defined by

1
th(x):= ZZkeIn Xk

for a non-decreasing sequence of positive numbers (4,,) suchthatA,,; <A, +1land 4, =1,
where I, = [n — 1, + 1,n]. Also, a sequence x:= (x;) in real numbers is called (V,1)-
summable to a number L if t,,(x) = L as n = +oo; see [27]. Mursaleen investigated relation
between the A-statistical convergence and (V, 1)-summability; see [14]. Hence, motivated by
the above definition, we give the following notion.

Definition 3.1. Let x: = (x;) be a sequence in a Riesz space E. Then x is called (V, A)-order
summable to a vector w € E if

o
th(x)->w

. . . wv.2)°
holds in E. In this case, we write x;, — w.

Definition 3.2. Let us consider the set of all A-statistical order convergent sequences in a
Riesz space as Sy (E). Then one can define the strongly (V, 2)-order summable as follow

1 o
[V, 21% = {x = (x):3w € E, 1= Tker, % —w| = 0}

. [v.A]° S3(E)
Theorem 3.3. Let A € A and E be a Riesz space. If x, — w then x;,, — w.

v,A]°
Proof: Suppose that x; Q w holds. Then we have

Yke, Xk —w| =2 ker, |x —w| = |{k € Iy: |x — w| =y}
[xk—w|zyn

. v.a°e . . 53 (E)
holds for each n € N. Hence, we obtain that x, — w implies x;, — w.
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The converse of Theorem 4.2. is not true in general. To see this, we give the following
Example.

Example 3.3. Let’s consider the Riesz space E: = R. Take a sequence x = (x;) denoted by

k3, x<n—-[JA]+1<k<n

=) 1 .
Xg:=9y—, otherwise
k+1

for all k. Then choose y,: = n whenever n — [{/A,] +1 <k <n and % for the otherwise.
Thus, one can see that y, It 0. Now, consider the subset M = {1,n € N:n ¢ [n — [\/A,] +

As
1,n]}. Then we have 6;(M) = 1 and |x,, | < y,, for every m € M. So, we obtain x; “20.
But, %Zke,n |x, — 0] goes to infinity, i.e., x; >* 0 in view of [/, 1]°-convergence.

Theorem 3.4. Let E be a g-order complete Riesz space. Then S°(E) < S7(E) if and only if
liminf22 > 0

n-+oco N

Proof: For a given sequence (y,,) 4%t 0, we can observe

{k € Iy, |xx —w| = ynm} C {k <npi|x —wl = ynm}

for each n,, € M, where M is the subset in Definition 3.1. Thus, we have the following
inequality

Itk < il —w| = ynm}l > |[{k € Inm: |2 —wl| = ynm}l
2 Ay ik € Lyt X — W[ 2y, 3

for every m € N. By taking the limit, we obtain that the statistical order convergence implies
the A-statistical convergence.

For the converse, assume that liminf A

™ = 0. Then there exists a subset M of N such

n-+oco N

that i’;—m < ifor all m € M; see [2, p.510]. Now, define a sequence x = x; by 1 whenever
k

k € I, and by 0 for the otherwise. So, it is clear that x € S°(E). But, by considering
Theorem 4.2., we obtain x & S7 (E).
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